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Teletraffic Theory Applied to the Analysis of
Hash-Structured Files

Robert B. Cooper and Martin K. Solomon

Teletraffic Theory Applied to the Analysis of
Hash-Structured Files

Certain hash-structured files consist of sequences
(chains) of computer memory locations (slots) into which
records are inserted, and from which they are later re-
trieved or deleted. If we assume that the records arrive
to the file according to a Poisson process for insertion
into a chain (randomly selected by the hash function),
and reside in memory for a random length of time before
being deleted, then we can associate this with a teletraffic
model in which the records are “calls” and the slots in the
chain are “trunks.” In particular, we consider two mod-
els: (1) hardpack, where a deleted record is immediately
physically removed from the file and is replaced by the
last record on its chain, and (2) softpack, where a deleted
record is marked, and a subsequent arriving record is
written over the first marked record on its chain. The
slots can be accessed individually or in groups (called
“buckets”). In each case we are interested in the length
of a successful search (the number of buckets inspected
until an arbitrary record is located) and the length of an
unsuccessful search (the number of buckets inspected
until it is determined that an arbitrary record is not in
the file). If we identify these file structures as analogous
to trunk groups with ordered hunt, then these models
can be analyzed using results obtained many years ago
(in particular, Kosten (1937) and Burke (1971)) for tele-
traffic applications, results which are not well known or
easily accessible to the database-performance-analysis
community.

Verkehrstheoretische Analyse von
hash -strukturierten Speichern

Gewisse hash -strukturierte Speicher bestehen aus Sequen-
zen (Ketten) von Speicherplatzen (Slots) im Rechner, in die
Records eingefiigt und in denen sie spiter wieder aufge-
sucht oder geléscht werden kénnen. Wir nehmen an, daf die
Records entsprechend einem Poisson ProzeB zur Einfiigung
in die Kette eintreffen (wobei sie durch die Hash -Operation
zufillig ausgewihlt werden), und daf sie bis zur Léschung
zufillig lang im Speicher verweilen. Dieses Geschehen kann
man einem Verkehrsmodell zuordnen, in dem die Records
als “Rufe” und die Slots als “Kanile” interpretiert werden.
Insbesondere werden zwei Modelle betrachtet: (1) die Hard-
packung, bei der ein geldschter Record physisch entfernt und
durch den letzten Record der Kette ersetzt wird, und (2) die
Softpackung, bei der ein geldschter Record markiert und ein
anschlieBend ankommender Record in den ersten markierten
Record seiner Kette eingeschrieben wird. Die Slots kénnen
individuell oder in Gruppen (genannt “Buckets”) ange-
sprochen werden. In jedem dieser Fille interessieren die
Linge einer erfolgreichen Suche (Anzahl der inspizierten
Buckets bis ein freier Record gefunden wurde) und die Linge
einer vergeblichen Suche (Anzahl der inspizierten Buckets
bis zur Feststellung, daB im Speicher kein freier Record
verfiigbar ist). Solche Speicherstrukturen diirfen in Analogie
zu Kanalgruppen mit geordnetem Suchvorgang gesehen wer-
den und kénnen daher unter Verwendung von Ergebnissen
analysiert werden, die vor vielen Jahren fiir verkehrstheo-
retische Anwendungen (insbesondere von Kosten (1937) und
Burke (1971)) erarbeitet wurden. Diese Ergebnisse sind den
Experten fiir die Leistungsanalyse von Datenbanken weniger
gut bekannt bzw. nur schwer zugénglich.

1. Introduction

Chapter 6 of Knuth’s 1973 classic 3-volume tome, The
Art of Computer Programming [1], deals with methods
of searching for specified entities (records) in main-
memory and disk files. Each method has its own advan-
tages and disadvantages in comparison with competing
methods, and therefore computer scientists would like
to describe and quantify performance measures that
would facilitate making the appropriate choice of data
structure for any given type of application. In partic-
ular, we would like to provide answers for questions
such as: (1) How long does it take to ldcate a particular
record that was previously stored in the file (successful
search)? (2) How long does it take to ascertain that a
particular record is not stored in the file (unsuccessful
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search)?

The natural “first-pass” performance model of such
a data structure is static and combinatorial, as exem-
plified by Knuth’s discussion. Typically, one imagines
that the file is constructed by selecting (the keys of) n
records at random, and inserting the records one-by-
one into the file according to the particular algorithm
(or method) under study; then, one constructs a combi-
natorial probabilistic argument to calculate (1) the time
required by the algorithm to locate a record chosen at
random from among the n records known to be in the
file (successful search), or (2) the time required to as-
certain that a record with a randomly-generated key is
not in the file (unsuccessful search). These models are
static in the sense that they do not explicitly account for
changes in the size or structure of the file as it evolves
in response to deletions or insertions of new records
after the initial construction of the n-record file.

If we take the view that the records arrive (for inser-
tion into the file) according to some stochastic process,
and remain in the file for some random length of time
before being deleted, then we can associate this with a
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queueing (or teletraffic) model in which the records are
customers (or calls) and the memory locations (“slots™)
where the records are stored are servers (or trunks).
The slots can be accessed individually, or in groups
(called “buckets™). Although it may seem obvious that
the queueing-theory paradigm might be especially use-
ful because it naturally captures the dynamic behavior
of the system, nevertheless relatively few papers have
been written that adopt this viewpoint. A recent (1992)
example of a paper that uses queueing theory is Al-
dous, Hofri, and Szpankowski [2], which addresses the
management technique known as “hashing with lazy
deletion” (in which ail records in a bucket whose res-
idence times have expired are physically deleted upon
the arrival of the first subsequent record for insertion
into that bucket). These authors use queueing theory to
study the excess amount of storage space required to
handle lazy, as opposed to immediate, deletion. (Sig-
nificantly, the authors felt it necessary to supply foot-
notes that give basic facts about queueing theory and
its standard notation.) Earlier (1987) Morrison, Shepp,
and Van Wyk [3] also had applied queueing theory to
the analysis of space requirements under lazy deletion.
Mendelson and Yechiali (1979) [4] studied a model
similar to ours, but without deletions. An earlier (1984)
paper by us, Cooper and Solomon [5], which addresses
the question of how much time elapses until a bucket
overflows, is similar in spirit to the present paper; previ-
ously (1981), Larson [6] used queueing theory to study
a similar model. But, in view of the power of the ap-
proach, it seems that relatively little use has been made
of queueing theory in this context.

In this paper, we apply queueing theory to ad-
dress questions (1) and (2) for two models of a
hash-structured file. More precisely, we consider cer-
tain hash-structured files that consist of sequences
(chains) of computer memory locations (slots) into
which records are inserted and from which they are
later retrieved (read, nondestructively) or deleted. In
the first model, which we call hardpack, a record is
deleted by immediately physically removing it from
the file and replacing it by the last record on its chain.
In the second model, which we call softpack, a record is
deleted by marking it, and a subsequent arriving record
is inserted by writing it over the first marked record on
its chain. The slots can be accessed singly or in buck-
ets. In each case, we are interested in the average time
elapsed during a successful search, and the average
time elapsed during an unsuccessful search.

In Section 2 we formulate hardpack and softpack as
queueing models. Our results can be used to quantify
the degree of (obvious) superiority of hardpack over
softpack (there are considerations other than length of
search that might make softpack an attractive alterna-
tive); but, more importantly, they illustrate the power of
teletraffic and queueing models in an area in which they
have not been widely applied. In Section 3 we show
that our dynamic hardpack model is essentially equiva-
lent to Knuth’s static model for hash files with separate
chaining. Finally, in Section 4 we discuss some interest-
ing qualitative properties of hardpack and softpack, and

we suggest some questions for future research. In par-
ticular, we observe that the length of successful search
is insensitive to the distribution of residence times in
both hardpack and softpack, and the length of unsuc-
cessful search remains insensitive under hardpack, but
not under softpack; in the latter case, constant residence
times perform worse than exponential residence times.
Also, unless the file is tightly packed the average length
of an unsuccessful search (which goes to the end of a
chain) is less than the average length of a successful
search (which goes only to the “middle” of the chain).

2. The Models: Hardpack and Softpack

We assume that records arrive randomly in time for in-
sertion into a file, where they reside for a random length
of time before being deleted. Each record is identified
by a key, which is mapped (“hashed™) to one of the
buckets in a primary file. When two different keys hash
to the same bucket, a “collision” is said to occur. If there
is not room for a colliding record in its primary bucket,
the record is stored in a separate overflow area (which
can also consist of buckets). Each primary bucket and
its overflow buckets are linked together on a chain; and
each bucket on the chain contains only those records
that hashed to the primary bucket on that chain.

More precisely, we assume that (a) the sequence of
times at which records arrive for insertion into the file
can be described by a Poisson process, (b) the addresses
generated by the hash function constitute a sequence
of statistically independent numbers, (c) the residence
times of the records are statistically independent of
the arrival process and each other, and (d) each chain
can grow without bound. Then, the structure of each
chain is that of the M/G /oo queue; and the length of
each chain (i.e., the number of records on the chain) is
independent of the length of each other chain, and is
described by a Poisson distribution. Therefore, we can
restrict our attention to a single generic chain.

Let N be the number of records on the chain; then

al

PIN=j}= e §=01... (1)
with @ = A/p, where A is the rate at which the records
arrive for insertion onto this chain, and =1 is the av-
erage residence time of the records (and a equals the
mean number of records on the chain).

We consider two variations of this model: In hard-
pack a deleted record is immediately physically re-
moved from the file and replaced by the last record on
its chain. In softpack a deleted record is marked, and
a subsequent arriving record is written over the first
marked record on its chain. In both variations, the dis-
tribution of the length of the chain’is given by eq. (1),

" and this result is well known to be insensitive to the

particular distribution of the residence times.

Our objective is to calculate, for each model, the
mean number of accesses (that is, the mean number
of buckets probed) during an unsuccessful search and
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during a successful search. In the case of an unsuccess-
ful search, the chain is searched bucket-by-bucket until
it is ascertained that the record in question is not on
the chain. Thus, if the chain is not empty, the length of
search (the number of accesses) equals the index of the
bucket that contains the last record on the chain; and
if the chain is empty, we take the length of search to
be 1. For the hardpack model, this calculation is triv-
ial, because every bucket on the chain except for the
last bucket must be full. For the softpack model, this
calculation is more complicated, because any bucket
that precedes the last nonempty bucket on this chain
can be partially full or empty; here we will appeal to
some classical results from teletraffic theory that are not
widely known to the computer-performance-analysis
community. (We remark that Knuth defines the length
of unsuccessful search to be the number of accesses
required to search to the end of the chain; he does not
“condition” on the knowledge that the record being
inserted is not already on the chain.)

In the case of successful search, the definition of
length of search is more problematical. If a record
never changes its location as long as it remains on the
chain, then the number of accesses required to locate the
record equals the number of accesses required to insert
that record. Thus, in the case of softpack, the analysis
of length of successful search reduces to calculation of
the index of the first idle trunk in an infinite-capacity
group with ordered hunt (or, ordered entry). In the hard-
pack model, each new record is inserted into the slot
that follows the last occupied slot on the chain; and
then the record “migrates” down toward the beginning
of the chain. We will take the view that if the record is
known to be on the chain, then it is equally likely to be
located in any of the N 4 1 occupied slots, where N is
given by eq. (1). (That is, at a retrieval epoch the addi-
tional number of records on the chain, not counting the
record being retrieved, has the same distribution as the
number of records on the chain just prior to the arrival
epoch of that record.)

For the hardpack model, let X g and Yy be the num-
ber of accesses required for a successful search, and
an unsuccessful search, respectively; similarly, let X g
and Y be the corresponding random variables for the
softpack model. Then, clearly,

E(YH)ZI-P{N:0}+1'ZP{N:J}+
=1
oo m+(k—1)m,
t k¥

k=2 j=m+(k-2)m,+1

P{N:j}: (2)

where P{N = j} is given by eq. (1); and where m
is the capacity of the primary bucket, and m; is the
capacity of each overflow bucket. (Note that the first
term on the right-hand side of eq. (2) reflects the as-
sumption that a single access is counted when an empty
chain is “searched.” Note also, as a check, that when
m = my = 1, then B(Yy) = e~ % + q, as it should.)
In the case of successful search in hardpack, if N*
is the total number of records on the chain (resulting in

k + 1 nonempty buckets) at the retrieval epoch, then
the expected value of the number of buckets that must
be probed until the particular record is located is

©0 m+km;—1
&y, Y

k=1j=m+(k—1)m,

E(Xg |N* =j+1)x

xP{N* = j+1}

Clearly,when0 < N* = j+1<m—1,then E(Xy |
N*=j+1)=1l;andwhenm+ (k—1)m; < N* =
j+1<m+ kmyg— 1, then

E(XglN*:j-l-l):

:l(j%)+(2+---+k)(j%)+

+(k+1) (”1"”;;(1’“1)’"1).

Now, using the identity 2 + -+ k = Zk(k +1) — 1
and the fact that P{N* = j+ 1} = P{N = j} (given
by eq. (1)), we have

EXm)= 3 PN =3} +

- m+zza,-1
€3, X
o
1) ("'“ﬁm('“"l)ml)}P{N:j}-

J
m
b ()
k=1 j=m+4(k—1)m, I+
J+1

(These results are not pretty, but their numerical calcu-
lation is straightforward.)

For the softpack model, as indicated above, the index
of the slot on the chain that is occupied by the record
being retrieved corresponds to the index of the first
idle trunk in an infinite-trunk group with ordered hunt
(because the record is retrieved from the same slot into
which it was originally inserted). Therefore, the number
X s of buckets that must be probed in order to locate the
first empty slot (that is, the number of accesses required
to implement a successful search) is given by

1—- B(m,a), k=1

B(m + (k — 2)my,a)—
—B(m + (k — 1)my, a),
k=23,...

P{Xs=k}=

where B(n, a) is the Erlang loss formula for a group
of n trunks that receives a erlangs of Poisson traffic.
(Like Xz and Yy, X5 is well known to be insensitive
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to the distribution of residence times.) Therefore, the ~ where
mean number of accesses E(Xg) = > kP{Xs = k} i
. i
is given by = e 9, gl
s 7 j .
, i) = e it
BXs) =1+ 3 Blm+imue), (1) #D =)oy (v L O
j=u i=0 ¥ (J - T’)I
v=1,2,

an interesting-looking formula, which is easy to calcu-
late numerically using the well-known recurrence (for
a > 0),

aB(n—1,a)
B — = v
(ﬂ,a) ﬂ+ﬂB(ﬂ.*1’a), n 1121 )

B(0,a) = 1.

As we did with hardpack, we assume in our softpack
model that the system “knows” the address of the last
occupied slot in the chain; hence, ¥Yg is the index of
the last nonempty bucket (unless the chain is empty, in
which case ¥ = 1). Then we can write (with P{¥Ys >

0}=1
E(Ys) = ) P{Ys>k}=

k=0

1+ iu ~P{Ys<k}). (5)
k=

1

Let P;(n, 1) be the joint probability that in an M/G /oo
system with ordered hunt, exactly n of the first j trunks
are busy and an additional 4 trunks are busy. Let

Q; = ZPJ'(N':O)I (6)

where Q; is the probability that there are no busy trunks
beyond trunk j. Then

P{Ys < k} = Qm+(k—1)m1:

and eq. (5) can be written

E(Ys)=1+ Z(l - Qm+(k71)m1)' (7)

k=1

Unlike the first three performance measures consid-
ered in this paper, the length of an unsuccessful search
in softpack is not insensitive to the distrjbution of ser-
vice times. Two cases are available: exponential service
times (reported in 1937 by Kosten [7]) and constant ser-
vice times (reported in 1971 by Burke [8]).

When the service times are exponentially distributed,
Kosten gives (see, €. g., [9, pp. 139-147])

P;(n,0) = mu@(—”"%%’

ji= 00, (8)

(These equations are those in [9, egs. (3.33), (3.13)].)
The functions {¢,(7)} satisfy

$v+1(d) = ¢u(9) + bv41(i —1)  (10)

and

> bu(n) = uta(d)- (11)

Then, in view of egs. (8) and (11), eq. (6) can be written

oo v

Qi = 4ols) Y (-1 & —

v=0 -;T ¢u(“}) ’

and E(Ys) can be calculated from egs. (7), (12), and
(10).

When the service times are constant, Burke gives
(his eq. (4))

(12)

= j_a ZJZ (2;)” y Z—T x  (13)
%f_' n=0 " n=jtl
’ [2_3(2) B (jzl)(zj“wrl)}}.

3. Knuth’s Model

Knuth’s 1973 model (considered by computer scientists
to be classic) assumes that there are a fixed number of
records, whose keys are distributed randomly among
the possible hash-function addresses (that is, among the
chains). Then the distribution of the number of records
on a chain is binomial; for appropriate values of the pa-
rameters, this distribution would be approximated by
the Poisson distribution, given by eq. (1), where the
parameter & is the ratio of the number of records in the
file to the number of possible hash-function addresses
(i-e., the average number of records per chain). Thus
Knuth’s model, which is static, yields the same (Pois-
son) distribution for the number of records on a typical
chain as do our dynamic models (both hardpack and
softpack), which assume that the records “arrive” for
insertion into the file according to a Poisson process and

“are deleted from the file after a “service time” whose

distribution is arbitrary. This broadens the applicability
of Knuth’s conclusions.

To calculate the expected length C., of a successful
search when the number of records in the file is n,
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Knuth argues that

ln.—l
c.==-Y 0, 14
G (14)

(eq. (14) is that of Knuth [1, eq. (36), p. 528]), where C',;
denotes the expected length of an unsuccessful search
when the number of records in the file is £ + 1: 1/n
is the probability that the record being retrieved was
the i** record of the n records (all present initially)

to be inserted, and CTE_1 is the expected number of
probes required to reach the end of the chain onto which
the i** record was inserted (if there are already 7 — 1
records inserted into the file). Knuth gives formulas
(based on “some very interesting mathematics™) that

embody a combinatorial analysis of C;, from which he
then calculates C}, according to eq. (14) (see Knuth [1,
egs. (55)-(58), pp. 536-537]). He provides numerical

values (in [1, Tables 2 and 3, p. 535]) for C,, and C..

As one would expect (because the Poisson distri-
bution can be obtained as a limit of the binomial),
our values for unsuccessful search, calculated from eq.
(2), are in agreement (in all decimal places shown)
with Knuth’s Table 2; interestingly, we obtain the same
agreement for successful search, calculated from eq.
(3), with Knuth’s Table 3. (We say “interestingly” be-
cause Knuth’s static model does not account for the
evolution of the file as a consequence of a stochas-
tic process of insertions and, especially, deletions).
Again, this illustrates the robustness of Knuth’s static
model by showing its equivalence to our dynamic hard-
pack model. (Of course, he cannot address the softpack
model, because he does not deal explicitly with deletion
operations.)

4. Discussion

It is interesting and useful to know that models and
formulas whose development was motivated by tele-
traffic engineering can find direct application in the
performance analysis of database systems. The pow-
erful queueing-theory machinery assembled by Pol-
laczek and his colleagues over the past 80 years thus
provides a ready-made theoretical framework for per-
formance modeling, one that would otherwise require
time-consuming and expensive independent develop-
ment.

In the case of the particular models considered in
this paper, some qualitative insights can be gleaned:
Knuth’s static model of hash files with separate chain-
ing can be broadened to include the case where the
insertions and deletions occur according to a stochastic
process. The ability to include deletions in the analysis
permits two variations of the basic model, hardpack and
softpack; and the degree of (obvious) superior perfor-
mance (in terms of length of search) of hardpack over
softpack can be quantified. Interestingly, the queueing-
theory analysis shows that for hardpack (with Poisson
arrivals) the performance is insensitive to the form of
the particular distribution of residence times. But not

so for softpack; somewhat surprisingly (as foreseen in
1971 by Burke), the average length of an unsuccess-
ful search is longer when the residence times have low
variability rather than high variability. But (again sur-
prising, in view of this observation) the average length
of a successful search in softpack remains insensitive
to the form of the residence-time distribution. In both
models, numerical calculations show that, if the chain
is not too long, the average length of an unsuccessful
search, which is defined to be the number of accesses
required to reach the end of the chain, is less than the
average length of a successful search, which goes only
to the “middle” of the chain. (This phenomenon is re-
flected in Knuth’s tables, but he did not remark on it.)
Apparently, this is an example of “batch biasing,” a dis-
crete version of the famous waiting-time (or inspection)
paradox, so dear to the hearts of queueing theorists.

We intend to investigate the numerical properties of
these models (with parameter values, bucket sizes, etc.,
that are of interest to database performance analysts) in
a future paper. Also, we intend to apply the methods of
queueing theory to the analysis of other file structures,
such as open addressing (Knuth [1, p. 536]) and linear
hashing (Litwin [10]).
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