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LChapi'ef H, Exercise | ]

'Finite-source Systems with nenidenti cal soyrces.'

(o] A'nging as in Gection 2 of C‘hafa{erﬁ we find

b, = Y2 P(1,0)
27 PO+, P0,0)

expfessing that the probability that source L is blocked equals
the number of blocked gource” 2 - calle pef unit'time divided
by the total nuwmber of souice L - calls ped unit time. Henee

P(1,0)
b, = P—(Om N
[o] With source 2 inactive  the systewm 1 in fact a one seivef,
one source systew, and the sole equilibiivm state equation
is yR=mF Given BE+F =1, we find P‘=((,/,wﬁ/(!+ Y.
b, is defined as the po bqbili%g that sousce 2 at a tandom!
chosen pointiv time finds the sefver occupied . Cleatly,
b, = B That is, whether blocked costomer cledied of delaxjedﬂ(!))

R (7.
b, = e (Y!//A') : 1)

Blocked custowmers cleaded .

First we calculate soutce 25 blackin pfobabiii’rﬂ b, The

consevation -of- flow equations  wheu both soufces ave active
ate

Gty PO,0Y = i, PULOY + 1, PO,
PO P
M P00 = v, P(0,0)
We need only (1,00 in +etms of P0,0). The middle equation
gives us P(ho) = (y/n) P0,0). By (1) then

b, = (yi/m) PL0,0) M o
T P0,0)+ (/M) P00 T T+ (/) -

A cow pasison With Eq.(1) shows that i the BCC case by = b,




_76 -

(Chap. 4, Ex. I

[d] Blocked customers delayed.

quin we mlcu[a%@ soufce 2's b(ock‘ma pfcbabili{’ﬂ b,. “The
con sefvation-of- How equations afe those found v Bection 4.l
above Owuh‘ang one equaJrioh we have

Cy* M) PO =y PO0Y + i, P2D,
Cyy* M PO = 1, P0,0)+ p, PULD),
M, PUL)= v, PC0),
M P01 = v Pl .

Sub‘a%#ulrimg the last two equax‘ions into the first two, and
then elnm'nwwLi‘ng Plo,1 and solving for PU,0) we detive

- ¥i (Mot i +yn)
P(L’O) Na/‘z*/“yﬁ"’/‘"i(’i

Substitution of4his expiession into Eq, (n gives

P(0,0) .

{1 [/‘z ty “”YJ

S e N ey

oT, -
o - M) e + v, + v ] (4)
2 Tt o e+ ) Dt ot ]

We. shall P{ox}@ that bfL= b;_ i and only P =My, Fifst

= b, , by Eq. (0. Convedsely, assume b,= by 83 Equaticns
(L) and (1) this xmflzeg

assume p, = py. Then Eq. (1) feduces 4o by = (y/u) A +lWM‘)

My +Yi+ vy - / [b’b/]
MiMo MY+ Maly My + Mt v

it follows easily +hat My = My, We conclude that i this
patticular BCD wodel with nownideatical soufces, the atfiving
cwstomed’s 2-sovree distribution and his obsesver's i~ spuvce
distiibution ale the sawe if aud only 18y =,
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] Chapter M, Exercise 2 W

' Thiee cities A, B, and C, ate interconmected by hue Hunk grevps '

In every case, let X, u;,i; denote arfival vabe | completion rate,

and nyinber of calls in pio 1ess, 1espectivel ,fo{‘ci{t\j connection
o o (1= H1,%), whete i=] fefess +o A=B i=3 fefers to B-C,

i=3 refers 40 A-C Jet P(énrj'z,ﬂﬁ be the equilibtivm shate
probability of state (j,iyJ- Always, itis vaderstoed

#hd{' i}n ’31) 33 2 0.

[a] 1n case (@) the oilibtiom state eguations gie -
q €q

()“fh*-*)}*iuﬁl*31.}&*?/4;) P('Jn Y j») = e
i 72 " 15 LN RN K L hit33 <5,
MNP ) + lz_P(jnjf’»j's) * P, a}") (jgg,, <s.j
+{,+ M, P(jpl, '11.45) + (ﬁz”)MQP(J., I )+ (j3+’)/‘zp(j|»’]1\33+')
Ot oM+ fapta + s s) PU i) = s
o '.'L,' . - . j|+33<$’lv
)"P(a‘-l'q‘;lqy) + hi P(ql) 17._])1’5) + )} P('}])al, 51’_,) ( ji‘. ""i"” ‘52)
-+ (,J|+|)/M‘ P(3'|+I) ' j'“z)
()‘1+51/"1 Flamt 5’5/“‘5) P(ﬁnﬁu’jb) = e e e
. ! . . ! . M { « . /} + }”7 - bn
7\I P(al‘l, joisht AZP(JHTL") '13) '*agp(anh) 33") (;14 is < 53}
Oty PGo it 1)
(;J'M' * T g Ma) PG ide = htis= s
LY P(jf’) jols) * M P(jnjz"; 1t 7\’5P(3‘n J0 33") (;’jz* 9'“:""5)

1f g =c0uud 5,700, then Iy 4o and gy ate independent Risson vati-
ables, and : o
At O™ Qv ) 12

P(ﬁn/ihﬂ”h\= i T W c [5.':“" 52.:00] )

Becavse ofa coitespondevce befﬂ»een tetwms on left-qud vight-
hand side; of all the equiiibnum stale Quations in case @) itis
cleaf that also in the (’1666(44' ease the selvtien has 4he PLovun

TN (%n/Mhal /i Qs 0% 3+ist s,
P(')nﬁ’l-)%’b) L Ja! i3’ ¢ 0¢ Jat)s & %')

4

¢ is foond from ihe notumelization equation 2 PUyjule) =1




(C‘ﬂa!o. 4 Ex 2 b
[b] th case (b) Hie equilibfivm state equatious ave -

(x T At g +§|/":+52ML 3'5/“3) P(Q|u§’l)§'b\) (}'l‘* max (0 1s” c‘)<5 >
A P( b dnds W)+ 7\1P(3 1.7h4) Jo* max {0, 45 3)<s,
+)) Ql)ﬂ’ll} )+(S+I)M1P(a|+[ 1 ’A’D
+ Grm, PG gt 1“‘0“”“*)&1"11‘&3*”

(\7\l+)\’5 11}"! fop* é’bM‘b) P(inﬁuﬁ )= { he<sy, (TN S)
7‘|P(3,- Lindal * 2 Pl 4! )33
)bp(al)’]l)b 1)+ l’j +D/“aP(]] 71 q )
st s Pl g o]

(2 +)\‘b’L’}I/"‘« 1/‘41 ’b/Mb)P( a,juﬁ") (}FS,, ¢ 52,1:3%)
‘Jl 7‘1 (ﬁn'l} )03
Aqu‘,ﬂ 13 () * et DRt ]

* (it iy PU o, o 1)

(n+ MA, Jepet WAQ P(gl,%ﬂ@) = p+ Uyms) <5,
N Phs '112113) 7‘1P(Jn1z ;Js) jot (3375) =5y,

+ A Pq)’jl ”+(1I+I)MIP3 Vo 14,) ;}_,7_2_5
(g7 hm? //‘1 3/43”7 ) ,33) j,+(g’3-s)=s,
A IP((ﬁ 3”1 747\1 (3?:131! 13) <.jl7.+(33- 5) < 5'7_)
* WPy s D Dty ) in25
Nyt Japa * japhn) Pl da, ds) = (4125, 407800 15<5)
)P((ﬂ ‘)11»‘]'5)"'7‘1‘? 31)%1‘ I» ) o
+ 7"3 31)31_1/)5_”-*'(33”)./"’6 'al) ) *D
’3/‘": 1Mo+ 5/‘45>P(3n’)m1§% = At (55’~5)=s,7\
‘1« s 2 P ) w%-s)w)
)?;P o duis! }Zs

The soludion is of the same fype as w case (a), namely

Pl iy = O/ O/, (M/M“' (05 maxlt 5 s)wj
R V3

él, /}1! -33 OS 37-+qu )}3—5) S
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(ChQP H Ex. 2 ¢)

Without o switching ca ability the state desctipton wwst be.
(ﬁn"a'z.\'ﬁ;)ﬁg) where js amd j; denote OMQCH\JJ and iwolHecHg conmec ted
calls betweey A and C. Tine complicates fhe equilibtivm state
equa«tiome somewhat | but worse | the decomposition propeity is lost,
20 that the solution method above io not applicable

[d] In case d, denote by <, the number of +runks ditectly cenpec-
ting A and C. Observe that 175 128y, ja<sy} with siilas
wplications of 1.>5, and 4,755 The equilibtivm state equations ade:
. i+ max(0,4s-%3) < 5.,
(7\|+>‘z*)\3* it AaMat faps) P(anﬁhﬁ'z) = \gp qu(pﬁ,-s;) <sz)'
AP Lduds) + AZP(ﬁ,,h—l,w o (‘3|+maxk0,éfsﬂ<s,,)
7 2Pl gD+ i, P 4o St e S
+ ('11+')M£P(éi)ﬁi+')ﬂ5) 4'(ﬂ“b*n/‘% P(§t>)§1) ia*') of (%’;*maxw',g:-sl,) 45:,)'
(24 ﬂgﬂ' it o) P(ﬂn o ﬁﬁ = I e R A TR AL E NS I W)
?\I (ﬂ.fu‘l‘,ﬁﬁ) + )\:L P(@“ /J.,_.ol,‘j,}) of (31*(51-’31)<511 JaZ o, Iy tljms)= $5).
+ )3P(GHIJZ’I}’;{)+(6|’.”M' p(31+l’3’1-’35)
( 7‘l+’j|€t +'3L/M7.+ fl’b/“’b) P(in j‘h’:\'b-) = (“}44(53‘33)=5n futtssesy, 42z Ss))
3 (3,—1,3'1,13,) + 7y (d‘,,afl, 33) of (3,25, 4ot l4,m8) 5, , 15448 =5,),
+ ?\3P(é,,,jhjg-l)+(jt+l)/41P(1').’jfl,33)

( ?\5+01M.+§1/‘41+dzﬁ4e) P(jn-ﬁanh) = (J;*(gl-szﬁsi,j:;sv i Flgrs)esy),
A 3:—(»%.1«,) +A, P(jh Wh js) ov (j.i 8, fu (3750 750, 45+ (i5)4ss)
" )ﬁptd”}‘h"]f') +(j3+”/"’3p{?je)3m§3"€)

( 3 l/“’ * 32/41‘+/j?’_1~‘37 P('al’ M’ 33) - (gl z 5y ji+ (él-st)= 911‘33+(1x'5()‘53):
N P(ﬂ‘_,l’jé'd") +)1P(ﬁn‘j?-'i’ﬁ5) of {iptirsd=snfazsy, J5+zs975),
+ WP YV of (ép‘ (=598, fa* s )=2, 4525,

A%alw) e solution 15 of the same Jrjf'e as in ease (@), nawely

) Ogunit (ns/ﬂm"c
! 4e! 4!

P(Qn"lv}a) =

for all feasivle combinations (j‘,/jl,dﬁ. As vsual, ¢ is Povud from
the conditien 2 P(’j“'j'z,'j;) =1
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l Chapter H, Exercise 3 ]

‘_Agfo up of s tfunks serves tWo types of Bissen taffic ena BCC.

Let 3y be the mumber of ordinaty calls and j, the number of
wideband callo in plogiess. Then j+kj, is the tofal number
of tunks that ate helQ.The equilibfium otate equations aie
as follows,; assuming 4,20 and ), 20,

ONER+ i+ o i) P(d'n{\fz_\) = (0¢ htkja$ s=k)
fP(.a_’)’ll + A (ﬂ.n{]f‘) k

* O PG 4 + Gt Pl )

OO0+ M+ jap) PG, A = (s-k<j+kjy<s)
M PG =1 420+ 2 Py, o))
UM PG D

(A, M, + 5 )P(-)-)z (},J'k':S)
RS b

By the same considerations as before | itis seen that
e solution is given by

oy Ot O
P(ﬁn J = g,!' P ¢

. -l
c- |5 O (g
" . ‘|! 41.! N
Ogh-rk“gs i

Denote bj /}’{ = [&] the highest possible numbes of wideband
calls i progiess. et B be the p{obabil.’{'j that av otdinaty
call is lost,and let ) be the probability thata wideband
call is lost. Then, clearly,

(0% jHKjn g9,
Wheie

it
R = Pljrige= o3 = @gap(s—kﬂvéﬁ)>
and ' *
! s-idk _ s}_}gk )
R= Plo-k+l ¢ jrkjeey=2 T P(1.,5D+wo?(jnaf)-

jo=0 §j=5-jak-tk-D

O




_81_

[ Chapter 4, Exercise 117

' . R '
A 9foup of o servers handles n types of custemers .

Let T =0 if x£0, T =1itx>0 With thie notation e
equilibfivm state equatiens can be wAitten

( Z’ A D=3 + gmﬁ P(j,)gq,,“'w = 0838 ki, = m,
n : 0 gzih‘lﬁ(s
:L;l W P( iy ﬁ‘l—');}iﬂr“ )

+ Zn Gt Om L= PO, ii~|r{ii+')ia+n-~-> ,

i=1
" " : 0454k,
( %,'J’i/wi) P( in;h-' ) jn) = £Z=I7\,'_ P(“')’jl—/v’ji_!l J,;»m'--) L=y h )

whete 3'-1 dewotes the womber of customers of tupe {and je2 0
The cottespondence between LHS and RHS ferms such as
)iI(k;“j") P(inﬂq—r“)%) and (ji”)MiI(ki'J'i)P(v--,jz_,,4‘("’,;}4,) ence meje.

imdicates g solution of the fotm

O O™ w0 Gk e,
P(:}»:)Q"La"-l}m> = ,j,,’ :}2! 'j.y..' Y (02?{[?‘“}‘.;5 )

3

whete  as usval, e is detetmined Pyoy X P(@névw "

Let £ be dhe equilibtivm pfobabiiity that all serveis afe busy,
and let B be the probability that j:= ki while not all fhe sei-
vers ate busy. Obviously,

i E =(ﬂj§.)§"5esop(j’l)'ﬁ"—) "';'jy])) (!)
whete i
go ) {(zh'.a?‘)“" 9”) $0¢ 'j’is ki 1= 1)"';"'3;2:13(% = 5})
and . y )
. = . . L R 2
\A”ﬂe*i& ) (il)"')ih)egi 1“37_) '(}ﬂ ) ( )

S Wi 1 K3 0% 4 ke 72 Z <5,

,%3 the as’;umﬁ;on o f Brisson attival steams | the piobgbility
Fi that a costomer of type i will be blocked equals

b =R+&. () ]
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‘ Chap’%cr H, Exercise 5 l

"A afoup of 5 servess handles two types of customess on & BUL basis.'

[a] The equilibtivm state eguations ate, for inje 20,

A+ Ga=gy + 4+ iMQPU‘., D= (0;4,+3~143)>
A P('}I ’40 +(n- +DY |13f:. n }'»1_( Wli'n(s,h)
+ (alﬂ)/ul +I,3,,) +(1 +J)Mla(}”31+ﬂ

(7\+ i, ) P( g) = 04 4 < )
7\1PM(Q-I /j) +( ljéfl)YP(?“/JQ ) <42 -?:m.?(s )
+ (al-ﬂ)/ﬂl (1 ,17)

(; )P(' i +4.75, >

1 cqse & =00, Hn& equilibiiom states I and j L aie mde]aeuden{‘
7\?”’(33“( +m, P (,* and (n- ;}) P )= (gﬂ)vi,_ QgD btJWhlch
P Eu},mé/ eand PHG = uY/Ml“ i L jasn Tms suggests
that iy the p{esemf case wheie 5<o0 we Wil mwa the product sa?ulnon

Pn(il)’}z) = M’j’ (1) (L)L (0_9 J <S'> 0)

4'9 z 1.4 min(s,n)

for oMl feasible (0“@ ), wheie o, is defermined flom the condition
Z;nm(qn’ \_;_0 P(jn,jq_ ( EC{U’Hnom ) s \fe{l\cted b Vlo‘hv
that the ‘equitibyivm state equations cm be dea; posed i q'
equajnemb of the 4we jndpeé }‘P(W\% = ‘jﬂ),u‘P(m*l,m and
(n- \YP%,@ = R TRl Uy +) which ate both satisfied by m.

lb]  Customers of 1 ype | aifive i a Priscon stfeam.
Thetefete Tyl {'7— P (ot and

_'ré(a'nﬂk Pl (0 Citpat %) )

;]7_— minle, n)

an umalo {o E 26) of Chapu‘er 5 the eqvx( btiviy
pwbﬁy lity {lw& q cus jmmc{‘o{: {Hpe 2 will attive in sme<w i
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(Cha?. H, Ex. 5b)

(n-1)y P30 o
TEGo) = T ~i: £l ( 04 ?’i*@’-gs))
RV gxo k,tw (n—kDya(knkz\ G0k min o) '

83 (), theu,

O/ V jo
{n- }9) M‘ ( )L)

‘”‘ 0 —4—--1‘-1#31; 8
n’\?_ b Z’K“m ikz( kl)(__/ﬂl_'(k (L ! 4q & min(sp) &)

We shall deal with the 4wo cases < s and n>s in futn.

nt¢s. Hese mnw(ssﬂ =n. Obviousl n) P vn 0.

Fovr ,a,z__ n-l = min (Sn D, Eq (¥) 3\;0,5 a(f)ce{‘ *re\xH hmﬂ,
()

20 N o Oﬁ—"};"fjfl_és,
_:Th(/an/}q) Viﬂ(g n—l)ikz (X/M) l(y,,')(L Kl < ?7.; mm(s,n-l)j
=0 =0

(,ovw?(/l‘ﬂoom with E (D shows ‘(’ha*’ ﬂ—z jl)ﬂ'?) 1 )
for 0 $iitiats and a,,_i win(s,n-1. This we “haves & howw ’r
ifne S, then LS (41‘00 P l(ﬁn(\'l) for 046 TL Lo aud ja & m.n(b n),

n>s  Heie mulsm)= winlsn-) (=9) and n- o> 0 for all
feasible Jo- Bj 09 it Pollows +hat ) again,

(m/m.)“ h ; ( )zz

T, = Oéé;+élés
Wh H,\/,jq) mms,n-!)ikt (_/ﬂ‘_f: -y )R;_ < 3’7_,(__ min (s,w-l)>
i,=0 k=0
Com?amsow with Eq. (1) shyws that also if n>s | then

T Uodn) = B God for 0<j#)p4s and 4, % (s, . Note

*\qak desr) ite appeafances, the ‘vanae of 1, 4o not Hhe same

for T2 W Uode) N en nts and whed h> s since i he |atfec

case we have just wiade the substi hH' on winlsn) = wminlsn-N.
We couc lde taat, for g nzl,

05 S, 4
n ﬁ“d”-) (’\n(}D ( gmgén«g(q n) > ®
[
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[ Chapter i, Exercise 6 ]

'Calls_af1ive according to a Poisson process ..

For 3"3'L> 0 the equ‘i\?b'fiuvm shate e.o]ua‘l'.'ovzs aie-

-4 N-le sy = .
<”«+"1‘3F3"~ ! m+ng-j- 42-)\ T Qz/“) P(Mﬁ) ) (3'< o 4"2)
n=-4+ Ny iy +

neEng=fi-a +l A P(Jl- )ﬂ-l hy+ e -fe+l A P(dayﬂt’f)
+ (}1*')/"‘ 2 jithid + Ocrm P(jniqm

<Y! Tw:_j_l 417‘ J/I/M 91/“) P an ﬂl) = (1[:5“ 9'1(62)
ny=gt] Ly !
FﬁTm“P‘ar 0 e M)

gt D PGy fyel)

( n *"9. ir 17-)\ J'/A 32M> P(inﬁl - ('j,<5,, 32_:57_)
T +:,'l——“d *1—~L+, APG - ) + mi_q—;fa%ﬁhp(j”h-o

* (élﬂ)/"1 P(j;*')dm

G+ o) Pl = (=5, o3

Lt T SN VS WA L
h,+n',_—j:—;2+l A P(Jl )(]'L\)+ n,+n2—5:—51+l A P(Jnofl) .

C!eafhj, a solution 1o the equations

n _il .oéél<5n
h|"’|’)lq_ Jl 12_ Pgnal (‘}IH)NPJF,’Q'L (Oéglé_s )) (*)

Ng-js.

0 <4
a7 PGl = G Plyie) (0%

Will also be a solvtion 4o the equilibtium state eun’rions above .
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(Chap, Lf) Ex. 6)

By tecutsive solition, (9 yields

WU RS AN )
P(},,O) - :i'!(n,+.n2)1.'(4n.*4'n! () P,0) (3=0,10 9,

and (* % yields

CoN Ny !nptng - 4, 4! o 01,85
P(/}”ﬁq-)_ Yot (npny =) ! (ng-)! ('/M) P "O) ( =01, ,Ia.)

Cowbination of the 4wo eo[uaf(;ons and the sibstitution ,7‘7= @
1e90lf n

ney (0 e
G () g

(i G

PUj, 10 = 5 PO (08nss),

0<L1ts,

Wheun (ny0,) = (5,,8,) no call is lost i any twak is idle, and
every call is lost if all trunks ave occupied.” By (55) « @leuf%e(E
theu 'P+1 = Lol +i1 18 Fustherdove | i%hie case ) b
A11iVing costomer wq with equal picbability be divected 4o evedy
idle t1unk. Consequently, the & it 4 occupied ¥uaks ate actuall
dtawn at 1andour From Hw/ Mg trunks - By the hyergeome
G‘aﬁ)ﬂibt}hOm P(é_ Ml‘*aq_ = ') “i)/(? :Z? H’ fol‘O\Un i '(;O'('
(1) = (8,5, b= 9‘ jitie): P Tt azjieewew with
the utemed Pm(mdla 4@(7{‘ P infe) Tnn mmj 5099¢5t dhat the
Formula holds also for nzs, and n,2 S0 a5 t does

ulhap+erH,Exercise 7 ]

' Customeds aqdive accotding to a foiseont process ...’

E] B\i the theotew of totql P-;obab;l;hg,

§(§+x5,ép( iy ,’X'J) = PJ, (3=0) I,u,ﬁ)
‘FO‘( QWH i X ‘F/M‘ .. /Vlo, /./l) ‘Hﬁem +hl7/ Wl"dﬂ( qF)ec(dhEe% ‘fG

the Eflamj loso w:oda( With ? quvew by Eq 5%) o F(,hq?&u >,
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(Chap 4, Ex 7a)

With qandowmt sewver selection aud M= =M= p, cleadly all
com binations oFa‘ busy serveis have equal Pmbabiiﬂ-j. Siviee
the number of combingtions 15 (),

Plx,x) = (DR (Xt X g s pt)

bl  For x 01y the equilibrium state equations may be wiitlen :

& s —~ .
()\5_:3 g,u—XL) + LZ.=IX‘.-M1‘> P(?‘”...) Xe) = (Oi E,Xi=é <S)
A s—gﬂ ( P(thxzrwxg,)-l- F(X‘,Xl—l)._,)xs)+ -t ?(X”"'ixs—nxs-,))
* (XQ+DM‘§(X|+I7xll"'l’(S) +o 4+ (X("'nﬂ:?’(xll'-»)XL+')"')X5)+ B (Xs‘fl)/‘/{s’[\j(x,)- .,XS_’,XS'D,
( Li:-lx,;/«ii’) P(Xn‘-')XQ = (g,"FB)
A (ﬁ(x,“ I Xgy s xg) + PO Xl k) + - 4’\5‘(x,).,‘,xg_“xs-|§>
Once wofe, theie is w paitwise cotfespoudonce between LIS
Ql'\d RHS tedms . It -1"’16'66(4 ‘qui' {'he eqoil;bﬁdm 5{'04’6 equa{:om
will be satisfied bj PlX,,., %g) sahs%mﬁ

7\%—'—3 POy oy Xy %) = Ot PO 2 x) (20, Oéi‘xi=j<s) )

Let ’[5; = ’5(0,0,.--,0). By ), ’\S(x,,.‘.,xm.,.,x‘ﬁ € %,\T); Fof x=I
and Z5, % = =] Ge. x=0 for 14K This tinding can be expiessed.:

Pl x) = ST @R (Sxmgel xeton).
%j {ecutsion, (¥) Hie'\ds

~ S=-3) _S e .S

PUxyy .y %e) = (5! )'LT’(,%Y( b (glej(3=l,'1,...,s),x;e{0,l7))

Notice, the fotmula also holds for £ x,21=0. Fingll fewditing
. ) i i=f J ‘j)
this foimula we oblain .

'] S =l E(%i) R

P(Xl)"'IX5)= (zxp (Zx)! Po (XEE{O,'\B,H,..A]Q

As ysual, ?0 15 found biﬂne notwalization condition. ]
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| Chapter 4, E xercise & I

'Network of gueves.'

la] Let A, devote the wean arrival fate ot §; . Obviously,

)‘(=)‘) A= Puz)‘) A= P, 7“I=”_Plzpz)7"

n the po“ou)iwg it will be assumed +hat )
The atiival process ot Q, is fhissou. Butkes theotem,
thew | the equilibtivm out put from § 16 Foidson . The assign-
meat of this output by loflery leade fo o decomposition it
mdependent foioson streams” with fates 2= 0N and n=pp,
feepecfwel‘;. We aleo note that the =um of dwe ude

: endent
Po1sson stietms 1e Bisson. It can be concluded %hafF

, the infuf'
lo eVedy queve is Poieeow, s0 +hat each queve functiond s
an Etlau

9 delay eystem with equilibfivwm state probabi i+ es
given by (45 and M) of Chapler 3. Thus, for 1= 1,23 4,

( i/ i‘)éi
| & TE (= 5D,
R = /)

C; si"5zj‘-si (Jz‘: $,5:4,... ).

i_/é{"_ 45,: for all .
4

 Futthenmete | g5 o consequence of Buike's thesiem, the
states ate wdependent, that is

Pl fadn ) = P00 B BU B

@ Wl+h Pe/ed bQCK Fffom Q'L {0 q‘ )the, VV(QQW Q'{T‘H‘al _{q_‘,a/a{, q‘ |5
7\T =N\ + (PanW\ -+ (Y”P‘Dt)\*' ..

n 4his pathicvlar case theteloie, the mean atfival 1ates ate

¥ - A * - pr:?\ * o PI":)‘ *
N = Topape 0 227 ToPapes N5~ Topapar M= M.

Le;('/Mitﬂ be defived as v (212). Thew the equﬂi%wm state equarhons afe:
Qs )+ pa3) + sl ) +p3) PG A, g =
A PGEh s g G PPG L4t s, 30 400 o0 PG fe b
¥ Maprl) PZP('}F’I i gaidu) * Mzl pay P(/}n Joth s, 1)

* U PG ) + pay D PGudais 4+ (}c>1¢»35:5ﬂ§ 0)
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(Chap. 4, Ex 8 b)

Congider the pq(loWiyng five equations obtained by paiting teims
on LHS and RHS of the equilibtipm stale equations,

A P(g‘,gm,q‘q) = O P 3 s g+ 1), )
MGG E g 3= APG ki) * g0 pa_P(jrl,jgl, i, @
Moy P duds i) = MY o PG, 3, Jor 340, )
M58 P00 4 ) = MGt 1 o PU, e 300, )
pn Gy PGy A 4, i) = MaUatl) oy PG i g, 1) &)

+/u”a(j‘b*,)P(jnjh”]’b")ﬂif'l)»
His easily seen that a solution +o (D-(5) will also be a solution
to thegequilabﬂum stote eguations. 0
by ), U PO, 1 ds i) = 050 0 PGy e A -
Substidution )mfgltld)l awd i‘eﬁﬁa&? a?eao( Jf/:' U E
A

= onps POt dsdd = s PO, o). ()

A ’(Q\U"i“ihg of () gives
) - _ , PQ#L&M}%:&H) P(d\*"li"h'l)ﬂs)ﬁ.‘t)
Hee) = D b PO g Plrhmisge

'\Nh"dﬂ) b\j (*), Si‘m?hﬂfs {o
LN L Pn.)‘ P(di+'l jooh A% 1'1)
,M’L('aq_ = |- PmPﬂ. P(j'ﬂ,,ﬁ‘ i%dq) .

Hence,
) Pm)‘ L. o
7= pape Pl §1) = MGt POt o). (69

Sim?imf«j) b\j ) aund (),

G- el Plarhiuiej
M3 ,J?) I‘PILP'L p(a;”';jiya"nd’ﬂ )

\Nhu853

Pig A

L= Palb P(jn Jards, Qu) = /u'b(ﬁ’bﬂ)P(dnj?.lé'b”)j’f) (%% %)




(Chap. M, Ex. 8 b (contd))

Equakions G) (6K} (429 have beew devived from and afe
eqqu(eer to Equq4‘.0hs W) (N, Egq (D has the desited o1,
and we shall keep it the way 1416, The Lingl equqhom (5),

)
1s fedundant. To see this |, combive () and (5) juto

A P%fﬁu ’o«,.ﬁw) = M) qup(gnéfhéa»w +M9(f)3+DP(3“1?’5#"3"3'
%\j %) and (00) | the ﬁglﬂ—lmnd side equals

Pin Pay 3 L o
[l “PZPz * ! ff’npz] %P(al)ﬁl‘/&%ﬁ‘h =A P(QMMMQ

smce Pt Py = I-p P, - This proves Hedvndancy .
ePnu;:cludlZ/ Hml-u M- 0\26 eqU‘:va‘t’Mf‘ {o the ‘eo”«)wivﬂ
system of equaticns,

N PG 30 = MU0 PGt g 500 ®
MPlguds i) = Ml Pl g0 (™)
Xy Pl s A 1) = M PG st 3 8)
NP3t e = M PG, 30D, @

whete A (1=12,34) is the wean attival fate at @
ecufsive sclution of Eq. (é)’ fof example, gives, for

fixed 4g,4s i N /)

1 gaoﬂluémdw) L (=0, 5-1),

! )T

Plirieis, i) = j
YT N ¢ /) L
P(a’ﬂﬁ'ﬂﬁ'a"\ s} 5,”_5' (31= s’l)sl+/)"' ).
The matginal pwbqbil.‘w of 41, AT poung by summation
over all“pessible 4, 44, 44. ' In genedal we tind

, Pi(()) __L____U"d/‘/;fi)?.‘ (a'L. =0,.., 5. -1,

R = A .
PLO) oo (J,;=5L-_'si+l,...).

I 3Jdi+iom it ma«g;"{oe shiown {that the cond:tioy fo independence
holdo:
Plisintnjo = B B0 BB Gezo,e-agy [
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Chapter 4, Exercise 4
P

'Closed netwoske of queves '

[a] As befote, let u;(j;) = fiM

iFgssy, uGo= som if i > s,
The equil:bﬁuw: otate equaho\ns a?el as follows, ?

(M‘(j‘} +Ml(ji) + ‘*‘/“m(}m)) P(ﬂ.l)d'umném) =
G0 PGl o=, i, o gm + Mgt PGy gt el s o)

+ s 4 Mm(jm+l) P(};/, Jor) im? )] (L_; 0 fori= /),_,,m’, Za»i =n)

Consider +he ﬁoflowmg m eqUal

ions extracted f1om the equfl;iufium
state equations,
o Plide oy i) = Monlj* D Pty 4, s ot 1, (1)
/”'L(j?.)P( d:)’j‘l-)m‘. ]m) = /MI (,'jf"/) P(jy+’l fjl-ly ~~);jm); (21)
/”B(éZ)P(j:ljl)-"l 1"') = /‘A’l(‘]'z.'*n P(dn 'jl”)jf')"'ajm)l ’ (Z,)
M"""( ‘}"1'/) P(j"j’-""’jm) = /"‘mJL(’émJl”) P(""ﬂml)f"[)im-f’) jm)i ((m-l)')
/Mm(am) P(J.I)J'L)‘“;d‘m) = /Am-l(j"m—l*n P(J'I)"'l Jm—f'l) jm_l)' (m’)

It is clear {hat a solytion o these equations will afso be

a solUtion 4o the equilibtiym state equmLioi/zs. udone of
the equaticus cau be omitted. We choose do dis card (1)
New wiite :

I LY = ?ﬁ..h‘i|10;'~-)0) PQné'Lw“"{.‘@hO,...,O)
p(a]i)q’l""é“") = P(h,o;...,U)x P(n,0,~-,0;0,0)x P(j,,h—i.,o,.‘.;OIU,O)
X eoe X P(fn’j‘l)---:jm)
P(én{},,_)...,h—d"jz-'j'—-jm—z,ﬂ) :

83 a similar fewd
Pactor no. 2 on

1L-'w_g and the o(pplicajriom of Eq. 29,
the 11(51/14(- can be ex plessed
PQ;:“%Q;---:W - P(”"””O_I_.'_'f!.o_)x P(""Z’l'o""’o)x.ux
P(”)O)""lo)of.c) - P(n,o,...,0,0) P(h_”l’o”“’o)

- MO M-y MG+ .
MY " Ma(2) X Maln=-jp - (6"”)

Plin g 0)-0)
Pljs#hn=j-1,0,...,0)

) et )
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(Chap. 4, Ex. 90)

Proceeding in this mannes, vsing Eq. (k) for factoting fac bor
no. K, we dedyce

PUidr o ) = P00 A A A )
whete | for k=12,%..,m,
/ n
Ak = m m (igk}" 0)’
M«-:( LZ=k-I 3'4.) Mk-,(iz,,(_,’ii ") Mk—l(ik-/"'l)

MDD My (2) Mk(gk’j-i) (Ek §i2 !).

Cancellation of factors in (%) tesults in

ul m 0 L .i.s-. )
P(jnjzwu im) = [P(n,o,..., O)I'ﬂ‘(-r)] I’Q-L('ag ( Zq’i . :),

whete GG =1 iF 5,=0, Q)= CMLKI),«Ai&'L)--,«x‘.(q'L)]" if gzl
szallg) using ZF’a(d',,a’l,...;jm)ﬂ and substituting the
expiession £ (), we obtain

PG ) = M (0§1‘£$ h,) ()
S i oY L Tl
whese g = {(ﬂfrl)-“;fm): 04 T &, Z.C = n} and
WAL e,
Gl = i -
5. g Bim% jozsy)

The probability P4, 14, jm) has been wiitten as
a pioduct of factois dependent on f,\fo,, fm, TeSpectively,
but the fandom vatiables N, Ny, .. N, afe not inde pendent’
The deason is that the set S for which Eq () applies
is not a dechr space TK T XX T, {8 forinstance,
N,=n, then Np= 0 <o Haa’r,obvzouef‘j) N, and N, eannot
be independent vatigbles.




(Charp. 4 Ex. 9b)

[b] in the genetal model, where a depatdude from Q, with picbabiiiy
Pij goes to Q‘a (= 1,2,..,m), the equ;‘l‘;b{wm state equa’r.'aws e

g, Mg P(in-w{;m) = :é, :L:, M i D p P('{]'ir--nd.f’r";ék"’;-wdm)
Kei

* E:, Mi(ai)Pii P(Jn“‘)jm) . (2)

We shall \Jeibcg that the selution is of the fotuw (1)) that is
Py g = T Q) /g T.Qu), but whete, for some 1,

(L/x .
W et
Qi<1i) = &M.. (jiz s:). =

sl sl
Qubstituhion of (1) into (1) gives

m A m ' m AN QL(Q'L") Qk(,jk*l)
(EQE(61)> ig,f"i(ﬂi) = (I,Qi(ax)) LZ=, {;,M('ﬁk*’) P Q) Gl
K

+ (ﬁ,Qt(}L))gﬂa(éa) Puc -

Cancellation of the commen factor _T__I_‘Qctéi) and the vse of (B
fesu s in g

f (7,) = f Zm {3 Ml x; M +§"_" Gi)
L=IM': ai T = ke _MK Gk"") Pri M Ml X e L“'ﬂi(ql P .

K#L
Hence,
b ('3[1— D g }—0
;:,'“1 1 Mo X & McXe P — P ] =Y
k#i
N'he{ebﬂ

2 P’a%[! - M & P«J = 0. ()

This leads to the fequifement that

2 Pl =poi G m), ()

A sclubion {pux'] () exists provided all queues"commun‘.ca%e,f: ]
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{ Chapter 4, Exercise [0 ‘

" The following wodel can be ysed ..’

0BS! The sefvel gioups have been fenamed : G H, , G, > H;.

For gfoup HI (dnﬂlf Hunks for Jialmg) let s, be +he pumber of
(ex pouential) seivess with setvice 4ote y | and Por qroup H,
(time slots for kalking) let o, be the number of (exponeutial
seiveds With sedvice 1abe p,. The possibility that aﬁ sefveds

W H, ade busy,while a setver i Hy is idle, lmplies s,< s, siuce
a call holding a server jw H, will gt the same ime hold o
setver n Hyo Leb i calls i dialing phase of i wq:hwg pos tion,
and let 4, = calle 1 alking phase. " Let ulf)=qu, i€ § <5,
mg) =g p i fzs )

he equilibfium state equations ave, tor 4,42 0,

(>‘+ Ml(é[\ * lJrZM'L) P(ﬂl)'}l) = (O é ﬁﬁjz < 52)
MPG 132 + MGADPG 3D + G, Pl g0,

(,-'MI('AI)+ 'GzM’L) P(juiz): (§|+'}2= s
NPGE )+ D Pl o1,

Hence +he equq+ion 5

AP L1 = QD P, e (O£ gri<sy),
MGIPGL I = A PO 4 (G L jFhtsd,
jt/"z P(ﬁl)sz): /"‘l(:jlﬂ) P%”)jl'” Co¢ du+jL<z51):

a Solution fo which will alee solve the equilibiiom state equations
Disteqatding the last tedondant equation, solving the ether fwo ve-
QU—{Q;:iCt(j SJ{q'{“iwg With P(O)O), \N&«f&wd

. P(@néﬁ) = ¢ Pl(ﬁﬂ Rijp (0 ¢ §+jeé 53,
wheie U/Mﬂ' N
—-—"— ({:),<§>, ) A j"'-
. ¢ N . 7 /M ) ;
PUY= 1 &b . Pl = S (07,48
’(al) { ;,7!\\2:1!?—5; (5,2 4,45 < 3”) I = a2 %2
The coustant ¢ is deterwined by 0): P(g’,)w =1 [j

EEASTL LN
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LChapwlef H, Exercice [/ ]

'The follewing i5 a simphified version of o wodel ...’

ln the pleseut wmodel,| the customers ate +he fites of quy of thiee
{\ﬂ.jes, going thiedgh phases whose dufation has an exf)oneuml disti-
bution The cdeﬁql[ affwal 1ate s N, aud with pwbab‘.i;w Py
(r=101,2) u fite s b type t A fue of Hype | is charactedized
by a &ingle phase witki wean 7, Tequiting the yse of | fise
eagine. A fise of dype 2 goes dhveugh thiee phases with means
(D), (L), 75(D), vequifing #,1 and | Fiqe enyine(s), 1 espectively.
A fite obdype 2 jas two phases with wedns 7(5) and 7(3),
fequiting L and | fire eugines resped;ge!g.

Tne {ites puss thwogh g nebwelK of mfinite- setver gueves,
ln the figuie, the vatidbles  fodefa. by, by devote nuaibes of
fites i gmwes@, aud the numbers in squate biackets indicate
how wuny fife engiues afe needed in each phase.

0]
P2 i >
), L1l 720,027 732,047
A P2} i, P2 iz P is
T/(3),k2] T2(%), LT
Pyt K, P2 . R

I teality, the network is composed of thiee indepeadeut quevein
systewms with avvival mJ(e?s fﬁ\) P27, Po, Tespectively. The «eHs{’j
queueing ag%*em 15 aw infinite -server queve, Whos€ equ_;lsbﬁuv%
disttibotion, by Eq. ¢427) of Chapter 2, s & = (Cparin]4) & B
The other {wo gueveing aystems ate tandew queves. By Buikes theoiem,
the input o each CoMS‘}iiU eat queve is Ricson, oo that also hete the
state vafigbles follow a Foissen distibution, and, fordhesmore,
the equilibtivm stgtes of fhe queves ate ndepeadent. Hence,

Plin bk h) - CeAT o [pan P Lpp g @ Coanai®Conmon® [omsi™
Bindndn Tl = T i i s k! PR

whe+e, c = exp{— [p,)T(l) + P AT2) + P}l’g’(ﬂ*f’ﬂ'fi“)*Pg,lﬁ“)*'ﬂgh’rg(g)]} )

The distribution of wm = UHip Lyt Ugrky i found 63 conv’eluhwg 4Ly ehe D
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L Cha pter H, Exercise IZ‘l

‘Appottioning the moments of the ovetfiow distribotion.’

@ The equilibtivm state equa-hons Por the distiibution
Lh(4, Kk, k) ate

Catj+i+ho) bl k) = ah(i-1 Kk j= o,/,...,s.-:;)
+ ‘3*'7"(3*"““"0 + (klﬂ)h(é,k,ﬂ]hl +(k1+|)h(d,k,,kz+l) k=0,
(a+s+k+k)his b, k)= ahls-ik, k) ( §=s; >
+ Q‘ h(s) k",) kl) + th(5) k” kl.- ') k”’ﬁ.:o)/,...

* U hls, kit ) + (gt D (s, by, b+
We shall Jetify that
LPPUN
h{j)kh kz) = P(bk) (i\"b (% (%)) (*>

wheie K=k +k,. We begiu b 6‘/10wiw% that the sugqested solution
satisfies dhe equilibdivm g‘—a&@'e Uptions. luseition of the above
expiession for n(j,ky Ky) tuto the fwo sets oFequ:[.‘Cﬂium stete
equqhons , aud a stiaigutforwaid feduction, tesyl¥ v Egs. 3%
and (34), qes; echx}@?g, Which ade always eatisfied. Hemo}
the syqqested solytion is ndeed the 6ot}u+:ow, at feast u

to a factor. Now, it is easily shown that =, . Kk, k)

= P30 by the giveu expiession, ystas it shovld , s 4he
expi€ssion does give the cordect yglve.

B ij definition of a condiional probability, h(} ko) may be expres-
sed as h(jkky) = PL,k) PNk, No= kN = K] By compafison with 09,
thetefore

P{Nl‘—' K, Nf k’zl N= k} - (‘D (%1.)“' (%&)k} (z./)

A bivowial vasiable X with patameters (n,p) has mean EX) = np

and vatiance VOO = npli-p). Heace, EXN = VOO +EX)= nn-N ¢+ np.

By 00, for N=k N; 16 a binemial vatiable with (n,p)= (s ai/0) . TE follows that
ENIN=K) = k5 )

EGAN=K) = k(D (29 + o & ©)

L]

It
52 |A)




(Chap M, Ex 12 a)
[d] By &), ENp=EJENN=1) = E(ND. Hence,
E(N)= 2 EN). 0)

Le] By (&), E(N)= E (EN;IN=K)) = EN(N(N-D(%)W%), Hence
EOND = (FVENY + 20-9EW, (7)

By (1) and (7)) V) = ENM-E*W) = (%FLEN-EAN)] +
EU-HEN) . Hence,

VIND = (2N + Z(1- ZYEN). (2)
'D.‘\l‘nding Eq,“? into Eq. (@), we ﬁ@“{'
\[(NJ g VIN) a;
T @ E(W)+(}_E)‘

‘LEHiwﬂ z = V(N)/E(N) and B = \W’(NL)/E(”L)) we ’()imd)Pof P,::Q;_/ﬁ.,
2~ = pila-). (87

@ 93 (3) aud ), when n=1,

ECNNyIN=K) = E(N,(N-N)IN= k)

K EONIN=K) = ENN=K)

K2 = (k- (L) - k&

=2 (k1)

Hence, EONND = EZ(EMN,IN=K)) = 2(-2YEWNN-N, or,
E(NN = 2= Z[END -EWN]T.

ENJEN)= 2 2 EYN),

83 U),
Thos,
CoulN Ny = EWN)- EODEN)= 3 2V-Ew]. &) [
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uh%ﬁer H Exercise |3 l

' Ghow that when =8 =~ =a.=00nd q.,=a, then.. '

When 2= 2= =2,,=0and A=, then Eq. (46) becomes
)\sp(j-l) = ju PO (4=1,2,.,8-1),
As Ple-N+2g Pls) = s Ple) (=9,

a P(3-1)= 3 Py G=1.,0-0),
a Pls-1) = (s-)Pls) (3=).

O'f)

The selytion, in fetms of P0), s
‘ i
P(;)= % P (320,40 8-1),
Pler= 5rii=ar, PO

Heuce, and by Eq. .8) of ChaFJrer 5, ifa<s,

as
I -als
P(Q)= 51 a.'?'“ a/-;r, = C(S)w).
W T SO

[ Chapter 4, Exescise /‘/—l

'Consider aqaln the premise of Exercice 7.

For a BCD gueve with heh{oﬁeneous, exponential setvers and

fandom celeckion of server, let Plx,, .. %,k = PIXi=x,,.. Xs=xg; Q=K.
When 7% <s, the equilibtium state equations ate precisely

as in the BCC gueve of Exercise 7, with Plx,. x,,0) feplacing

Bix,.., xe). , |
When X7 w,=s (=l foralld) and k=0, we now have

(}\ + L_Z:X;M") P(X,,...,x5;0)= (f_lxi:s)
(% M) Pyxg; D (%)

+( Pl Xy s 0+ Plx, %%, X, 00+ -+ F’('x,,“.,xs_hxs-l}o)),




_98_

(ChQP. H Ex [4)
tn addition we have the vate up = fate down equations
APULL1 K = CE idPU ke (k=g ). (a)
By subtrachon of Eq.(x%), for k=0, fiom Eq. (0, we detive
(2 ) Pl, ., 6,0 = (QMW>H
M Pl-1x,, %500+ PO, =15, x5, 0) + Py y; %15 00). "
Obsetve that (xx %) is 4he rewngining equilibtiom stabe equation i Hhe
BCC case of Exercise 7, with Ply..x,,0) instead of P(x,y.r %),
We conclude that fos k=0 the colution is the same ae in

the BCC case except for a pro pcﬂ:omq(,‘-{ﬂ constant,

P(x,..,x,0) = ¢ ﬁ(x,,..., Xs) =005 1= 1ye). (1)
8\1 (**'),

PO k) = (2P0 (k=)

siam
Utikzation of (N and 4he dekmition o= il,u‘. (whlization Pacter)
give o
PU 1K) = o P, (k=11,..). (@

Sobstitution into dhe noswmalization equation leads 4o

| = T Ply,xg® + 5 PU 1K)
k=1

08 %x¢s
= = ~ oo .
caﬁ;&l;sP(x,,.‘,,xs) + e P(""")E/?

¢ + c}?(l,,..,l) ,";9?

¢ = (1+ & Pu..n™ ®)
Tave, the equilibiion tobabilities for the BCYD queve ate
gen by ( /(D) and (3) ) whede {Plx,. %)} ade +he equiibiom
prebokilifies of the costesponding BCC queve of Exedcise 7

Hence,




._99_.

[ Chapter 4, Exercise |5

'Show that, if 0> 0, then v =& when =0, v > when s 2 [

® = aB(s,a), (8.1

1?‘=0k(|-o&+'s-ﬁj‘;)_ (3.2)
5=0. C’emﬂﬁ) B0,a) =1. Q"j 3.1 aud (32) then, ¥ =« =a.
This should come as no surpfise, as the equilibium state of an
infinite- seiver systew with Poisson input has the Feisson
distibu bion with pafamleer Gmean aud vaiiance ) equal {0 a.

221, By Exefcise b of Chapter 3,

B(s,a)= _aB-la (s21]).

& + a Bls-,a)

Hence follow the 1wo equivalent equations

s+l+aBlsa)= —gﬁ—% (520, (%)
Bls+ha)  ali-Bs+,a)
Bled ey (sz0).  (»
Now, for ez !,
v >R S T/f—o—\——_a >« [bj(’bfﬂ]
a
& STivaBegp-a a B(sa) Cby 30]

& %(;_) > alBloa) -Bls+ha)]  [by ]

all-8ls+ha)l

& =7 > alBlea)-Blo+1,0)], [y ]

As ysual | let p; dente fhe load ou the jHh ordeted seiver in an Eflang
loss syotewn. é) Eq. (318) of Chapter 3, 7, ,,= alBisw) —Bla+a)] and,
= 7; = all =Ble+1,20] (= cattied load with s+ sefveis). Thus, for 521,

vrro & ?é:’p;/(su) > Pew

A ccotding to Messerl; LRTL], cf Sec.d of Chap. 3, B, > 7> Py .
Hence | szl = Z;:: Bi/(o+D) > Bs. The concldsion heu is

o2l = wruw. D
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l Chapter H, Exercise [6 '

'0,= [0 erl of Prieson tralfic is offesed to q gtoup of 10 servers.

The exeifcise vequifes the yse of the Equivaleat Randow Methrod.

The case s destiped by Fiquie 4-8 for n=1. Offered loods
and sefVef giovp sizde ate :

Parte @) and (B) - (5,,0) = (19,10), (s,,a,)= (5,5), ¢ 4 be calcvlated.
Pavt (): (s,0% =

nar) = (10,19), (8,,0)= (5,75), ¢ as in (a)y b
[a] The valves of B(s,a,) and Bley,a,) may be tead off Figufe A-i

in the Appemd‘.K. Exact values oblained f1om tables of Hie ficcon
distvibition o the Ef{awg B-formula are

B(s,a,) = Blo)l0) = g2/5.
B(sy,a,) = B(5,5) = 0.285 .

For the +wo plimary gioups, the wiean and the vagance ofdhe

equiliovium state of an infinite-setver backUp gieup aie, by
Eq% (%17 and ('5-7-),

&= 215,

| 9, = 135
o= LHZ, v,

2.34.

wow

Hence, the 4otal oveiflow is chatacterized by the parawete(s

A= &+, = 357,
T= 0+, = 6.69,
3 = /o = 187
wheteby
T=w+826N= 16  [by@m],
5= ;S;-;*jl_d_, =96 Loy (7.16)].
Hence,
s =[5] =q)
@ = ‘iii‘z’j_‘;ﬁ;/l: I Ebj (iml.

Thus, (s,a)= (4,111 define the eguivalent tandow Sjsfewv having_
the appioKimate overflow chatoacietistics o and’o of the
fotal overflow Lo 4he dwo primary groups.
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{Chap. 4, Ex. 160.)

When the o\leiplou_/ foup has size c, the loss amoug the
ovelow customers (Lowm the equivaleut tandowm 34ouf% is,
by (7.i%),
T = Blstc,a) _ B(3+c,It)
¢ B(s,) B(4,11.1)
@8 Figote A-1, B(9)11L1) = 0325 Ths {he fequittment
T, < 0.0 +yanslates info +he coudition

B(9+c,i/1) <0051% < B(Q+c-1,111).
From F;ﬂuw A-l we obdain
BU7,111) = 00259, Blle,lll)=00%08§.

heuce, our estimate of the necessaty capacity , ie. size,
of the ovefflow gToup becomes
c=17-5 =4, (1

co-ﬁesﬂome_i to au estimated los6 on the ovedFlow custom-
e{s eqbal +o
BUTILD 00159

Mo = AN T 0w 0.080. (2)

[b] The estimate of the lose i 4he system as a whole s,
by (T.04) Do
L ©ore aBlsre,0) IIBUTILD 0287 Dold (3)

o, +a,  lo+5 T~ 75 T XX 37

lc] Afber wucteasing the loade ou the priwiaty gieups by 50%
e new offeqed (o({gs wil be q'f= 15" and u§= 75 We “singll
eotimate the losses an the overflow gtoup as well @5 the systew
05 a whole assuuiing the old sefver feup sizes | 5210, 8= 5
and ¢ =8 To 'beﬂm) the loses on the piindty groups afe, oy F:;.A-!,

Ble,qm = BU10,15) = 040,
Bls,ap = B(575)= 0455,
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(Chup. 4, Ex. lbc)

The culculation of qu appioximate equivaleat fandom aqstem

proceeds aleug the same lines as i patt (@) The fesuits
dfe as dellows

wf =615, Uy = 125,
*Ky = 3410, vy= 5206,
o* = O(T +o&'§ = Q!;E,
Tr= g el = IGH‘?,
2Y= vt = 179,
O* = v* s BNt - 205

G (R* +2%)
= e matl = 117

»
R

)

o7 =81 = Il

or= (9‘+v(*+/)(o<"+z"—l)

N’ g

TWS, (a%u® = (11, 146) debine the equ:mlem Tandoul ©gstem
haiing {he appocimate ovedflow chatacdtenistics a* and o* of the
total ovesFlew p*rovn the 4wo P{Imafé_ (1/0()?5) qué'/r the 50%
incfease i leads. :

The estimuted (os0 an the ovetflow 1000 19 inow calcufated
to, ion} the yoe of F:(juf@ A-0 ia dhe AFPQWJ;)()

T* - Blor+c,a*)  BU9,19.0)
c Blsta®)  BULIGL)

0.i79

01385

il

0.369 (1)
and the estimatred oo for dhe 6\X€,f€vm as a whole is

T - a*Bls*4c,at) 136819, 196)

ar+a? T 15475
- 35
27.5
= 0./56. (5)
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| Chapter % Exercise 17 |

'Risson_trafhic totaling 10 erl is offered +oa qroup of 10 servers,

primary qToup overflow qToup

8, =M= 5— R S

s, = 10
Q= M/t =5 sl OV >

Total overflow

As ina similarcase in Exercise 16, the total overflow from
the Pﬂmm%%ﬂvup is chatacterited by the mean and the
vatlance ot the equilibtium stabe eg a fickitiovs nfinite- seqver
back—up group, equal 4o

X = (a,+a,) B(s, a,%a,) = 215,
9,49 A
¥= k(- + m) = 435,

High - Pw’ioﬁ{“q oveTflow

By Exercise 12, mean aud vatiance of the high-ptiotity
overflow streamr ate , Tespectively,

Q
o(lz a,+101°L =9 8(50)Ql+02) = I‘07)
_ 9,2 4, g, _ )
o = (31‘;"0-2)19’+ W('"a,wz)“ = 6.

Equivaleut sandow systeum

The decision on c will be based vgen a calcvlation of an equi-
valent raudom cystem (s,0) whose overflow has approX imately
the mean and +the vofiance of the ovetPlow stieam of high-
priotity customeds from 4he ptimaty goup. Fist, we cq[ci?[%@

g = v /o= 1.5,
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(Chqp B, Ex I7)

As a Brst appioXimation wWe calculate

a= v+32(z- = 393 Cby (115)]
R e I RT3 Cby (716)]

fence, by (T17),

(L8] +a,+N o, +2,- 1)
X+ 2z,

Q= = 3’72

]

so that the equivolent randow system is described by

(S,w) = (4,371).

Calculation of ¢

Our estimate of the |oss of h;gh-pmm‘g custowmeds on the
635Jrew1 as a Whole 4

a =

I 5

The smoallest ¢ meen‘mg the ¢equh'em&n+ T < 00! theretie
must sahsfj the inequalifies

T-= aBsre,a) 370 BH+c,372)

B(H+c,372) < 0.0134 < B(H+c-1,872)
By Figure A-1,
B(9,372) = 0.0092, B(8372)= 00123
it Lollows +hat the size of the overflow gtoup shovld be
c=9-5= 5
For which
M= 00068
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[Chapter 4, Exercise 18 l

i i .
Cengidet the Eclang loss systew with ‘nqpe{ex ponewir:a) sefvice fimes.

Let i, be the number of customers whooe setvice 4ime s expowewhaf
\NNH mean /M"‘ (With ()TobaEilH‘i Pl>l and let i be the number of
customess whose sedvice i io expovential with mean u7)!
Cwith probability py. Let P(j,3,) dencte the equilibliom ptoba il
that the state of the system is (j;,4,). The comsefva%on—og—
Plow equations afe-

(np, + AP+ 4o+ jup) Plyig) = EPRIANY,
b Ap P(g,—i?%;)’+%PZP(QI%|33f1) it
+ (a"ﬂ?/ﬂ'i P(Z};*’;jq) +(ja.+'l)/”7-’p(§“§l+n
G+ dopa) Pl i) = 0, P(éI—J,/;,L) 2Pl (Gtge= s).

From these equations we extiact the Qo[(owmg two sete of equations,

APy P(‘éﬂw = (élﬂ)/”; P(j;"‘f;gﬁ (0<= 51"32‘5)>
A PG = Gt Pl dar1) (0 j+jats).
Tne solution of the above eQUq’LW‘é; which also is a seiution
O‘F ‘l’l"e e{?u?“l}‘{:l}m 5‘t’q+9, equa%ic”s) is
o (%PI/MJé' (7‘&/”1)3"

[ -

PG = T T e 08 gente)

Jt ‘ﬂotlowg that the e,qu}hHEUWv io/wbaioi(ifﬂ that a“roadher
4 (= §1+40) costomers will be in setvice equals
Drpd + i ]*
PR
!mhoducimg the uynconditiongl mean sewice 4ime by

‘Pj = Z P(g"h éL) =

jl+j1.’i'

<0é3~gs>.
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