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| Chapjter 5, Exercise ! I

'(PJ Burke [1968, unpublished].) Consider a birth-and-death plocess...

Cousider the Matkov chain of states ‘nmmwf-‘a%elﬁ followting
eveuts , wheie an eveut is either an arfival (cavsing a chavge
of otate) or a depattvie. Deuote bj Ei, E,, B, three sich
consecutive states i sfabighicgl eguilibtiom.

For each 420, by the Majkoy popett
! b propetty,

P{ Ei;_: E. E = Ea}} = P{EL,= EQ‘ ) Ei2= E. E;_: Ei}

3+l iy 3+
* P“:_zf Eioey Bi=Ejan B2 E;)

- P{Ei.: E; E,=§ i P EL; Eg | Ez[ Ej.;}

i
-+ P{ E;-;= E§+Zl E~‘2.= Ei”']’ P{ E;_:,: E’l Ei;=Ej*l}-
Now

PLE,= B BB 1 = 2T,

P{ ELI = E_i ; E12= E'}-H} = —z'_' i,
PA El, = Ejm Etf Ejﬂ} = éTT;‘_

The fitst equation, for instance, holds because with probabilit
Yo an eveut is a depqﬁLuw,, and the couditional prebability of
depattuie state E; qivena degaﬂme) equals TX lnsetking
these expiessions and weiting PAE, =EE ~E, 1 = P{E;, > B3}
we obkain, For each 2 0,

T =Ty PLEL ~EY + TLPEL~ B o

Clemltj, B

SE V= HMin

PUE ~ & = s

awd,bg (%3),
TT@* =T
i

fﬁd <01, By svbstitotion of these expressions nto (%),

and TeJuchon, we find

Ao T = AT (= 61,00, Q)
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For a bitth-and-death process with n souTces, sippose

the arrival Tate in state ' (ED), §= 0,1, n=1, depends on only

the & Merence n-j; ie. hj[n] = f(n-a'), whete £0)> 015 any fumekion
By (1, Aj+,[n]77;D11J = T ] (1=0,n-D), and as Ajulnd=Fii-3-0 =2, -0,
Xj[n-l]'ﬂ;[n] =/A3ﬂ'[5,,|:n] (3= 0, ly.oyn=2). ()

By Eg. (315) of Chapter 2, the outside observer's distribution
in a stfrrlem With n-1 soutces will sa-h’sﬁg

2ln-11 Bln-i1 = My Guln-11 (= 0,1,...,n-2). 3)
A compafison of (2) and (3) leads o the conclusion that
Tilnl= Bln-1 (4=0,1,...,n-1) ()

for any fvite~coutce bitth-aud-death process with Xl = fle-p)
and /ua->0 Lot j >0.

Chapter b Exercise 2

'Burke's theotem',

"For the M/M/s queve in equilibtium, the sequence
of setvice Oomple'HOW epochs Pollows @ Prisson process (with
the sawe parameter as the input process); thatis, the avtput
pfocess i s‘m’ﬁshcallg the sawme as the input ?focess."

LetT, and T, be twe arbitiary consecutive sefvice completion
epochs. Define F(t) as the, pfobability that simultaneas Iy
T, > T+t and +he ‘nUmber’of’ customers in system gt T+t
equals j. Let uGd=gp if jio, u(P=spu if 3>o

(4] E(t+h) = F(OLI-20] + o(h),
Et+h) = EOL-OpDhl+F Ok + olh)  (1=42,.),
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(Chup 5, Ex 2a)
Hence,
d?f(t) = A (),
E%i) = Ol Ky + 7‘!3__,&) (=42

wWith iaitial condidion F(())‘V for j=
Itis eusily found Hhat HI=T) e 0N vetify
that the complef—e/ solytion is

2. (1

*‘t
RO =T"e™ (tz20,5=02,

(N has been shon Jfo produce the fight answes for j=0,

and it cleadly satisfies e m:hm ngd fien for }— L

Thoe it femdains +o demovstiate that dhe e Vadion smi.s-fes
the difleqendial - di Hetence eq vations above fotr j=

bu%)i{r ‘f()+ oy ’F a7 vato Hie agpio o1 A“’?/ J:#‘(@(&M%Gl d Pfefemce/
equation aud some simple- cdlcelation and feduotion yield

ﬂrjf‘, = ,m@) TT‘-} (é = 0L, (2)

Tha‘r this eqn)aﬁon holds can be seen by mak: ing the sybstidvtion

V- which ftSUH'é in Q Czot’Cw%( cqse, of Eq. (l)cf Ex. (l)
of mqkm die substitution TT‘J F; witich fesvlte v the con-
be'f\}d“hOM of -flow ¢ vation AF M(J)? 1=0Z,.. . \UQ can
theselote conclude that our E({(/Q“{'IOI/) (1)) ,w(/eﬁd(' %'«Jeé {he
desited Piobafo H_ﬁ» F(+> fov all %awdﬂ

(6] Let F®) deote the probability that T, » Tj+4; ihatis,
Fl = P{T,-T, >t} Q)_j W, and Hhe Jefm.f on of F (ﬂ

F(t)

it

Z F(t)

'\“Tr * "‘t
30

= e"“é. 3)

]

uS +h“ THné bﬁp&{ujm 1wWo successife u’e)m’hﬁ% 123 e&pan&mm“j
J‘:h’:bu{’ed with the sdme mean as the interatfival {imes.
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( Chap. 5-, Ex. QC.)

Let x=T,-T and let 12_ be the nimber of customers
left behind by the departuie’ atT,. ln equiliblivm,

P{ a\; i) x> t} = ngﬂ(x)/,f((j +) dx

S HGITL [ Tay )
= ﬂ%ﬂﬂé: e
- Ty o Loy )]
Ths,
P o) = Plemg Ploth )

which means that the leugty of the m#efdepm#u{e wmketval x
and e nomber of customess i the sysiem oF dhe obart of
the next wmtetval ate Imdepeudem— vdfiables.

Denote by T, the depaityse cpoch subsequent to T,
B‘.é the Mmko:% PioPeHj

PIT-T7 ¢l 4,=3, T T = ad = Pt 33, )

By ) T,-T, may depead on T, T, ouly Jélmggh 31‘ But,
by (1), T,-T, is ndependent of 2 Hence T-T s sndependent
o T,-T,. A extension of s Gaqument teads bo Hier
conclusion that all the juletdepatfuse wterval lengths

U

oie ‘md‘epemdéwf vadiables

Rewaik.  Nowhede has the patbicular form of e {onction
/‘4(}) been voed. i+ i woith woj(iwg {hat the whele live
of proof ap?hes to any bitth-and-dewth ptocess with
bitth vate N, =n Lov all 120 aud deabh Tates M= 0
and M7 0 fof 521, Where dhe p and Hyo ohly weet
the condition Foir the existence of i %U;(ibf;u‘m
distii bution. That is, {he oufpdt precess 6 a
Poiosom process wWith rate A also in the 8%7@4@{ case,
ot ot Lot an M/M/s queve. o
_
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fChapx"ef 5, Exercise 3 |
[ j

‘Splve Exercic:s (£ of Chapter L by evaluating the inteqal

1

e S

It 15 understood ot

=

(%)-‘- P{-I*é i

= fRly-xdR .

Fo@ = PLR& o}, Falz) = PLAS =) and

The randow vatiables R, and A, ale fof wald

an'd backwatd 1ecuifence time o €, tespecively; Ry and

a1e inde pev dewt Jo

aubfes 3 Q'ﬂd If = Rf +’At‘ ﬁg(al/ ‘quf

-2z

FACTE (220),  [byEq (&%), Chap 2]
Sy ~A% 2 .
Lo =T 08 a ), ryyEn (58, Chapd
F‘\{.("’" ! (z24) by Eq. (533, Chapl ]
HQHCE«) {“ = ; /5[! ~)(§5‘X)J FL)
Cy- =y [I-
E,( -.«}‘ {»rqt(g x)d f—;ﬁ(x) JLi-e dAkx .

E

v
r+.
BT
L
~—’
H

4 2

Thus,fofa!l\j)

it

Yo ags . -
Sot_:—e““jxe“dx

2y

[

[ - ™™ — ?\j e
t A=K gAX Ayt -t
{ [1-eM g™y + [-e™ e

= = o™ - yte TN

- e ™ —aminly e ™.

Chqpker 5, Exetcise ‘fJ

"Led N be o nenncsative, inteqes-valved tandom vatiable ...

L N
Yy =

o

i

o0

N o .
(Te®tqFly = 2 e % PIN=4}
0 3=0
: o o
= 3 PiN=3}(e9)¢
i=0 7
0
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Lchap{“er 5, Exercise 5'|

'Consides aqain the premise of Exercise 4 of Chapier 2, but.'

X, i=12,., is a sequence of independent; ideutically distiibuted
nonmegahde/ vandow Vatiables with distuibulion fouction

F(£) = "P{X £t} aud Laplace - Shielties transfotm ¢lor = S:"e's*d .
Nis a nouneqahie, aMegef-valueEs faudom vatiable with geveratin
fonction 4(2) = 92 PINTn} 2", (X3 and N afe inde pendeut

(6] Let 8,018 N=0, and Sy~ X, if Nzl Cleatly,
PLy Y = £ PIN=-n} PIS ¢t} = & PlN=n} (D),

whese B0 =1 and E,(f), nzl, s the n-bold convolytion of F&).

Thus, letting yio) denote the Laplace - Sheltjes Hansform of Sy,
y(s) = f et PG < t]

E PN=n} (e a )

5 PIN=n}L[¢]" [y (65)]

g(d).

[b] 33 d:fpefewjr;a*iwg v twice we obhain
Yi(S) = glgie) ¢'6),
YAs) = g(is) () + g% 412,

As ¢(0)=1,
Y 0= gq'(N 90,

0 = g’ (NY"(0) + g [¢l)]?
Now, g/t = E(NY, ")) = E(N® = E(N), 10)=~E(X), $"0) = E(X®),

Hence,
y(0)= - ENEX), )
and y"(0) = EMEX®) + LEND -EMNTEXX), whefeby
pr)= ENI N + E(NY) EXX). @)
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(Chap. 5, Ex. 5)

Mean and Vaiiance of Sy may be defived f1om the Laplace-
Stielbjes transfoim as followe

ECS) = — (0,
V(S,) = E(SH - EXS) = y ) - Ly@I*
By ) and (D), then,
E(8y) = ENEX),
V(8,) = EMINGO + VN E*X),

Chaptefr 5, Exeqfcise 6
p

''We shall show wn Section 5.8 that ..

"W the M/G/! queve With sefvice ofdef of arnval has
LaFiace - Stieltyes tansform w(e) = f:"e‘“dw('ﬂ qiven by
, _ s(1-9) :
w(e) = g T-m@ (0
whede mis) = (:e's"d HW) s the Laplace - Stieltjes transform

of dhe setvice-time dist4ibotion fuuckien HE), with wean
= {TtdHb | and o= a7, wheie A is the atfival rate .

[@] We shall determine the wean wait from the felation E(W)=
- w(0). Dilferentiation of (1) fesylts in

£(e)
gis))

wis)= -
whede
£(g) = 7\(1”?)[| -me+ 5*)1’(5)1,
q(s)= (s - alI-mD"

Observe that £(0)=0 and q(0)=0. Howeief, w(0) = limg,, w's)
can be evaluated by a double application of [‘Hespitals tule,
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(Chap. 5 Ex. 6a)

Fitet we calcylate

f(e) = ?x(l‘?)s'r)”(s),
q'(s) = Z(Iﬂ'q’(s))(s— A[l-fq(s)]),
and, since £(0)=0 and 90) = 0, we di Heretiate again, obtaining

£ = A=) ") + A(-pYs N s),
g”(s) = 2( +7\'q’(s))°‘ + 2)\77"(53(5-)[1-7](5)]).
HCMCG,
£70) = A=) (r2+ 6%,
9"(0) = 2(1-0)%
whefe 6% i the service-time vafiauce  and we have veed that
@ = A= —o. Finally, fram EON)= —a'0)= f0)/50) - 0)/g'0)

EW = 7855 (1 ). (2)

[b] Wheu sefvice ~times afe expenentially distsibuted with mean
M7 then the waiting-time distibokion function W) 1o

(0 (t<0), ,
W) - { l-?e"u"’wf (t200. )
Thes,

w(s) 5: StWm
e P =0} + . et W)
(I-Q) + (!*9)7\ f;e'(s’/‘ Myt

S+M
(l—?) S+U-~A

[

i

This Tesylt is 1n g dee ment with Equation (1), siuce iy the
case ot an exponedtial seqvice 4ime distiibution, we have
Nis) = /«4/(’1/; +5), o0 that (1) becowmes

N 3 -p) _ S+M
w(s) = = - MAM*SYT] U_?)Sw-w

0
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| Chapter 5 Exercise 7 |

'Show that if G =1-e i (79), then F(x)= | - e ™

Since +the interelent +imes have +the expovedtial distdibu-
+ion With ePafameJrer A Q(g)— | - e‘7‘3) the wmean of
he interevéut inteqval ‘.s

= gde(x)=7s !

} (79) +he equs(':b{'.um fotwald fecurfence +ime has the
dlo‘HlbU‘hOH

F(x)

-'(;5 [1-6(8]dy
7\3 e 3y

= |-

which is the same as the distibution of the intefeveat Hmes.

| Chaptel 5, Exercise & |

"Ven Py FEquation (7).

The equilibiium forwatd recurtence distiibution Fx) is given
by (79 and has the L-alolaca G’r,elrJ65 t1ans form

e = & X2 (710)
Hence) 7ey = : syte)+1—y(s)
¢ (5) - s2 .

Since. both numerator and dewominator equal 2eto for 5=,
¢'(0) is evaluated by L’Hospn‘als Tule.

e - 1 sy +yia-yls) i yMn ) pr+et
$1(0) & lim e -- 3.0

s-)o

| +

As ¥ = {xdF0O 15 detetmined by p* = - ¢10), we have

B 2 )
pr= =+ g—{; . (7i%) ]
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LChqp%'ef‘ 5 Exefc:se q 7

"o Show ot
[a] - Define R, = Tt I TW Ty, whese T < 4T, for

Somes p As:n)w.e 0<x<\j
For 9 iven 3 (6—I 2,..) and f: we' Jave.
t-y+%

PIT <t <T,, Ro¢ x, Te g} = S_ L6ty -6(t-1IdPLT; ¢ 33

’+’§ LG40 - Gt })JdPﬂ;sﬂ

(£-y+x) +

The formula is ¢ 6\»1/5?'&/ coMsegYEnce. of the fo(low.ng cbged-
vatious: (1) 18 Ty S toyor Tyt thew the eveut (T4 CECTL Rex, Tesnd
cannet occut (i) H— t-y<T st~ Y, then the euevﬂr will occor
if and omly .F t- T <To¢y, G If t-3+x<T Lt thew the event
will eccut t?awd owt IF 12T CTp4 t=T+x. For =0 we have
TO—U $t-y, sothat, blj () the pdobqb.lﬁrﬂ of the eveut is 2edo.
Obuisvsly - P{Recx Iﬁj}—-zw PAT 44T, Resx, Tué g

Thus
PLRS % Tessb= £ 1 e ae p1apim o
Fesy

+ 50 et -0t 3>]dP{

=l (E=ye0 + .
: (0 4 »( < 3 44:)
6] Since m(3) = ,‘Z‘f P(T; g;ﬁi},f
PRsx, Toty) - g'[c;g) a- 3>Jdm<z>+$ (60619~ gmt)
e m i e s T fEeyAR)E e )
Ldfmg 1'->oo and uem_q I.m%_) a(m(}) (L) we obhm
t "‘X

lim P{Rfsx I 3‘1 5 [G«p G(t })]d}
t>

+. ;', 5;, [.G(%_,—}*x)—G(t—S)]dZ.

(E-y+x)+
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(Chap. 5, Ex 9 b)

63 the substitution t-3 -3,

lim PLR, %, Ty 5y} = 4 j_x[G(ﬂ—GQﬂd} + %] tes-aolay,

li::lo P{R{_‘_(_.X)Igf—-y} N £ )

t 30
which by {utthes Tewﬁ%:wg becowmes
v A } v
liw PAR<x, Toey) = 5§ Geay ~ ﬁjf_xea)d}
. , X
+ 716wl = 5 6l
Hewce)
X
'5[@(3)—G(§)Jd} 0sxsy) . (720)

EI %\J seHing x=y ih (7.20) we find
lim PAT <y} = # {16 -GN d}

1> ) g
[ety -6,

il

|

| 3d(6y-60)

N
.|
T
whe{ebg

‘ y

bim AT, 4) = 71% }, 34608).
%3 diffecentiation with '{Csfed to y and the subsequent
sybstitution y=x, we de¥ive
lim dP{Ifé,X} = {‘lg xd G(x)

+> 0

ves the equilibtivm Ip{cbql:ii:"rj de“swé of the

(709

whieh
covedivig intedual. ,
tie Zate0 Wol ¢h wojﬁmg that 53 se*fémg j=oo  (770)
we {ind again
FOO = i PRS ) = £ ¢ L1 -60Tay (79

t x
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(Chap 5 Ex.94)
[4] We shall prove
X

Im PRAXIT=yd - 5 wexgy. (7

Fiqst (720) i Pfolen undet 4he asgumP{mW that G(%) has

a disceabinuity peint af %= vk ’
Obvigusiy, in 4his case,

QTMP{Réﬁ")I{.:g}

lim P{I{fyﬁ

tro

!Em P{RtiXiI£=y} =

. i x Ay ; dG()
lin AR Lx, T = y} = ) dGipd} = 22
and Se‘H}yltj X =Yy in the wbove eun:au we desive
) T - 2{1@(!)
i ATyl = =50
Sobstifution of the lgst 4wo explessions into (%) proves
(7.2 in the discontingovs case.

Next we preve (721) yader 4he aeéum(hon +hat G(Y) is
tentinvous and di Pletentiable at % =y. Then

L, PR xTTim g = Jim PRy y € T < ymayh

lim PLR, S,y € T, <y +dy)
= o (% %)

lim PLy ¢ T <yrdyd

Bj (7.20),

T+ *dG dGy)
i PURSx, y ¢ Teydyh = (5] Gat)ay - 2 .;ﬂady)

and bj 56Hic13 x=3 i ‘H/]‘»s e(iu(;“.'on we fiwd
: _ ¥ déy)
i.)n:o P{\jélﬁx_ﬂ'dj)} = o —a'jj-d_\j.

Substitution tato (x%) once wote. Tfesy(ts 1w (72])
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(Chqg. 5, Ex.9e)
le] The equivalepce of (720 and (721) is established by
the following sequence of partwise equivalent equations leading
from (7207 4o (720):
i RS x, T,eyb = 55,16 -C0Ia3  @sxgy  (720)
lin d P(R< X, T ¢ ) = 7 dGlydx (0 £x<y)
1':1 dPIR X, Apeyh= 5 d Gy dx
lim PR x, Ay = f [, 5 dGGrpd3
i PR, >, Apoy) = -'5 S:EI—G(E**g)]d}

fim P4 R’£>x,A+> yJo= SWEI—G(%)] a3 (722)

Observe that, by ('7_27.))%@ P{ob@bi[‘\% that evther R =0 o
A{-‘- 0 i zefo, since L}’@ P{Rgo, A>05= -{Lb $:’EI-G(})J0(3=I.

Su pose now the fenewal f)(ocess 15 @ Poisson process,

thab d) G = 1 — eP3 Substituhng G in (T22) ik is
found dhat
llr;‘o P{ R£> X, A£>37} = e’ﬁ"{x+3) ()
Now,
b PR 3= Ly PR x A
= L)_)v;g P{&’X,A*?m) .
By @, .
lim PlRoxY = ™™
Similatly,

lip PIAS g3 = ety

As Iti;/v; P{Rth() Ay 37; = l-,,;:oP{Rgx} lim P{Agy}) the conclosion is
that R and A, ofe,in the Trmit, inde gondent expenertial vadiables,
y \y ) ) 4 p
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I Chap{rer 5 Exercise /0|

! i )
Customers arrive ata single sefrver...

Blocked custoemers cleaded .
G(‘E) = lﬂfefa'{'ﬁ\lal “'WVI?/ dasﬂnbdhon ‘PUWC‘hOH
H(Jd = 56{\/166"{:;446 d‘s{’{:bUJﬁan '{’UVJC'}IOH
F(x) = cycle-time distsi bution fqmcﬂon

(@ FGO = § PIR,< x- £} dHe),

Whefe t=( |5 the ﬂme, seflice stafts. Bﬂ Eo] (7!‘0)
Foo = f ( [ [1-Glx-y)1dG6*y) dHet).
lnw‘e‘rahawgmg the ofde{ o?.m‘egfqhon and - svmmation we dind
o0 X X i

Fx) = f.:, {0 f, [1=6(x-y21d 6™ dH(). - "
Heuce forth we assume HB=1-eMt (+z20).
(Bl Substitvhon of dhh - de gt aud change oup,e order
of uﬁeﬁ'fa-f'.on quvef :
F(x) = Z S [1-6x- y)]{ ,qe’“ l'dG*é(g)

Hence,
F(x)‘ § [1=Bx-pIT1- e 1d G4y,

By d:WeremHm‘;on wat x we find
AF60 = ST1-6010-e14 660 - £ G-y lI-e 31 d Gricy).
With GO)=0, this expfession can be w-ﬂ}d‘en

dF60 = £d6mi00 - £ emaqtion - £d6 0 + £ a8,

whe{e

dé}(x) = {:d Gx-y) - e dG*;(y).
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‘{’Chq? 5 Ex. 10b)

Hence, o
#lsy = § e FGFx)

T oo . DO oo .. .

= 3 5 PR (I 5 e-("wxdGﬁ(x‘)
=1 i=1%
o o0 . K x

o =8X , N H(HD ~5% 4 A
Z, ¢ 7 G + & TG00

nttoducing y(s)= (760 we defive

00 i =0 . 0 ) - 0 ;
P(s) = Gé’ [X(s)_i’ - ;;_:i[x(sw)y - 2'::’[:?\5)]} " qu x(s)[y(sym)]’;

ax

which teduces +o

Y(8) — yi{s+m)
| - X{:s-w)v (2)

~ 0o - yieo) (5+m)
¢1s) T= G U r(s)) U—_Y-YW
The mean cycle fime o is given by a= = $10). Thys,

I A.0))

¢ls) =

Evidently, the equilibtivm probability P that the servedis

busy equals the fatio of mean sefVice~time to mean cycle-time.

Thatis P= 7/ By (B,
P = [-¢(0pul ™ Ti- g0l ()

E B\j Eq. (IH) of Chapltes Z, the bieckiwg p{obab}fifj is
= EMN/U+EMN), whese N is the numbes of attivals diting
a fandom seqvice juitiated by an attval ot qu idle served.

N is the numbed of failvres in 566@0%(@ of Bernoulli Triale .

A Pailuie is 4he occutrence of another atfival behse oetvice com-
pie{'eon aind has pwbabilii’g g= i—P: ,(:’e,"”td(;(ﬂ =y, Thqs N has
the geme’m‘o distiipvtion gud E(N) = (;!/P*— X(m/("ﬁ/{/‘» Hence,

M=y, 5)
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(Chap. 5 Ex. 10 £)

[f] Equations ¢ and ) imply
P=Cl-yOul"[-T1. (6)

Itis easy fo see that P (=F) equals the cartied load. Now,
—y'0) is the mean inferartival dime. Hence | letin
= mean artival tate, 2 =L-¢ 17" Thys P=ZU-M. That is,

%o‘m:e;? load (P) equale o ffeted load (%) hme,s)accepﬁznce piobability
-.

E Sulop%e GWEY = |- & Then 3/(5)= MO+,
d

8y (®) and (),
- A
- X+
= A .S IS Y G W
o 7,‘—('——”)—/&4(, )\4./“ - >\+/“
lu 4his case thea, () P=T as anticipoted.
gﬂ (),
Lol = (@ -yl ST TR _ A
| = ylstm) | = —A A+s  M+s -
A+5+M

Since () is the product of 4wo Laplace transforms of exponential
distfibutions we can couclvde that statewment (i) is trve.

[n] Suppose. interatdival times ate of constant length 7= Then
FOOV= 1= ™M™ (jrex<ysnr; j=01,2.),
and o0 o0 . R .
o) = { e XdFx) = & ™3¢ [e M oMiT]
0 i=1

8—57"_ e- (r:-l»'M)T

oo R
= ( . MT_ «— —(6+)T Y
(e. I)F/[e ] | — oGt -

We wedid get the same fesylt from an applim%an of Eq.(D).
n the gliesdewf ease, y&)= (Te IGWH) = e 57 Sybstitution
inte (2 \j.a(ds the formvla above. u
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l Chapter 5, Exevcise | ]

' Custowefs afrive accofding 4o o fenewal process ..

[a] Suppese the atfival stream at a seiver is a fenewal plcess,
and that serlice times ate exponential | and blocked coskomers
ate cleated. Let {T;} (4= 12,0 denote the fesultant sequence
of ovetflow epochs.

Ty~ T; is completely determined by (i) femaning Service
time at'T;, (D) the sequence of futvie” sedvice dimes, tidd the
sequence of {ulute interarrival intetvale. All these yatiables afe
independeut of the piocees up vntil Ty, and alse independent of 4.
it Lollows that the sequence of interevent intefvals {Eﬁ,,—Tﬁ (712,.)
ate independeut, identically disttibuted Yandom Votiables. Thatis,
the oyeiflow stieam 1o d tenewal process.

We conclude that, under the 0ssumptions of this exefcioe,
the oveiflow stream fow the th otdeied ©ener (i= he,..)
is o fenewal process.

[b] Let Gyt be the distabution funclion of times between

successive ovef flows from the v#h servetr. Choose on qﬂ,-,ffw
oveiflow epoch of the idh setver. Let X be the time until pext
atrival Cie. oveiflow from the Gi-nth sefver), and let Y pe the
time vutil next overflow from the ith cerver Then, forx <t

PLY £t X=x} = ™ + (1- em)G.(t-x),

with G,(0)= 0, which implies %-L(O)=0. “This is s0, since
Por X=x +the eyeut ‘/gt Will occyt if ) sefvice is com-
pleted after next atfival (x time unite later) hating pfobabi-
lity e or if (ii) seflice ic completed befote nextatsival
and an oled Flow from the it eesver takes place duting the
time interval (x,t1, haging plobobility (1-e™X) i(t—x%.
Obsetve that the +ime from statt of setvice yutid uext
overflow from fhe i servesr has the same disttibotion as
the intet-overflow Himes of the oeives.

Cleat fj)

P{Y<t) = f;P{Ygle=x}dP{ng}.
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Now, P{Yg t} = Gi(t) and P{X ¢« = Gi_,(x). Hence,
Gt = ff[e”qx-'- (I-e™) Gi(f—x)]dGL_,(x) Gi=12,.) )
0

as assefted.

Vi flesentiotion of Ec{. (1) leads 4o
4G, = oG, (0 + f (- e™IdGit-x)dG, 0.

1t follows that
o= [ etaem

0
o0
= | e MG
0
o

+ e dGAt-x)dG, )
= e (a6t x) e G, 0
S:oe oty G, (1)

$°° 4G, - S &G, ()

- {6 | e ~stemty g (O

-+

Hence,

(i(s) = a/‘._l(s+/4) + n(s)y‘._l(s) - J/i(S’)ﬁ—r(s*/“))

from which is obfained the fecvifence equaﬂtian

ﬂ.,(s-f/u) (L'-] ’2’ ) C’L)

A = Eyarew R
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LChoP{'ef 5 Exercise 12 l

"The M/G/| queve with servet vacation times.'

Let P(‘Q be the probability thet § customers avrive duting
q smﬁle, atbittary vacation, and define

fa) = 2, PG et

Let X deuete the number of customers (X 21) who afrive
duting the vacation(s) . Clearly, P{X=0Y=0 and for 21,
PIX=71= P(é)/[!‘P(O)] . Letting ) = Z 2 PIX=13 2t be
the p'fobqloifﬂ'ﬂ generating function 4ot X “we desive

o () -
f(2) = F,%?_ PZ()O)' (%)

@ P{oceed;y,g as in the analysis of the M/G/! queve without
vacation, we find the following system of equations s
" A i+l A ,
M= g0+ Z g, T Geo.). (8.20)
Hete, ¢, = PIX+Y=3i#3}, wheie Xie the number of custamers
i+ b )
aftiving duting the vacation petiod and Yis the number of
cwstomers afiiving duting the initial service after Vacation ().
Consider for a moment the F'S‘ﬁ of X+Y. Since Xand Y
are independew{' Vatiables
ffo qz.* = f(z)h(z), (3¢ %)
with hig) = Z;:o Pl_z‘ being the p £ of the number of attivals
duﬁv;j an atbittaty service time. Note, 1,20, as X 2 1.
vbetitution o Eq (8.29) into the qenerating {unction

gle) = izﬂy.ﬂ;z‘
resyults in

~ o . oo i+l ~ . ,
gla) = " 2, 2* + & Ptz (823)

i=0 1=0 (=}
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Now by (#%) and the fact that =0,

. e - A
LR AP IS S R OTIO)

and, furthermore,

>3 At

Z 2 pnlitet = e (5@ T b, (828)"
Hen ce,
§a) =T Fr bt + 27 (4T hia (8.29)°

8} ), ) = |+ (Rg)=D/1-PW)). Substifting +is
into (82 aud simplifying , we obtain

) ~ f(=2) -
4 =T 1 7250 ha) + 27'5(a) hia).

Selving for §(2), we find
5= B@-Nhi

3¢ z-h@ 1-P " (830)"

A ulilizadion of the condifion §(N= | gives
. - P ,
—”'0‘)t = (‘-9) ! F'(‘,) ) (8?72)

with o= AT = h(). When this expiession and h(z) = n(-22)
ate substifuted into (830) we get

Ay @ -11mh-22) 1-o

(j('z') h z =~ m(a-»2) 1 - (1
A cow pat;son of ) and (812) showe 4hat

A . f-1 .

9('27* ’E,(’—)'(’%—.—,)"g(?_) (¢

whete g(@) is the P«robqbili’ry gewefahn_q function of the number
of cvstomers left behind by an afbitray depm’r;'ng customer i
in the coweepomdmg equi lib+ivwm M/jQ/l egm‘em, in

which the sedver Tever 9oes on vacation.
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6] We shall prove that §(2)= g1 &> f(z) = PO+ P 2.
This means that §0)=q(2) ivm‘olies that no moie +han ove
customer will ever atiive duting a Vacation . As 4he atfival
precese is Bisson, §lz)= gl thetefste QU%ma*icaHg fules
out the possibili‘r\j Hiat vacation lenath is imdepemdf@m{' of
the avfival process. Our explanation of the cond i+ion
§(@ = q() is +hat a vacation, if wot aldeady over, will be
ntertopted the moment an avrival takes place.

B‘;j ), {3‘(%)= (D= D-1=2M(3-D. Henee, it wil
suflibe 4o show Hhat ¥@) -1 = £ (=-1) & f() = P)+P)2.

Necessity (). Assyme f@ -1 = £ (2= for all 3. Then
@ = (-0 + £z, Since F) =I5, Pat, it follows
that P@ = |- £14D and P = £7). Taus, £=)= PlO)+ P()g.

Sufficiency (€) Assume £(2)= Plo)+ PN 2. Then PO)=1-P0)

so dhat £ -1 = P) (2-1). Hence #()= PN and,in patdiclay,
pY = P . Thus, F@-1 = £ (2= fot all 3.

By Eq (3.3), -ﬁ; = ﬁf for all i20 Cousequeu{—lg)
STt = 5T = 4,

whete §(a) is given by (). By (822)" and ﬁ—Fﬁo*,

- | - P(o)
Tra = (!—?) F,U) .

(£/(1- P(0)) is mean number of cystomers by end of vacation (5).)

[d] Differentiation of Eq () gives

Ay o SRl gl2) (2= - (F@)-1)
§@ = Tnan 3@ T ) (z-D%
'Nhe4eb3
R -1, 0 P -Ue-D)
9 (D ql-l"y}l’] #I(‘) (E‘D 9 (D -+ \U’(D !Im (Z_D’L

2>
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A single application of I’Hospifql‘s fule yields
Arrin L M d o e -
g’ = “;’,V' Far 19+ g L'_',”} 2 (z-1)

Hence,

As Yy £ .
3(0 = g') + TE - (3)

[e] L‘ethng 3 be the Laplace - Sticltjes translorm of the
s0 joutn time, we have
TORRNCPION (842
3@ = $(r-n2) (8.43)
Thys,
4@ = 0D NO-22).
lnserdion of Hins expression into (1) leads to

£ -] )

w()—)'l): Z“’T]()"?\‘E) P/“) (8‘“’),
Sernﬁ s=2a-2z, we detive the analegue of (8.%8)
Aoy 1=PU-23) G-
wls) = s—alt-m&l (DO - ()

] In the case that vacation leugths ate mdepwd(’m{' of the
attival pfocess, evidently the probability of \N(li‘l'i‘mﬁ equals 1.

[a] The L.-Q.A’ffampofwy of the distnbotion funchion of +the
Waiting dime W is &), given by (. By compatison of
M) and (8.28) we {ind the Telatien

—p(- &
&(s) = ! F_(J 2) F’)El) w(s).
Hence, .
A —f0-» 2 F(-8) - (1-F0-3
wis) = ‘ i(l ) _{:77\(5 w’(s) + 2= ( )Sq( ) 10—,72,‘) wls),
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: - - S prii 8y _(1_pli By
d‘)/(o) = lim ﬂl_ll._?_\_.wr(o)_f_ fim 3 £ A)s(zf £(i~ 2)

6 s Fl(” s>0

A
-
A single appl;ca’riaw of |'Hospitals rule Proddc%

3 Pi-5)-5 g”(:‘-%)-#u-%)_z_)
(3 or

Ay - —é{”(l-%) A 7 ’
w0 = lim ] iy w 0 + lim
S0 590

by which
0 = w0) - 7o,
Now, E(W) = - 8%0) and E(W)= - w@). [t fllows that
CEW) - EW) + Z_i/;-{{()l); (5)
whese E(W) is given by (£.39).

1Y pose Fz)= gt (321). That is, with chbabi!/f ! exactly |
customers afrive duting a vacation, and asrivgl ne. 5 siqnals the
end of the vacation. Obvieusiy, +he (enj%hof q Vacgﬁ«'a depevds
on future arfivals. ,

Egs (12, (2),and (3), held for #(2)= 27 fotall [z, since the
equations wete detived without a requirement of inde F?mdewce/
between vacation length and artival process

Eq. o) recitts £ (1), (£42) and (§43)° OF these (i)
and @AV hold whether o not vacation length depends'on the
arTival process. Howeves, (£43)"is valid euly if sojoutn time
is independent of the arrival process. For F(z)=21 with ;=1
this condition will be met for every cwstomer, but if 2 2,
theu in the case of gyrtivals ne. / 7‘!"'/;7"/1 the time until the
end of vacation wiil depend on the futute arrival epochs.

We concivde that Fq. 4 is valid for j=1, but not for
(22, when (2)= 2% In'the case #2)=12 *(4) reduces 1o the

Pollaczek - Khinteltine formuly (8.3%), as it shovld, when
£U-5) =1 -5 and £(D=| afe insetted

Eq. (5) ﬁ'l!ow's From (3 a(/ferq,,?/;cv,f/om of L=;\\,V)
(5) is thesefote valid ot all jzl wm}:f Hz)= o, -
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'Derivation of the P-K formyla by the method of collective matks'

Note that inn this exercice the same notation is ysed for a +ime
interval and its leugth. For instance, W, will denote both the fime
interval dufing which the kih customer waits for sefyice and
the length of that time interval, the waiting +ime. No confusion
should”atise as the meaning is clear from the context

E We consider an M/G/1 queve with ordef-of-at¥ival service.
The k'4h affiNing cystomel is hefe the same as +he k'ih
depatting costomes, so we may also speak of the kil cystomed.

LetTTx®M po the pwbqbiliig that the kth customes will leave
i customeds behind, namely these cystomers who artive duting

hie sojourn time | and defive {he genetating function
. - < ( ) ~ A
92 = 2 T e

Now, imegine that each aiTiving custoumer i mafked with
probability I-2 aud left unmatked with probability 2.
Cleatly, by the theotewt of tofq P«obab:h% » 9 (2 may be
nterpfeted as the probability that no matked” cvstomere
aTTive duting the sojoutn +ime of the Kih customer.

E‘ —!T(= SojouTn 4ime of the kdh custemer (or coﬁesf?cwdmj dime wieral)

Wi = waiting +ime of the k' customer (or cotfesponding time intesval)
C.o= { the kh customer s marked ¥

Ck',= { the kih customer is not matked }
M'X)= {no maiked cystomers atdive duting time intetval X3

it Pollows from $he above definiticns

anal ot assuwnplion
of ovdes-of-a1tival eervice fhat

{M/(—,;()J Ckﬂ} @ { Wk+| = 0) CK+,~$ )

MR, G b = {MW), ¢ b
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Also, since a customer’s Pﬁ&m‘ﬂi:“(’ of being matked io |-%
whatever his Waiting time and makings of other customers,

PiW,.,=0,C,.} = PW,. -0 PiC_J,
PIMW,,), Cr.} = PIMW, IPIC,T,
Since  PAMITOY = PAM(T, C, 0 + P{M'(-ﬂ(), Cru} ) We have

PAMTOY = POW,, = 03 (1-2) + PIMW,, ) .
Denote by ¢,(s) and w, () the Laplace-Sheltjes trancforms
of the distribution functions of Ty and Wy, respechively. By the
definition ong(z), the interpietation in patt (), and Equa}rion (6.10),
PIM (T} = 3, (D) = ¢ (r-22) .

Qnmlml‘j, Pt
{M (Wkﬂ)} = ... = whl.()\"?\'z).

[d] 83 patts (b) and (),
¢ (-22) = PN, = 03 (-2) + 0, , O-a2) 2.
“The svbstitution A-2z = s gives
89 = PIW, =0} S + w,, (o1 (I~ £).

latroducing @)= Wl n(s), letting k>0, assuming that

o @, (9= w() and ling PLW=03= PIN=01, and solling for w(s)

W find

w(e) = s=her=ng@r PW=0}.

[e] Fihallj, uhl\zmg w(0) =1 we desive PAW=0} = | +29/0) =

= = |-p. Once wote we obtain the Dollaczek-Khintchine fotmile
wie) = —=el=el . (gag)

s —All-n] D
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"The M/G/I queve Lrom the viewpoint of atrivals.’

Definitions

N = number of customers in e system jyst
pfiof to an afbitraty at1ival epoch T

R= Temaining setvice time at T

Ty=PiN=3} (=00, Q)
T = PLRLx, N=4b  (x20; j=12,..) (1)
9= £ e (=1, ®
uls2) = g/ pi () 2* )

Main results

Trali-2) mE) - n(a-ae)
2-n0-aw s -a0-2)

u(s,2) = [see paits e-51, (5)

-”; = 1—9 (?=7\r< )] L'seepa#a], (6)
whete Nls) is the Laplace - Stieltjes translorm of the setvice~+ime

dist1ibution function HOO, T is the mean service time | and 3 1o
the cvstomer a1vival fate. Invetsion of (5) gives

Z M0zt - 22l (0 yo )y lay (. )

mA-az)-3
. i-2 7is) -1
@ U(O)” =—";)‘ l'mr;-u z —n(-nz) “""s »0 S

= -n0) _ by A e
T mome = T = T, 7= -

=T ET - T+ Zpo

=T +uln =T, (1+ 755).

Thus, Eq~(é), T’;= f"?, follows Prom Eq_ (5) and Z“H; =]




-133-
(Cha?, 5 Ex hb)
k] B\J ch (7),

£ TR = lim,y, =, Ti0s*

= (=@M lim, 7,,‘0':—,;_—2 f:[ H(3+x) - (D 1dE
- (- T (G L-H1at - £T0-Hway),

Hence,

£ 00 = 2 {, CI-Hlay,
%0 that

00 X
P{RgX!N:I} - P{Rf-.XLNZ,‘s - Zi:;ﬂ;“) - A gon‘H(})]d} .
PN T A (TI-HOTeS
Since the wmean sewice time may be expiessed as =§:[l-h‘(§)]d§,

PR<xIN2IY =+ || TI-H(Ta3. ®

Thie wight have been anticipated by considefing (79); disieqatding
idle pefiods, staft-of-setvice epoche form a fenewal process.

[e] By Eq (7,
goﬂ; 3t =T+ hmwgmx) .
=T+ %—%fe‘““""[i— H(D]d}
=T+ e (5t~ e o)
=T+ oo (1 + THO )
=T+ w1 = (e anm)
(1-9)2

=Tt ooz (l—-'r;(,\—m)).

= nally, substitution of T,= f-fz, by (), and %im‘?l‘.ﬁmﬁon
give as the fesyit,
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= o Lehm-az)
;,Z.o_”; 2= % -n-r2) (l—?). (9)

Equaticn (@) is seen 4o be idedtical to (8.12) whielr gives the
pyo bﬂbili@] gemt‘('QHMj {function of the der)qﬁ(wef s fqte.

This 15 the diject consequence of 4he equality T* =",

Let \}\,'j(x) be the conditional waiting 4ime distibition

function, g?\len N=4, and let W) be the unconditione! waitni
time disttiBution function, assuming setvice in ofdet of attival. Then

WO = £, 50400 = T, + ST W60 = T+ £ T (Pl Sh-glah*e0),

where we have vsed that Wi(x) is the convolution of the dishsibution
of the vemaining seivice time, qiven N=j, and the dishib vtion of o
sum of j-I independent setvice fimes. By je?zmﬁon of Ti(x), then,

W6 = T + gﬁg(’x—})dH*q")ﬁ). (10)

Hence,

X

wE= e aWK =T, + gl (:" e 7d § Tix-DaH* )
=T+ g'( S:e's"dmm)( S:e—sxd H* (%))
=T, + £,y tner”
=Ty + i Ul i)
T o TG
= S

“lp s =all-nls) -

Thus, the Laptace-Gheltjes transform of the waiting time is

s{l-@)

W) = 20 ()

Which, of covtse, is the same as Eq. (838,




-135-

(Chap. 5 Ex. He)

[e] LetT ,and T, be an atbi traty pair of consecutive atrival

epoche, and let +h& asscociated qrtival states pe (N, ,R)) and
( 1, R4, mspecmelg Egs. 4Dy, (%) and (14) ate detrved ‘o the
assumption of ideutical 5+a+e pwbab.[fﬂ distiibotions at
T and T, . The dishibution at T, defined by T, (=PiN,=0}),
T, 00 €PLL=1, Ry & x3) and TH60 (= Pi,=3, R & Rod 4= 2,5 .

ie found b cond tioning on (N, R)). The e?()ahoms reflect
the fact fh%* N.= 4 mag occur if and only it N2 4-1.

T= T, {eohe + £ [ e T gah"e) (12)

Eq. (12) is obtained by veufiting PNy=0} = PIN =0 N,= o}+Z PN =k N,=0}
as =T, PN =0[N=0} + X7 {5 PLN,= =0[N= kR P\,}am\p and.
obserin J(hq+ P{Mz oIN,= o} [Te M d b and PN 'N, I, R;=yJ
= {26 HNIDG ¥ (q)

T = T, §; CHE+ - B Ine ™t (19
3 (LT d ) f_ THeen - HedIae™ae.

Eq (13) follows from P{N,=I,R, ¢ x¥= PIN,=0, N;=1, R, ¢x3 +
k,, PIN=k,N,= 1, R, < X3, rew Hen 00 = T, PiN,= 1, Ry&x|N=0} +
: o PO, | RlsxlN K, R,= y}onr(\p as well s fhe oboel-
\ja.Jnows that P{Nl [,R _XIN 0} = f CH(E+) - HOIAe ™3t and
PIN,=1, R ¢ x[N,= K, R,= y} = { -*‘3“’414*""(2){ [HE) -H®]ae™Mdt.
TG0 = So [ +x) -

T (] neMat (=23,.) ()

+ 2 (" [Ce YT d ) 5 CHEex)- HO T2 et

k=14 ‘0

Eq (M) may be deqived by the same kind of arquments that
\NGAQ/ ueed\’ for Eqs. (2) awd a».

The double .m‘eﬁmi of Eq (12} equals S ‘WdTT(\J)S e M H ¥R,
Hewee Using dhe La?\qce_ Steltjes transform def: n.hone Eq (11)
becomes

Ty = MmO + g;, i) 7700, (Is)
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Eq~(|'3) may be wiilten
T = h’,(x)[TFO + RZﬂ \yk(mn""(ﬂ],

Wheie 00
K| (x) = g} CH(E+x) - HOT pe ™™gt
Hence,
y, (s) = §oe’ dTx) = e dK(x)[TT+Z ROk w].
Now,
[ a0 = )= [ M 2e a0 dx
=7\£§ (s nx S_ (_ A dHEm))dx = 2 S_ e mj SN IH W) dx
- Afzaoe ft -(s~ R)X dH(t) = S )t[‘ (s-))f]d H(".'))
go that
S e K0 = 25 [non - ne)].
Hence,

VO = 325 Do -n@IT+ = gom o] ()
Eq. (M) may be written

T = K00 + Ki(x) ,>j'_"1 YT (e,
whete K (x) has been defined above and

i (x) = f: [17;_,(t+x)—7ra._,(f)he‘”af (j=23.).
Hence,

y,(e)= Se T, 00 = S LAt +§°e‘s"dw,(x) 200 (je2a,)
Proceeding precisely as when fwe' dK, (<) was calculated | we desive

Heice, for j 2‘580 " Ko = s 2 [\yr'()‘) V- ,(5)] (3=2%,..),
¢ 5

(o) = 5 [\[/j_,(x%-\,t{i_,(s)] + 25 Iny-mis)] KZ.; v %) (17)




-137-

(Chap. 5, Ex. Mg)
[a] Subs+:+u’rion of (16) and (IT) inte (1) leads to
=y &)zt + 2 Py [nm—q?(s)][ﬂoz J;:Z, gj\yh())yk'ia) 2]

Now, w .
_ ;\:—;[%_,(?\) - %_,(5)] =y [0(7\,%) - uls2)] )
and
9 =2 . . ) K )
LT yoionst = £ oo (3

= 47“) '3 Z \f’k(h)'r’ (h) [l n()))k.]

= m L) = vo2]1.

It LHollows easi ly +hat

sy - v,
u(sa)e-A0-2) = rzulrD +7t2[’q(70"7[(5)] ﬁTo"' %;—iJ (18)

For o= a-2s, Eq. (18) speciahzes to

OnN - v
0= A200, + azlgn =m0l [T+ S5,

Wheteby

B uly,2) uOym) -u(a2)
ﬂ;) B /qu-m;-nm * 2 —mx) . (1)

Substitution of this expfession 1nto (8) and solution w1t uls2) give

us
_ Azlne -nG-m] v(h2)
“(5'%) [s- 1y -nh-2] - (20)

By U5,
v =Tl Tl- g0l )

Substitution of this expression imo (19) and selution w1t uir,2) give

us
T =2) [ - noaw ] )
T T ) (22)
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Finally, substitution of (21) into (20) yields
Y Y

C Mpaz(-2) M@ -nh-aa)
= Mo
vlsn) = 2-m0-22) T s-ai-m - )

We shall show that inversion of (5) gives
L0z = Aw | & P Ul - frilay, @

whete _ -
AG) = (I-@)az(1-2)

M- -g -

To begin, we chow that the Laplace - Stieltjes tfansform of 4he
LHS of (7) equals the LHS of (5)

fe'sxd(z T,(0 4% = ’f e 5*d7r<x) = Z ¥ ()2 = y(s,2).

Next we show that dhe Laquce S\‘.el{Jes ’cmwsfowm of the RHQ ¢
(m equals the RHSG of (5).

[ ""d(A(e)f P 0 - B3] aY) = A e""*(J B 40) dx

00

= A(Z) Tg— s -A0-20x (}‘ oe—h(l—z)(kﬂ)d H(E“‘X)) dx

X

= Al (et """’]"(Te"‘“'de(}))dx

xX=g

= AT ([ oty 4y
3=0

= Ala) — )\(' z)}(’ -ad- z)}[' -[s—h(l—z)]}]dH(D

= Al — M,_z)s [ L S PTTO)
= A=) Q_A(,_Z)['qu -32) = mls)]

Thus, consi denng the dekinition of A2) aud the fact, by (),
{hqf‘ I—Q

(- T, -2) mls)-ma-
xi ey (.Amif:% NELHE ) -HOlaY) = 2R S 26 ma .
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| Choptet 5 Exercise 15|

"The integrodifferertial equation of Takgcs

Let N be the virtal waiting time inthe M/G/| quede With
otder-of- artival setvice, ang define the disttibytion Punction

Vi, = PAV ¢ xb.

E Let h>0, and let K be the number of aitivals in +he
time m+e1‘va| [t,t+h).  We shall show that

PV, W% K=0}= (- Ah)\/(t X+h) + o(h), (i)
P{\!M_x K=11= ahS H(x+h PN +oln), (i)
whe{ebj, as P{\jtmﬁx K22} = olh) and \(t+h x)= Z Pwhh‘x' Kﬂ?l,

x+h

VCt+h,x)= U= Vi3 + | Hch-yd Ve rot. 00

EQ {(i). Ob\hoUC:’ {\j —XI K=0} &< {V <x+h| K=0}. Consequent ,
PN, & xIK=0 = P{V <x+h| K=03. Also, Siﬂce\/ and Y ode ngde eny—
den+ P{\I < x+hl K= o = PN, ¢ x+h. Thus Py, <x| K=0}= P{\l<x+h7x

and, ' b=
PV, x, K= 03 = PUK= 03P{Y, , < X K=01 = (= Ak + o) PV, £ x+h3,
whedebg (D follows.

EQ Gi). For K=1, denote by £* the time of attival and by % the
sewice Yime of the customer Gifiving in Ttteh). Observe that
[Ny X1 K- 1Y€ N2 & o, 82 Zx1K-1), Hence, fof ll 120,

PIV,,, & xl K= 11 = PO 2 S x| K= 13— P 2 & e teh- < B,
Gince \fh 2 and K ate indep%deM v’aﬂab[es)
P{\IﬁZ < xrh| K=13 = PANHZ < x4}

X+h

= go H(x+h-y) dy\/(f,\j).
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EFor the sake of b-re«\/ii'g) dexc,-n@
Fix,h) = PN Z ¢ xth, th-t*< Z-x| K=1].

Clearly, t* is yniformly distributed on [t t+h), independently
of Ny and Z. Usinﬂ this fact we detive

Fooh) = 10 070 222 ) a ety

y=0 ‘2Z=x+

Sy o YR ANy

=X+
< TN [ dH )
= Nit,h) [Hx+h) - HOOT,

Hence,

lim, , F(x,h) =0 (x20).
E\lidemHg,

PN, & x, K=13 = PIK=B PV, < x| K=13 = G+ ot PV, , < x K= 13,

Hence, by previols fesylts,

PIN,,, ¢ x, K=13

h=

(h+otmi [ $:‘ﬂ(x+h—y)dyV(f,y) - Ftx, )

X
(]

+h
M § HOoh-y)d, Vit + och).
This coucludes the pioop of Gi). The pmof of Eg. (%

i5 com pler{'c.

L&) Subttacting V{t,x) on both sides of (%), dividing threugh
by h, and letling h+0, we obtain

d ) s x
e YD N + 3 Hoc-y)d Vi, ), ¢
a

which is the ;n+e91odi\0pefen+i0f equation of Takdcs.
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(Chap‘ 5 Ex. 15

. Asauwnmg l.m B\/(t X)=0 and hm Vi) = V(x), Eq (1) becomes

d;/x(x) = A0 - R&)H(x-g)dV(y) (x20). (2)

Now, detine +he Laplace-Stieltjes tansfotm

8(s) = foe‘f"d\l(x)

All thite feqms in Eq. (D ate Puwchows of X. The L.-S. transfoims
of LHS and RHS of the equot ion afe «espec%.uelj)

_5 V( o

= V 0)+L )(dV(X)I _‘_st -SXdV( )
= V{0 =V(0) +s[ Soe’“d Vo0 -V(0)]
= s[ 6 -v©1],

and
gje'sxd (NG -2 {:H (x-PdV(y) = 2 §:e"°"d Vix) —xfz e’“d(f: Hix-yavig))

= 30 - AN 8(s))

Since (o Hx-ydV(y) is the convolution of distributicn {unchions
with L’S Hamsfodms 7o) and B(s).
Eq at ing LHS and KHS transferms we obtain

B()-V(0) = 28(s) — & mie)0(s). 3)

Qolving (® for B(s) gives

- sV(0)
)= st -

lnsetting V(O = -0 as vsval for the M/G/I quever, we get
(8.28), ae we should. M
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l Chapter 5 Exercise [6 l

'Nedify that (871 ie the solution of (8:7)) '

f= o d (8.71)

ho o AT g pd .
o &k © i ‘Ch-}' (n2 ”/>

7 _(7\ ) ¢ —

{.""1’ “,3,,: L (:f;)! e A "] (n2 4) (8.72)

The \9400@ (s by indection, Fn‘bf‘ we obseqve 4hat po{q” feasible
noand j such igaf' n-1=0, f:_p, (8772) teduces to €7, which
agrees with (8770 Nut we assvwme that (872) alveqd
has been proved fof all v and 4 such that n-3 <k, We shall
show that thew (8.72) witl hold firall n and i sueh {lfmfw = byt
Tﬁws ascume valves of nand J such ihq\“n— = I»(+1
B?L the mJUJ’non hy pothesie, (§.72) aplol.es to all the Padofs
nly K=l n=g, of (8T13, since n-j-k & k. Substitvbion of
(8 72) m\‘o (87/) and qulﬁhl'fefwmd fedudnon produce

n- a‘ . K . ‘ ,-
s L 3 TR e Kk )" A0
f’,‘,} = L K€ i n-4 (n—a—k)! e g
K=i
- .()T(""i))h-i -3 E {n-3-n! (J’_)K
- (n-pl € = (k=0Mtn-j-KT \ng
-j e
Ar@n-N"" i, i "yj PNy 40 nejeiev
T T mprel RgL, ( ) )(;-—3) l [v=k-1]
S . . \
- (7\7'(“‘})) T & ( ’ L)n-]-l
n-pr & n-g U1t a3

_’j- ()\7"7)"-3 ).-)\7-‘,,
n {n-4! e

By induction, we conclude that (872) holds for all u amdj
whede 3 zZl,n2 g D
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] Chapter 5, Exercice 17

'a.let Ny be the number of customers served dufing o k-busy pe'riod,

@ Aesume an M/Q/I queve. Stattivg ot £, with i+ customers in
the systew, e imagive that fitst we sefve the i costomere plvs
all later atdivals vatil the womeat £, when a departuie leaves
the ofigingl j customess behind. C_{ea{lg, Ty, b)) e ani- busy
peﬁod. Let N; bethe pumber of customers seived dufin Lty t)).
New setve the femaining § cvstomess and all later atfivals vakif
at t,, the systew 1o ewmpty. quim, [t),t) is a j-busy pediod,
and we let Nj be the number of customers served dufing Lt t,).
By the independence of interattival times and seqvice Himee
as well as the assumphon of Prissoun atiivals, the fealiza-
tions of the i-busy pediod and the j-busy pefiod ate indepen—
dent. In patticolar, Ni and Vj ate 1ndependent, and

N£+j= N£+Nj (l)

whete N, is the number of customers setved dwmﬂ the eutise
(i+4)-busy pesiod.

[b] Extending the afguments behind (1), a k-busy petiod may
be decowpesed wnto K independent |- busy pefiods With associ-
ated numbes of sefvices N (W), v =41, k, so that Ny = E:‘N,(d).
Hence,

E(N= Vzk ECN,) = k EW).
=/

EMN) is most eastiy detived From the mean busy period b as
follows. The wmean cycle +ime eguals b+x"". “Thus,the ave{aale/‘
numbes of buey pesiods (or c;c?es.? per vnit dime is [b+a"17
Gince the nympes of atrivals per unit time (= number of setvices
pec unit fime if p<I) is A, the avefage wumber of setvices per
v ey pcﬂod will be E(N) = A/ Lo T%= | +ab. Accofdin% {o
(8.62), b=7/(1-xm). Hence, E(ND= 1/U-27)= I/(I-¢7.

It followe that, for o<1,

E(N = 755
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Let F:n denote the probability that n2 i customers will
be sefued dufing an i-busy petiod. By pait o

"Z‘ po @

k - F::-bg‘) (Lgl, jgl,)
k={ h- )

nx i+
Foran M/D/I gueve £ is given by (8.7, Whose substifution
into the abové equa#;on gives

N A S SV R kel SO T I CCu A,

[3
Kzﬂ- K (k-0 n-k  (n-k-§) h n-i-p! .

Abter cancellation of poweis of a7 aud a featfangemeat, we have

o4 ot (n-k)" K-i-! _ G Py (igl,{gl, )
i RO T (k- G ! niig). @
Fori=4=1 (2 becomes the identity

T~

n-1

z, (o) 1 -k = 2 gpon " (n29). (3)

| Chapter 5, Exetcice 18 |

'Let Ni be the number of customers served dufing a j-busy pejfiod '

o0 k
luthe preseat case, the M/M/| queve, H¥*(3)= KZ.,(L:') " co that

dHyn(E) _ Mn n-! —M‘j
a3y <n-n!3 e .

*n
Sefting t=o0 1n (8:73) and 1eplacing ¢ H*"(}) by %\5, weling

RNt S M ond oy NI > 2n-j om0t
PN =} = o4 pr e 37 e -Wmii Oy

Since fxme'qxdx =m!/a™ fora>o ,m=0,1,2,... (see a Table of (u{ezj{qis))

o0 : { I
-{-1 ~GreY, _ (TH-§-D)!
§a§ o ey RS

so 4hat -
a1

P{N1=n7}‘= %(a:_; )(TEQ)’-TQ- (n;p)
wheie o =2a/u. D
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| Chapter 5 Exercise 19 |

' The "polite” cystomer.’

Thdoughou{— in paits a-d an M/G/ queve i assumed . By o
poln‘ cua}omer i meant a custowesr who declines 4o euter
sedvice When any other custower is pfeseut in the

. _ / queu@.
His equilibtivm Waiting hwe 15 devoted by \MP.

[al By definition, a polite cotomer who atrives while the
setvef is '\ouelj will not entef cetvice until the very end of the
buey petiod 1 1at wWould have beewn vealized without ¢ ¢ appentance
of fhe PolH‘re customed.

Given Frissen atfivals forall CUS+°VV(6'{6> we assyme that
aleo the pohlre custowmes will a11ive ot a Taudow +ime v equi-
ibtivm. " In a#icular, W ease he affives while He ceives
is busy, thea the atdival takes place at a fandomly selected
point 1n time W the Tenewal process of busy pesiods, disfe-
ga«dmg the idie pe{iads. Accoidi'w» ly, the waitiin e is a
fesidval busy pefiod, whose dist1i 60tion in equilibfium s
given by Eq. (79). It follows +hat

PLW, ¢ x[We> 03 = & §T1-803as3, 0]

whede B®) is the distyibution function of the busy petiod, and
b io ite mean.

(o] Witk P{obabili+\j [-¢ the polite customes atdives aban idle
servet and has waiting time 0. With probability o he arfives ot
a busy cetver and his conditional Waiting fime distiibution i
given by 0. Usiig that b= /(\-0), by éot.(%%) we conclude that

P{W, ¢ xY = (-9 + 9%@(:[1—3&)]&%. )

If the polite customesr has to wait, his waiting time dis-
taibution is, by patta, identical o the tesidval busy pesiod
distiibvtion in equilibfium  avd so the wean wait equals the
mean of the fesidual busy pefied given by (71%). Thus,
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2

EOW,IW,>0) -5 + 38,

Whede o is the vatiauce of the busy period. Ae b=1/(1-¢),

EOWIW,>0) = 2(’1,“-97 * ”_'%%E S (3)

@ %‘J (870), E(BY) = 'q”(())/(l—qﬁ Now, n"(0) equa|s the

second moweut of the setvice time distribution, so we may wiite
"0) = 62 + 7% Whete &% is the Vatiauce of +he sevice i’m&
ewce)

@ n_je_ O _ 1t
0p = E(B)-b (I-p) ~ (-
- 01+g7~"'
(I-Q)'-” ;

Substitution of dhis expiession Lor 0, into (%) yields

EWWp20) = 555 )

[e] Suppose the polite cystomer makes his atfival in an M/M/=
queue,  with atiival fate 2 and mequ setvice +ime f«r'. Thefe he
Will wait only ifall & sefvels ate busy on as1ival.

The Rey obeefvation o that all- seqveis—busy efiods
follow P1ecaselj the same distribvtion as does the busy pediod
in the M/M/i” queve With aitival fate A and wmean eivice
time (sp~!

We can couclude that E(WPI\NP> 0) may be derived b
the yse of Eq. 00, selling 7= (e, 0" ="1" = (a7} amc?
o = A/ep. heace, for +he M/M/s queve, '

— o) _ (SM)_2+(9M)'7‘
h(\NP] \NP> 0) - 2(5/4)_'<I_?)’L )

Sim phpgima 4o

(5)

E(WPI\'JP>0)= U—}%’TJA . 0
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l Cha pter 5, Exevcise 20 l

' Cegvice in tevefse oider of arfival’

lal We consider an afbitfaty customer atfiving atan M/G/|
queve at a fime To wheu the sedved is busy. Disﬂ;ﬁafdin
idle petiode, +he atfival epoch is a fandomly selected poiut in
time in the Tenewol plocess whete inferedent +imes have
Pfobﬂbih:\"j dictnbution B@. Hence, the femaining sefvice
time T-To has the piobability distiibution funchonn HIH
giden by (BHD), by application of (79).

If 1’?—7}_4‘) then the number of pew affivale duting
[T will follow the Poisson disttibution with wean at. Thus,
the joint PfObei lity of T-Tc£x and j new atfivals is

Boo = | B eBaH).

o ¥

[b] Let, as vsval, W be +the waiting time of an atbitfary customer
(the +est cvstome D and let W be the. equiliblium waiting time
distibution function, given seqvice in Teverse ofded of aryival.
Deuoting +he at1ival state by N, cleatly

W) = PPN <t) = PiN=03PiWst|N=0} + PIN2 13 POW ¢t N2 13,
Given Poisson atfivals, P{N;l’ﬁ=?, HCVIC6,
W) = (1-9) +o PiWet| N2 1.

To £ind P{W<tIN2 1Y, obscive that the waiting time is the sum
of the femaining sefvice tvne T =T, and a j-busy pefiod,
Whede j is the numbes of a1divale dufing [TC,T?), since the test
coetomer must wait until both these § customers and all lafer
affivals have been sefved.

Note that for given 4, +he conditional femaining seivice
time and the j-busy petiod afe independent. It follows that,
giien N 21, the oint probabiliby of § new atfivals and a total
wait of less than t equals (P (t-xdB,(x), wheie B0 is the
distribution function of the j-buoy petiod. Hence,

Sffu

PAW& I N2 1Y =4_}:‘0 ) Pi(t-x)o( Bi(x\
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so that

WU = (-9 + X {Blt-x1d 80, 0

i=0

ILe,{’ w (2 denote 4he Laplace - Stielties transform of the
Waiting Hme distiibution function \N(J, and let, as pefole,
N(s) and pls) be the La lace-Sw‘.'el%jes transforms of cefvice
time ond busy pefiod distribution functions , Tespectively .

By ), and pait a,

w(o) = { &t W

o
= (-9 +¢ ;Z__:o( zo"'—sxdf’;(x))( {:e-sxd B,)
(-1 vo £, ([ ¥ i) p
(1 ;?) +o dZ: S;"e-(smx m@.@)éd T
g1 g [ (£, 25l

(-g)+p (& @My,

#

it

The last inteqral is the Laplace - Stieltjes trancform of the
Temaining sefvice time distsibution fonction, evalvated at
s+aLl-ptsll. Accofding to Eq. (T.10) this trans ferm equals

* _ox 77 1 1-nls)
fae dHO) = = —,
whete 7 is the mean sewice time. Hence, since 0= AT

3 1=men-apte)
wls) = (I‘Q)"‘ A 8 +all-pta] - )

[d] By (367, (2(8) = m(s+A-Ap(), so that (2) reduces to

. N all-ple]
wle)= (I-p)+ S+ALI-pa) - @

L]
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't 15 tequited +o calcvlate the atiiving customeds equilibiivm
distiibylion -{TT;% fot the M/G/) quever Wit n Waiting positions,’

[@ Let T* ;= 0,1,..., n) denote any vnanofmalized T calcwlated

from (‘f.l)1 amn_q with an afbitrary Pas:’rwe valve of T X

and set
d=Toe+Twe. T
By (4.02) and (9.1%),

—H- = ‘”_;- = —u—d*d = =y !ﬁ:'*
i TMrea T TMrdrad | Tptad

(i= 0,/,,,.,n))

T o Wraen | Tsand Tgt+a-d
n+l ¥+ a Txd +ad 7To*+ad.'

[b] Suppose that the stote d.‘fzh;bm‘;on{ﬂ;} fof the coffes pon-
ding inﬁwi{?&—wah‘inj—ﬁom veve has been  calculated .
53 Pfopofﬁowaliig ofa {1} qnd~{'ﬂ?} for it O,l,.., n, the
starting value T * = T, Will lead 4o Ti*=ﬁi (=0, m) and
=X, g‘j FQH’ a , then,

V=0 "y
S Ap—" PV
b M,+aX) T, 1= 500t
_n— . T’i-ﬂ + (Q‘I)Z::aﬁ;)
hel 'ﬁ;-f- a.Z.;;O"ﬁ'\,

For an M/M/i queve -ﬁ; = (|-a) a3 (j = 0]1,,..'),see Ex.H of
Char)w‘ef /. Bﬁ sUubstitubion inte the equal:oms' of /9(211- b:
(l—a.?a& . :
-U; = T (3 =00 ., n+l).
Te "rate yp = rate down" e_quoﬁionc—, afe AF=p lé{, (= 0)lyy 1),
by which T =Ff = (1-a)a/(1-a"™*) , whete a=a/m, in
aTeeww{- With' e above fesyld. D
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| Chapter 5, Exercice 12 |

'A patticle - covnting device .

The oystem may be modeled a5 a single -sefver gueve with waiting
foom of size 1, gfoss atfiyal take b elfechive arrival fate in
state § equal +o Ay = (3 32, constaut seqvice time =1 Let

bj = mean of a j-busy petiod (4=1,2),
plily) = probability that 1 bofhesc fiil (i paﬂicles afive
at idle by fless) duting u service dime, given
state i U= hD at He statt of service.

Cleatly,
3 b= |+ pUINby+ p2lNb,, 0
by= |+ pUOID b +pUDb,. ¢

Using p(Ciz) + pU[D)=1, Eq (2) can be wiitten

_ I+pliy)b (3)

A piole)
Substitution o (®) 1ate (1) and yse of plof+ pt|N+p2f1) = | give
_plold) + pQaiD)

‘ plelnploin) )

The probability that an idle buffer will be Filled duting a eetvice
pediod equals "= e Hence, p[D) = ™, p(2|)= 1= e™? and
ploll) = (e™™ Substitution nte () and siinplificalion yeld

b, = 0Ph 4 P ot (5)

As N = 32, the mean idle petiod equa(s (%))"( Hewce, i amq{ocj\j
with  (4.14), the cqvried lead is giveu by

’ b/
@ G ©
The offesed load ie
a =(3N7 =132 (7)
By (5),) and (7), , Pt

= |— 4 . )_
P= | a ' I+ B (e o2y D
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| Chapter 5 Exercise 23]

"Let B(jk) be the durtation of the j- busy pesiod in the M/G/}
queve with 3+k-| waiting positions ...’

Obsefve that the system may hold altogether J#k customeis.
let ELBG,0] = b1, and let P(],k) be the {obability that thiov b-
out the busg pestod these will alwaujs be at least one unoccupied \mﬂsnﬂ
PosHion.

[a] Suppose setvice begine when theie ate § customeis in the
system. We may assume’ that customers ate ceved i feverse
ofder-of- aitival * [nitiall , We- decompose the i-buey peiiod into
two independent tune intenals. The fitst inferval 5 the 4ime needed
to teduce the state from j o j-I. This time interval is distfib-
vted as B(LK) . The second inteval is the {ime needed to re-
dvce the stake from -1 to 0, so this time inteival is distiibuted
as B(j-l, k+1) assuming j22. Hence,

Bl),i0 = Bl + BG-Lken) (52D, 0]
8o that k-t
Byw= Z BU0. Q)
@ —Bk:‘wg means in (L) We obtajn
i 4k}
b(jk) = L_%k b(1,0). 3)

We now decompose the j-busy pefiod in a_diffesent way.
Imagine +hat the first customer, C, i¥ any, who fills up the queve
Wiil' not enter cesvice uptil there gre no other wWaiting custom-
ers. Then the time until C, shovld he exist, wiil gef sewed
is disttibuted as B(j, k-1, assuming kz/. Wikh plobobility
| - P(g,k), C wijl attive duting the busy Pe-(iod and thys qeve-
tate a I-busy peiiod distibuted as B, j+k-N.

We conclude +hat

5(4,*‘)= Bjk-1) +I"B(|,-ﬂ+k-l) k2, ()




=152-

(Chap. 5, Ex 2% b)

whete T=0 i# C does not qrive and T = [i“,"'.ﬂ-?‘he*dde;;f; Note

“that T and B, j+k-1) ate ind-ep‘%denf— vafiqbles . %k}'h;q
means in () we devtive

b 0= bl + [P etsed Gz )

\N-fi{'in_g b(é)k) and b(,k-1) as sume of mean |-

bus
elieds , by the yse of (), Eq4. (5) yields } 3

v o O/ _ b(lyk"');,., , _ T .
" ”“P'(.a’k)“_“‘b‘(l,g+kfg) ('k.;’): :_&"(6)

@ New assumes exponeitial sefvice ’Cim,es‘ With m‘éq‘h"i_,q"',
and let a=2a/u. lnihis case #he mean busy périods e e

CMMAL . b

L2 o e e )
,‘4 L=0 = K

Thie fotmule might e desived from (9.18). Attetnatively,
one. can uge terelabion b 4! = 1-RY/R Cconpard
With Eq. (f.I0) o chqfn‘er 3), plus dhe fact thet P =1/ i
“'B‘J ®©) aud (7), L e =

k-1 ¢
MM/ fpket: Pl = ka2 Gz, ©)]
_ T as ;
(e} Define PG ke = P31, and fet Pl(i)") p) devote the
gamblers fuin piobability in a game wheie he statte with j
Units, the adversaty. staite with k units, and the probability ‘of
his Winhing onit is p in each tHial (thys +he ad\/?/fsmg‘g Wiliing
probability 15 g="1-p). We chall glow 4hat = ~ o

Pl(J;k)P)= PGikog). e (%

Considet an. M/M/ queve with j+k positions (incl. senvice) wheie HA
k21, and i is the wmitial state. in:state Lyl 14 k-], the tausition
probabilities ate PLi>i+1} =a/a+u) = a/(1+a) = p) Pli»i-l¥=|-p=

One sees that the imbedded Matkov chain (atfivals and devaftutes) 02’-

the state vafiable ¢, exactly simylates the game as described if

N and M satisly Aa+p)=p. Eq.(4) bollows.
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[ Chapter 5, Exercise ZHJ

'Coneider the equilibfiym M/G/! quewe with bateh affivals...'

W, = time from arrival to statt of service of the test cvstomers batch
W, = temaining time vatil statt of cewice of the fest costomer

Let w,(8)and w (@ denoke the Laplace - Stieltjes Hansfotms of
W, and Wy, tespechively. As W, and W, ate’ inde pendeut, W=
W,ﬂN«L has Laplace - Stieltjes trancform

B(9) = w,(5)wy(e) 0

Degivation of w (e

Let 77 be the mean and let Mg(s) be the La lace - Stieltjes
transhoim of the batch cedlice time. By (826), *

- A
wls) = 5= AL = 7gls)] -

By Exercise 5y 5= m7 and Nels) = glmlsd), whese 7l M)
ate mean and Laplace ~ Stielijes translonm of 4he individual
seqvice 4imes, and w and g(3) afe mean and probability gen-
erating function of the numberof customers i a bateh.

Thys,

s (1 —-am?m)
s -Aall—g (’V](s))] : (2)

w,(e) =

Detivation of w,(s)

Let N and N’ be ,Tespectively, +he size ofan atbitary bateh

and o dest customet’s bateh, and let N” be the WUmEer of

bateh customers served ahead of the test costomer. We may

assume that the custorners in a bateh afe setved in Yandowm

otder, but batelies must be setved iin otder of artival.
Clealy,

- £ S e
J=K+I

%ubsjni(ujnom thesein of PIN'= 3} = 1 P{N’-ﬁ/m, b_\j (w.b)) fesults in
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(Chap. 5, Ex. 24)

PIN"= K} = 5 o, PIN=} (k=0,1,.).

m j=k

Denohng by h(z) the Pdobabiiikj qenefating fonchion of N’ we find
h() = £ PNk} "

Mg
~
=

i

QAo

i)
x

Ms 31-
S
T3

Ms
Mx

PIN=3} 2"

4P{N=3'71'zk

L ae
> PIN-3) 22 2

= 2 PiN=j3 t] o,

41=0

(>

=

n
o
S

- 3- M}
o

Mg 7
N’r
Ma

é
W Mg

[~

Q.

R
m
4
w £
A
m

Ms
NX
Ms

3~

[
3=
L
o

ad>
i

whedebyb

_ V-gla)
h(2) = mTl-al - (3)

Now, \I‘JZ is the sum of N"dependeat sevvice times, eqch
with Laplace - Stieltjes transform n(s). By Exercise 5

w,(8) = h(n(s). )]
E\j (%) and (H),
: | — gln(s)
wy(s) = —= LT E,_;}’(:;]. (5)

Finally , combiining (1), (D) and (5), we obtain +he
Laplace " Stieltjes {ransform of au aibitraty customer’s
total Wa#‘mg fime W

J

s(1-am™) L= glnlsy)

wls) = 8 -ALI-g(neN] mCl-nis] -
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{ Chapter 5 Exercise 25:1

'Let ¢ be the minimum mean operating cost per vnit +ime ...’

We assume an M/G/I queve and +he choice between coutinuess
opetation and some N- po(fc:z’. As o consequence of the pfe-
ceding amal\jeis we distinguich between two Cases ao {ollows.

Case |: ¢, & ch(n*)/(I-q)

Itis known qldeqdj that i this case ¢ i5 minimized by con-
tinvovs operation. Vet unit time,the thiee cost elements ‘ate

Tuhning Cost = ¢y,
switehing cost = 0,
holding Cost = Ac,E(X).

Now, E(X) = T+EMW), and the mean waiting time EW)
ie givew by the Pollgc2ek-Khintchine formula 78.3%). Thue
¢ =¢,+xe, E(X) becomes

2 2
c=c°+c2[¢\>+7(]L_;,(l+%z)] (0041‘7{%9‘). (%)

Case 2: ¢, > acy/A-p)

ln this case ¢ is minimized by choosing an N- polic
with patameter n=n* The calculation of the cortesponding
cost ¢ (n*), namely the minimal vatiable cost per cstomed,
has been des«ibea‘{ previovsly. The minimal yodiable cost pec
unit Hime is seen +o equal "ac(n®). ¢ is obtained by
adding those fixed costs Cindependent of w) that wese not
taken into comsideration in calevlating n*

Fitst, thete is o fUuning cost pes uni e equal to ¢0,
since, forany n, the sesves will be busy (=on) the faction
of the fime.” Second, there is the holding cost nc, EX)of
a system where the setvel is ou Whenevea costomer is present:

Thus, c=c,e +acyin® +rc,EXX), which becomes

2 2 ; ( *°
¢ = 0 +ae )+ e, lo+ g+ T (e, > 2RI, (%)
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(Chap. 5 Ex 25)

Examgles

! (So{haf?=%7, ¢,=/2and ¢,= 2.

In evefy case, a= %, T =
= 5, and the boidetline valve Por ¢, is

Hence, n*=2, ¢ (n®
&, = acy(n/1-9) = 5.

(@) o= H. As ¢,<¢,, c is minimized by a di-nothing policy.
Thus, Eq. (%) applies. iF senice 4imes afe ex anentiolly distiboted,
then 0"= 7=V and, by (%), c= 6. Il sefvice Himes ate constant,
then 0= 0 and, by (¥, c= 5%

(b) ¢, = 6. A As e, > 80, c is minimized b‘j an )\/-,oof;cy with n*=2,
Thus, Eg. (x») applies. If setvice times afe exponentially dist+i buted,
then o™= 7%= | and, by (x%), c = T%. If cetvice times ate constant,
then o= 0 and, by (xx), ¢ = 7. ,

| Chapter 5 Exercise 2¢ |

'Consider the M/G/| gueve opefating undera T- policy, with pafametes ¢'

[a] The p{obabshﬂ that no customer will atfive duﬁn_q a Nacation of
i ; ~at
length +is P0)=e™ Hence, with ‘{bemg the consecutive numbec
of vacations with no grivals, P{Y= i} = (€9"(1-e™), whereby

E() = £ cPiY=i} -

e—xt
| - e-At .

[o] Given Bisson traffic, the numbes of atfivals duting a vacation
has the Foisson distripution with mean 2t Hence,

2 At M i (et
fla)= X 57 ¢ gt=

j=0 3!
P;(z) = Ate"("mt, rf.;f(z) = ).2{26"“‘2”‘*'
)=t , Py = are

[0 (L) we subshiloke PO)= e™ qnd the above explessions
for ECY), £ and £2(1), we obtain (124).
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[ Chapter 5, Exercise 27 l

'The Maclautin series method fof the M/G/I tandem service guede,f

F® = Powstine o) = |- Fo+ £ 5 Wengmas. (29

W (x)= I-H(x)+>: ;’:%rpmw -3 dH(E) (=23,..). (2.10)

+i~f

Assume +thet W (x) has the Maclautin sefies expausion
W, 00 = 3, 5 W G2, (1)
Suppose: HX) is coutinuous and c/ipfefeﬂiabie, and set
h(x) = %H(x), (2)
and let .
b,(x) = h(x) p.(x). ®)

K
Also, for any fuinction f(X), define £ (a‘i—nﬁlx))“a.

[a] By (12.10), () and (3),
W,00 = 1= Hoo + Z::;‘—Lf;f FUONE, DY (=23,
Repeated differentiation w1t x yields

\}’\](v)(- D= - HOK) + ): 11‘__2[2 T ¥ )\N“' (0) +J B9G) \N;ﬂ) (D) d§]

o d+i-l j+i-t

for 5=23 .5 9= 1.

Hewce,
o) _ w) iri-o = ! ) 3 to-1-k) r1=83,.;
\N,; - +Z;+L—I = bé Wlpi-/ v=/2,,v.>-

I+ s easy to ghow that P =0 for i >k Hemce b(k) =0
for i >k, so that the abeve equaa‘.on simplifies +o

\{\\J/;‘”= _Hm Z Fri-2 bmw(u-/ ) (; 23, ,) )

im0 d i »m, I R
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(Chap 5, Ex. 27 b)

[b] De(‘m.mg F&) = PIW> t|W> 0} we assume the Maclavtin

5e1i¢s u.xpans‘aon

o0 4V
Fo=2 5F®  (Fo-)). (5)

V=
Usmg euf pfesent nci‘m‘ion, U7.9) is wiitlen
Y= | - & i-1 (Ey o,
F) = 1= B 2 5 WD mdy,
Repeated diffetentiation wa t, + yields

V-t

F(\))({_) - a’(\i'}(t) + FZLJ";—'—!_ - \;'V(z~l—k)(0)q(:*l)(t) + ;otw(:)(t_z)Q;I)(})d;J

k=0
'{"o'{— \)-: l]?.)“, . He“CG)
N TORND - S I NI A AT B
3 HY + 22572 QW =120, (6)

QTM= 7 S:(W;* 00 + gv;*,%_;x))dmx) (j=12,).  (12.7)
Hence,
C{}" - L :(I o P00+ i‘éTﬁ*pﬁ(x))dH(x) (=1h2,..).
;’ho, integ tand (M.Paf&/lt{h6686> i‘s +L1? e .(Jil‘ibﬁum‘fwb?bimrﬂ 'OF
epaituie state %—Jﬂwem seivice Hine'x. Thus, the titegaudion

teeulte i the uncouditiongl pfobability ot degaituie state” -1,
that 1o, TY,. We couclude +hat

D= ETE G- (7)
Repeated differentiation of (127) w3 yields

e K- | _ (k= 1 .
S =~ 2 3 COHEO (T pee + 2 Trpsma) (520,

=01,
\Nh@{ebj
k=1 i
k) _ s (Rlygtem e om S e omy k=i,
0= - 2 GO Mg+ 2 e pem) (5210 (8)
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[ ChaP{-ef 5, Exercise 28|

(Carlef and Cooper[1972]) — c£ Ex 22 of Chap. 5

The exercise is an q plication of the Tesults of Exeicise
L7 on the M/M/I tandow sedvice queve. Thus we assume

HG) = 1 - &7 Q)

Cleatly, 6o = Hx) = | - X/ whedeby
HO) = Le™m, (%)
ﬁm(x) - _%1 e—x/»r. (% %)

[a] Bj EC]- (&) of Exetcise 27,

FO < _ ’g'm + éz_;_‘_q;n\n:o)
By (%) and +he fact that \}\llf’)= W4(0)= | for j22, then,
m. & 4=l )
FH- ’#*Efi Q; (2)

IE B\_’ Eq('?') of E)(efci.":e/ 7.7)‘Q;I)= ,,—I.-’T;fl (J=|)’l'...). F-OT'
an M/M/l'queve, T¥=B= (-Q1g?, whete o =am Thus

Ha
‘;’=—;—(:-9)97*" G=h1.).  (xxx)
By (2) and (x#),
Vo4, e 231
ARREREE S = 0
el tle = o 1l-p 2 oe?
CErEF T RS TR &G
. i1 = e
o mh
Hence, 0. il L .
F —_F? N|_? ()
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(Chap. 5 Ex.28¢)

By Eq.(6) of Exercise 27,

AR R S G R )
By (%) and the fact Huat W= W= 1 for 422 then,
F(Z‘) = 1

Tz+f§f—’

£y ap)

y ()
[d] By Eq 8) of Exetcize 27, where ()= o© -
P(jo-)a - P;-i(O))

@ _
1

- ?,‘ Hm( 0’t Pg-l(O) * ,é,Tri* Pj—i(a)) ((j:'v’l,'"). (57
As pX) = [owYiTe™ e have g, =1 and
5u&)>5+c+o+-.on of these yalves for
oo L

» Pi- T Pj—u(O))

p0)= 0 for iz ).
- 0) and Pl as well as
T into (5), but ouly for §=1,3,-, we obtain

) _

;T TLJT;‘ (3= 2,5,..).

Finally, since ¥ = B = (-0 o},

Q= - hl-pgt (j=2,3,.) (6)
Le] By Eq. ¢) of Exercise 27
\}\’lg) T g.%,g L;”\N;D: (j=13,.).

B; definition b=
and P
W

b, (0) = H™0)p @) . As Ho) = H = L
(02= I, we have b;°)= 7. Also, \K/,m= \7\74(0) =0, and
;o) = W0 = | for 122 We conclude that

T =1
of,

). (7)
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(Chap. 5 Ex 284

Svbshtution wte () of the expiessions +hat have

beey desived for Q‘;, (;) and W;’), and 605666{()6«4("
fedvction, give

F@= 1 + 45_:2}1'—'( T -7 551 + [- Li-00%)

I B 2 R L AN I TR
""2[, Q ;‘gz 4 ( @égz‘,l ?q

S T 212 LA o . = of
~,,.a[| ° >+ 9) (I-g?(g‘;q‘-g-})]

N I X o LA 2 gl

Thue, as expected,

e ;',_(l—q)[l‘,;_@m '—1—6] )

(3] Also Eq. (6) of Exefcice 57 of Chapter 2 expresses
the couditional waiting +ime distiibution function i tewms
of & Maclqufin sefies expansion, but for an M/M/s

fandem sefVice queve. For o=1 the fotwyla %yeCiu(iees
to

P> El W 01 = | + ¢ HF®« -
Whe e

o_ _ Ll r
F - T Q ]Y] | —

in complete aﬂie@mem‘ with Eqe. (5) aud ).
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LChap’:er 5, Exercise 29]

The additicnal-conditiening=vatiable method for +he M/D/I
Tandom - service- gueve (Cafter and Cooper [1972]"

We assume a sefuice 4ime equal 4o the conctant 7, ic

- 0 when x <7,
RGO [ when x 27 M

[a] By ), dHE) = I and dH()=0 for x* 1 Insecting this
into ECI~ U27) we find that for ¥>7 is Q;(§)= 0 wiheieas
for Y ¢ T,

it

q;®

i

’-ll; g:( W;*P‘_‘(x\ + iélm* Pj-i.(x)) dH x)
?" (N:pj_,(r) + ;W?Ppi("'))
We con clude that
'
‘) = {TIY when 3¢ 7
q; (%) = { ’5 - en o

when ¥ 2.
E] It is ObdfoUS, and follews qlso p’fom qu. (12.2) and ),
that Tewaiing service time has distsibytion funchon

+
Ty = { = when t<
H [ when &27

According fo (12.9),
~ 9 4. t. ’
Plwst|W> o) = | - Hy+ ,ZZ}TI [ WE-3q;()dy .
Substitution of the abeve expressions for H(H) and q;(3) yields
PLw>t|w>o} =1 - % +7~’§2i§—'ﬂ;' K:\Klg.(t—})dk (0¢t<n), (3)
PLW W0y = 2.5 20w ("Henay (egeem) (1)

=<
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(Chap. 5, Ex. 29 ¢)

E\Jidewﬂ\:j) the waiting fime from T, and on i5 a myltiple
of . Hence, W,(x) is constant on each of the intervals
L x <, n=02. . ln pathicolar ) W;(x) = |
for 0$x<m~ Hence, :

t o
fo W;(t-3)d3 = t (0ct<r; 3=23,.).

So that (%) becemes
o 3~
P> Ws 0} = |- —$+$1ZZT1T4*, (0st<p)  (5)

For t27 we have | Lor each 42 2,

~_ fv [ﬁ]'r
JW(end3 = § Wt + | Weods

° C£1~ tr

Bg cons{?awr,j of Wé(x) on the 1yteqvals nT & x <+,

f Wtt-ay = (- 121%00+ (CEr—e-n) Tge-n
(tx7; 1=23,.).
H(’/V\(’.e, ) becomes

~

£ {(t-TE19W O+ ([[Hr--n) Wit -n)

PIW> tw» 0} = 2 g
(rete). (b)

3t

Since the service time S, is a constant 7, conditional
and unconditional distributions of &, afe i dentical. By debinition
of H(¥|k,x) therefose

O3 k) = HED. (7) |

[e] By (D and ), diHBLK, ) = 1 for ¥ = 7, and dyHGB|k,x)= 0
Por ¥+ 7. Consequewjrl.j, as k>! Implies x 2 7, Eq. U2IT) educes
to

& j+i-2

W0 = 2 5 poW, L en (B1080). (8)

i=
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(Chqlp, 5 Ex 29 )

For constant sefyice time = 7 for all X,
(X060 = kY & Lkr ¢ x<tene) & k= [2].
Hence, )
- ] =T X
PR -k = {5 ther ko L7 2
@ Accofding to (lQ.lZ),
W6 = £ W 0 PR K (=23,
Usmg @ we find

W00 = W0 (=23, (10)

B_\j sefting k=0F] and k-1=[%F] in Eq.(‘g) is obtained
Wé = 2 Z ﬁ—l Pl(ﬂwan - pasnen) (15529
The oppl-ca“\om of (10) leads 4o
\N x) = };;TT p(r)W

3+L !

S I C R X R Y AR ()]

s evident that af the statt of service at T, any
Wq|hw3 customer will have §o wWait ot least 1 %.me, Uw b,
Tha+ l.:)

W=t (=25, xn (1)
Equations (1) and (12) give \\Né(x) for {25 and all x.
[i] For x27 we hae HO=1. Furthermote, dH(¥)= | for 3=7,

amal dH(D) = 0 for 3 #7 Substitution ofhese, values iute
q (12.10) also Tesufts in Eq an.

]
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l Chapter 5, Exercise 30

' The M/G/| queve with gating

We shall not give all the details of the proof since itie precisely
as the pfooﬁ of (13.14) for the cyclic queve except that H(x)
teplaces B(x) and 7(s) feplaces plo).

The explamahow for this Omalogj i% €>i'mp‘€, enoygh.
In bokh cases we seek the mean | 1, of the state disttibotion
of an imbedded Matkov chain. Let i be the atate vatiable
¢ j2b et 7=4, and i(’.§=0 let $=1 When jrl, seivice
beqins (15 vesuimed) Tight away, but whew =0 setvice will
not begin watil a custom®er avtives. Deuote by t the time
Liow Statt of sesvice untif next epoch of the im%eddeo{ Maikov
chain. n the case of the cyclic queve,t is a §-busy pesicd; in
the case of the queve with gaJr'.n , tis the suw of § service
times In eithes case the” stafe at next epoch will'be the number
of cystomers afriving dufing the mentioned ndesval of leag th +,
eithes ot the sther queve (cyelic queve) of at the same queve
(queve wi+hja+mg). For the M/G/ gqueve with gating,

Pt - £ PG (O i + P e 0 ke, (1310)
q(x) = :Zja Pl X", (132q)

9(nO-2x) = g(x) = POLI - O0-2x0], (135 a)

2,00 =2, =q0-2z) (=01, 2,:x), (12.6 )

P@) = {1+ £ L2017, (12.11a)

“aAn©e)E -~ R = AP0y (131%a)

Qj (UD.110) and the definition Xj= %0, § =12,
POy = {1+E, G-x) 7" (%)

The wean nymber ﬁ=+9(l) of customers v the systew whea the
qate opeus is found from (18.15a), (0, ~g/@ -7 and 27 =

[ T%—(J{l”L,-‘-Z:z“—’(J)}—,' L]
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l Chapter 5 Exercise 2717

'Show that Eq'uahon G9) of Ceoper [1969] s incorrect,’

As hinted, the estor in Eq- (1) is introduced 1n Eq (1), It is te
as stated :mmed:aJrelg after [ (42) that P(m = R.,mn/U-F_0)
is the probability thit (n—l 2,..) customeis wait in queua {
when the gate closes given n >l Howe\)e{ itis not tHue,
as 1w he«? by E (‘11) Hﬂqf P(n) also is He, P{obobnhfj £haf'
an afgﬁm_\j C\)oﬂ‘lner v queve ¢, who did not aifive when the
..Es*em was Co mF’le% empfg , w.ll be a wmembelrof a gTeup

n custewess at the dime the gate cfoées The laftec preb -
atility is 1cpcf1‘wwal to beth n and P(m Hemce v E‘i o)
one shoold replace B (m/LI-F (0)] oy

n E(n) _ n B (n)
T Bl T nPon

It follows that the same sybstitution should take place in
Egqe (4%) and (M4). Equation (M4) changes in+o

o2 n B.,(n ! A &1"= (3, -5)"
UJ("’)‘(’ 9)"’?2'2” np (h) Yl)\", S‘M‘*N’m(ﬁ) )

which may be vewdiHen ags

- - ?R °° n s
wils)= e+ (T2 nR ) (s-x; +a, 77t(5)) =1t ‘h)[(m@) —(!-;;;)].
Now, \ .

W= 3% 90 D ey = 2 0B,

g 1, 1) = B, (0) + > P (m (m; &))",

=lil
00

9ill=3, )= RO+ X P aI-5)"

n=|

=)

We couclude that bor i=0,1,..., N-i

)

A
w(s) = (1-p) + Wi,‘fs—‘;ﬁl,;’q;(s)] ERCXCA “go M= 2l

[]
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| Chapter 5, Exercise 32 |

Vetify that, for Risson input, E{_(W.m feduces to P{W>0} = Cls)’

With Peisson input of 7rale A the Laplace-Stieltjes +ansform
of the interarfival time distribukion function s

y(a = 7\22 )
Insetding Afop for w in the Tight-hand side of (M. l’l) we qet
Y (1= Memou) = ylep=2) = Msp, which proves that for the
M/M/s queve

w= g)\/'; ==, (n

Aloo, (H.15) becomes

Y, © YO = ;\%/} (4=0,1,...,8), (2)
ond (M.16) becomes

s i

Cj= s ',%?‘ = —f;T (}= 172,...,5). (3)

By (M), (0, (@) and 3), Eq. (HIT) becomes
PIW>03 = 2,

[ + 2 )S('_m S

#=1C (| {1 s(l w)-

MOt 8l siga 4T
[H“_g)zm‘ ool s-a- 4]

-1
= [‘ + (l—Z)ﬁF' (s—é_)!aﬁ] .
Furthetr fewditing gives

D-S QS
P{\N>0'} = sT(I - a/s) - S (I -afe
asi a’ jv_:’a_“ + as .
3=l ts-p! si(l-afe) o M s!(1-a/s5)

The tightmost te1m is precisely the formula fof Cls,a) LEq.(48)
of Chap. 31 Thus, ,
PiW»0} = Cls,a). O
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Lchapfef 5, Exercise 3?]
'Prove that in a GI/M/s queve .. of Ex 29 of Chap. 3

P = equilibfium probability that a blocked customer

will still be Waiting in 4he queve when the
next customer arfives

7 = conditional probability that a blocked customer
wiil o%ill be waitivg “in the queve when the
next costowmes attives, given artival stqte
s+4 (4=0,1,..).

Clea1|3, With sefvice in ofder of atfival,

ot eun’
vy T8 e ey 600,
i=

Hence)

R
i
™s
Py

= & Pa= W03

w(
ia
o0

-8
o~ SMX

-

o S GU)(-@a? Ty o)

o
—
© g

e,

o~ 2 o

S
; ogo 0 (- wtd G(x)
x (

e-s,.xzosf_‘,’" 2 U-wtdG(x)
;=L

(=

= [ s LLLOA G(x)
a

=0 U
00
- I,, e-(l—m)s_,uxdG(X)

= Y((l-a)\s,u).
But, b\j D, w-= v {-w)sm). Thys,
P=uw.

This qenefalizes the fesylt of Exefcise 29 of Chqp#er 3 ]
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Chapter 5, Exercise 34
P

'Vevify Equations (IL7) and (4.3)'

Equakion (MM : i< s-1, i+1-420

Given interarfival time x, § has the binomial distribution
sz(x) ='(i;') (e[|~ e (g L8,
since p,(x) is the probability of § successes (noncompletions)
Pi y , P
in i+] trials, each with probability of cuccess equal to &
As pia = f:p‘i(x)d q(x),
by = 5 (e -7 0600 (L8319).  u

Equation (18). i2 s, j<s, i+-§20

Given infefartival ime x, the next artival state will be
if and Ow'j P ) gt seme time Y’ 0<Y<x (M{,'E,o)‘
a sefVvice completion will leave exactly s cystomers
in the system, and (i) s-4 serlice completions occur in
the 4ime interval (Y,x).

ln a queve with depattuie Tate su (ia effect as long
as all servers afe bysy) the time Y vatid the Citl-9) th
sefvice compledion , which will fesylt in state s, has an
Elangian disttibyution with the demﬁ‘.Jrj function, by (554
of Chalo*fe( 2,

d P{Ysy
EaaRE ORI = e

For a given ‘(=y <x, the Probabil‘;%g of 5-; seqvite com-
pletions dufing the remaining imterartival interval, of length
x-y, equals

93()(—3) = (?)[e;/‘“’“‘lﬂiﬂ_ e"““'ﬁ]s_‘i_
Hence, since PLJ(X)= f,;gj(x-g) fiydy and pij = I:p‘.j(x)dQ(x),
(wg(i,) e‘iH(X-S)“_e—/A(x-\J))g-i (spy)i=s '”’s{MdgdG(x\ g

Pi™ ), G-y ¢
(izs, <5, i+/-§20) [
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LC hapter 5, Exercise 35‘]

'Dertivation of (Hi4) and the probabilikies oy T e, o

For the GI/M/s queve it has been shown that T = Awi™ for
j2s-l, see (14.10), and now we myst piove Hhat A is given by
@4, Abthe same time we decive o formula Rt T for 4 =0,)..,5-2.

la] Let

S~ .
Ulz) = gam 2t )
Substitution of Trd =3.%, P Ty by (M3), and chauge of the

stder of summqtion give
/

o0 5o ;

= 1

U=z, = pTiat,
o,

S5-1 s-f . ) 1 .
Ula) = :L:o i;o Pig 2% + gs = pij_mrz{ , (x)
3

Calevlation of @ = ELE pTi 2t

Since Py =0 for j> sl
a-f i+l A
S = ;Z=o ;L:o Pli.ntj 2% - Ps-l,s-";-l 2%
The p;'e for L& s-1 and j£i+l ate given by (M.7) Substiution
o2 (111 qnd interchange of summations and in’rejm"ion yield

S=1 L+ . X5 | (Hf i+ _ 5 it g
817y Jo Tl = | T2 (e Pl d o,

The innes sum is the probability genetating function of a bino-
wial Natiable and equals (q+p2)™!whete p=e#® g=l-e# Thyg,
o0 g-| :

3= M- e ge™ )™ G00.

0 i=0 i

@\j definition of UlD), then

g = f:(l— e M+ 2V U(I-eM +2e™) G (X).
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(ChOP' 5, Ex.35a)

By (14.6) or (D

Hince y Psos T sje—s'de G&), and by (o), T, = Aa.
ence,

o0

SZ = Ps-l,s_“-s-t 2 = A w'z® ge_s/“xd G(X)
As 6= gl - S'L)
5= f&“ e+ 5 e (- +ae M) 4G Ux) - Aw"‘lsioé"sﬂxd(%(x) (%)

quculm‘ion oFT= Zio.-.as Egi_é p‘.}.WL-’_Z}_

The p's for i2 s and 1 <5 are given by (P18). Subskitution
of (M%) and m{ercl’zamae of summaiions and mfegfoq‘.'ons yield

T Zo f {f 3_;! (si)[e_ﬂ<x-3)]é[l-e—,mx-y)]s-;‘ (smy)” 'Sl“ysﬂmz*}dgdG(x).

i-g)l €
Xx=0 y=0 (=8 §=0 fi-s)’

Subshtution of T;=Aw™™, by (H.10), tewsiting and simplification give

T=A Ta ygo f;%;«:s“—w{ §o (LePe P g - o 900g?)
* SpudydGOd
oo X
= A ; E . eSMY® MY (| — o MY 4 Ze"‘(""ﬁ)SS/A dy dGlx)
x=0 y=

- 'z‘xioe_s/“ylos,u es/“ywdg dGx)

= Axioyszoesﬁﬂgw(e'/“y —e—/‘x + Zg‘/ﬂx)s S/V| d\j d q (X)
- A= 2 Myt (eSH¥@ - 1) d B(x)

The last integtal on the fight-hand side teduces to

%9 00 x

(e SMX 1 (3M%9 —1) d G(x) = o' e ¥ X4G() - w"ge's/"‘dG(X)
o [4]
= |- o] e ¥aG0, Doy (nan]
so that

o0 X 0
T= Al J eMso(emi- e e2e ™) oudyd ) - As® + Aua®f e G
x=0 y=0 (% % %)
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(Chap. 5, Ex. 35 (cont'd))

By &), G*), (xxx), and +he definitions of S and T,
Uz) = f(l—e'/“+ze"“)U(\ e"“x+ze‘/"‘)d@(x)

+AT [S eV (e - g M g oMY Jﬂdy]d@(x)

X=0 y=0
’A’z . (2)
[e] By (7 ang (410,
& 00 00 .
V) = 5, - - 2T, = - S A
Hence,
vy = 1- 72 (3)

For §=0,1,..,s-/ let
U9 = d*U@

dat
with U9 = U(z), and define
U~ LW f}i‘f’)ﬂ (3= 0,lpom ()
By definition, U, = -(,—,U(I) = U, By 3) thetelote,
U= | - ‘—f‘-;, . (5)

Repeahd differertiation of (2) gives
U9e) - S“ M+ g MYV D1 - e M4 g o M%) TiM X G ()
0

4 S U9™(1= &M%+ 5 %) 7% G (x)
1]

* Ao 5 e "";‘io ’m’(sss,, (e7¥-e™ 4 2e7)* T dy d B(x)

“AGY (s-j)! 27 (g= 02,870
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(Chap. 5, Ex. 35 c)

Hence,
KO L
U= =5 = Uyl + U v
-3 X .
+ A (Dl ] e(sﬁw-(s_ewydy dG(x)
x=( y=90
=A() (=1,2,.., =1).
gubsf{{‘uhng
gxe’(s}“‘)_(e’_éwwd . e(s/uw-c-.;..éw.')x_,
sluw—(s-p,u

and fedt}c‘»wg, we obtain
U3 = U1 ((.5/,4) -+ Ui‘lY(é»M)
S G - ~w)smMx o
—A(i)m'*-):;(ge“ ’“dG(x)~£e“‘xdG(x))
- A} (31,2, =D,

The +wo integtals afe equal to,1espectively, w (by (411) and yljw).
Cubstitution o f these valves, simpszi Ca»Lio;n, onj-re,olac emyezﬁi1|

of yGM) by y;, qive

1. = _ sy sll-p)-4 . _
J& U} i U}-;Yg A (g) s (-w) - (} = l,’l,m,s—l),
f1om which is obtained the difference equation
- Y A sy sU-y-3%
Ui - ’—‘er; Ui'l - l-—rg (1) 5((‘;)"3. (3' ’72,..,)5‘1). (é)

[d] Next we define C,= | and
C1=ﬁ.'i_—% (é‘l,l

i=f

Jeey 8),

and divide by Ci on both sides of (6). The Tvesult is

U; Uy A s(i-y)-4 A
—£ =l 5 7 S .
¢ T o T Gy Y sarersy G b (7)
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(Chap 5 Ex 354)

As::,umi'ng 0¢ i< s-2 weadd equations (7) for j=ish, . s-1,
Whefeby we defive

U _ Ug, sl I oy sl-yp-4 _

¢ ) CS-I * Aiz=i-¢l Cj(l'n’)&;) S(l—w)-j. <"=01')"'IS'Z),
Ui U. i A(U_' S - N
LR e ST A ! sy sll-g)-5
¢; (c,,,_, Cs“-,rs)/rs)+A1>;-HC4(‘-{;‘(1) star-; (701 ,s-0)

By Wond ¢, Uy =T, and by (4 16), T, =Aw'. B defini bion,
Co = Loy 15 Al-ya) It iohews fhat the term in pa{euigaecs Yani s hes.
Futtheimote, as is easily vetified, the ubsve eth(erion also holds

for i=o-1. Ouf conzlusicen is that
U, s ( oy sU- Y
2L sy SM-yg -4 . v_
Co N C;(l*n‘(i) ell-w)—j (=0 hysn @)

Now set (= 0) make the subsh{,uh()ns U0= I__ %} .Vlhd
CO: ’) aﬂd SC‘\/& Eq (8) ‘f”o{ A .
- s sy SU=y =5y —1
A={im +Z i s (14 11)

Le] By definition, Ut2) js g polynowial in 2 of degiee 5-1. Hence,
Ul) will be repfesented exactly by q_raylor sefies expansion
of degfee s-1 at an afbi’r{m;j point 2, Fora =1 the repre-
semtation is U(z)= Zf;c'[U“'(l)/JU‘J(iﬂ)i. That is,

51 . .
2)= ¥ |} (m-})3
Utz)= % U a-n? (4)
By 1), U¥@ = T, %5 2% Hence, U0 = T 4!, or,
9 d*U()
Trj- = Uf}_’(()_) = ZIT( _d—z—ii)uo (i=0,1,..,5-1).  (lo)
Diffesentiation of (@) [Ul2)= =71, (2= ] j times leade to
JUGR) | e i iej
IR e T C e D M O T N D)

Whose substitetion inte (10) yielde
S-1 -4,
o= 2,607V, Geol,e25-0.  an [

3} (=
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| Chaptefr 5, Exercise 36 l

'Show that for Poisson input this algotithm yields Equation (6)
of Exetcise 32 of Chapter 3

In the cace of the M/M/s queve with seivice in tandom ovder,
W= (=7t/5,1) so that (59) becomes

PIW>t|W>0) = | + (I- 9)2 i : 9 Wi Q)
whete qccotding fo (15.M),

V=i

S (v-I-K) =0l ...;
Wy s B E el W ) @

-
Eq. (D) may be solved fecursively for v=1,v=2, .. vtilizin
W‘;” W; 0= 1 aud the definitions ef a,,®), bg (5. 12) | and
3,, ‘(’c) by (15.1%). In the 01esen+ case wheie Q@) = T-e -t
+ap) {osupd¥tE
0.“,({) = e %/F (,;H—i)! (‘o‘:' 0?'?"')) (3)
b, (t) = ne e —S’{f—"— (n=0,1,..), )

from which a?‘ and b‘,, .. may be defived.
We shall determine all tefms of the expansion (1) to the ovder
of t& Thus we myst hnd W and Wm ‘FOfd‘O,I, B;, (’l) this
]

requites calculation of aly, for \)—I,’L, and of b;’i’, i for K=0,.

) )
Caleulation of o}, and af,, _

Diffetentiating (3) once | we obtain

a"(t) = —(a+rep) g et
Q) = =Orrsp L1 e L L],

w - +spit ___4_ i (o)t
a‘,‘+l(t) (A+S/u) e O [‘ 4 3 ! él 4+ G- -i)!

=l (spblTt
T T G ] 4T,

Setting t=0, we find ‘1;'::-' - sl - ,ﬂ, 3,,,] for j=0,1,2, o,

a;:)’= —5/“(Q+3T’) (j=o)l,...). (5)
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(Chap, 5 Ex. %6)

/—\no+hef d.’P\Ue{en{iahon Tesults in

aP(4) = (+gpm)te et
q(;’(f) = (Atsp)? e‘“*s’")t[l—ﬁ; + 7 leut)]

a;’:,(t) = (e sp)e MMt |- % a’i—, + Gl_@’- ﬁ +tR3,_I(ﬂ] G=23,),

whete R (8 is o polynomivm of degree I I follows +hat
a(;n = (x4 SM)Q)
ap= Qean1- 7], |
apis Ol ma sl Geoso

A Tewfiting 3ields

o . (5,N31(Q2+29 1) (4= 0,
% { (sm)?(p2 + %) (33= 11,...). ()

Calevlation of b;"l,-i and b))

- —

By (), cleatly b= 2 and b= 0%t n2l. Thys,

@ { A (3+1-i=0),

b 0 (ri-i=1,2,..). ()

jﬂ-i_
Ditfesentiation of () results in

b(:,) (1) = = A (A+su) & P*omt

—ae sty (sut)®
b(ll)(f)= re” R 5")':[%,)7'(3,40 - jngLDHS/u)] (nh=12,.),

It Pollows +hat b4 = “AQ+eu), by = asu, b= 0 for
n22 Thus, '

“ars)  (441-i=0),
b;'},_f Asp (4+1-i=1), )
0 (el-t=1,3.).
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(Chap. 5, Ex. %6 Ceontd))

Caleulation of \N'gl

ij (),
UETE AR A

44+ .
\Ngl): PR e SN -WEO) (3=0,1,...).

%gbf?fi{-uhom of W=1, (5), and (1), leads to W‘j')= ~su Lo+ 5]
+x for 3=0,1,... Heuce,

(n 5 -
W= =% (oo, Q)
Calcvlation of \N‘g‘)_
%ﬂ (’l\,)
@_ 1w g, & e e
\N“’ P T + }:—, i+ bgﬂ—zwa * Li_, 1+ bj+l—LWi (3' 0;')'-')/

which by substitvtion of WP =1, (1) and () edyces 4o
Pl

W@ @ Asd 1 , .
N R e

[:iVlGU\:j) aéopi;ccnlion of &) and (8) vesylts 1n

Wy = e 2o+ = 2 = A (i),
W= (sp0?(p ?2%) - ':‘% + i su = aOrs) (42102,

I 1,,.)

(sp2(1+5)  (i=0),

W (10

= 2 ? .
4 (5/\4) (1‘*”(}:"2) (3— ’)2,)

Caleulation of P{W>t]W>e3

Equations (D) ond (1) afe precisely these devived pfeviosly
in Exercise 32 of Chapter 3. As in that exercise, the sub-
stidution of (4)and G0Y jnte () and subseguent reduction
it N o po 14 |y 4_ (r) I F fotee 30 o001 “+"1’ 2
thejeroTe Nieild y;u]ua ien lo] of ZXeTCise oL oy Lhapret o




