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[Chap%ef 2, Exercise [/ ]

I the model considered above , sUppose that it coske dollars.

E() = £ FP(Y=))

= o0 (, P =
oo F LME(X) by (5]

Ie)

EQO -

l Chapter 2, Exercise Z]

'Consider o poPNQﬁom wodeled as & pufe bitth piocess .., ef_ex b

IF NW0)= 0, then, Hivially, B®=1 for all +. Assvme theredoie N0)>0
Fot moh%onql con\lewlévz(}@ let n=N00). The difterential- diflbience
equm‘,one 1% speoal ze, 4o

LR - G020 = pBO (= e, P 01=0)

wWith initial condi ‘homs (24). P =] and P ={ ﬂ)fg*n ’!),ﬁe{en%a‘-
diffeitnee QQUQ‘HOHB ate givew onlﬂ pofj n as e»hd&w”g P(f') 0

for t20 when j<n.
in the case n=1, we have

p.m= G-ME,8- R0 (=i, fw-0)

with P(O)- f J(0) 0 for i £/
Fo{ 3—1 f?ff(\‘)— - P(’c) so that

Rt) = ™

Hemee, £ B() = pe™ - 23R, A plying standatd methods
i the solydioy, o# this linear d Q"eww%al equa 1ow one edives

RBr= (-,
The geme«qi fowmula obtained by mdu‘chovz, is

Ry = et U= (opa, L), L]
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r Chapter 2, Exeicise 3 J

'Consider a birth-aud-death process With .= 0 and u; >0 when j> k..

Fiqst assume au initial state 51 With {2 k. Theu states I:1 Por
1- 0,1,..., k-1 ate impossible . A felabeling of the states (j'=j-K)
and am QF !.calnow of the above thestem | followed by a %e\/e—rse
1telabeling, 1esulks in the stated equi libtigm distiibytion 1R}

IF on the olhes hand, the mitial state i6 E: with 4<k Hnem
E, will be feaclied e\lem%allg (with p{obabam 1) and au ap li ca-
Jnom ot the Hheotew leads again +o the indicated !.mn‘mg disti'b oion .
Tavs, yucond itionall Jrhe e(,[U: libtivm (histibition is ao stated
Lot S<°<7 It aloo fo“omls that P 0 for § = oo,

l Chapter 1, Exercise 4 ‘

'Compound digtii butions | — of, Cha[a. 5 Ex. 5
[a] B\j the theotem of 4otal P‘fobqbili*g,
P{Gy=k} = = PN=n}P(Z X;= k)
n= j=1
The pwba‘oil;%g qewemjrmﬁ fonction of SN is
h(a) =5 PL8~ k) 2= 5 35 PN=n PLE X, = ko
k=0 k=0 n=0 =
=2 PiN-= h}ﬁ\:o P‘LEXJ =k} "
=35 PN Y [H@)]" = g (F2).

Dibfereatiating hl2 twice,
() = g’ (f2) (o)
'2) = §'(f@) #7a) + g (HaD [P
WD) = o"(F0) F0) = g (DF,
W) = g (RN + g CROFNT = g 210 + gL F)?

HCW(’Q,




(Cha!o. 2, Ex 4 b)

By (45),
E(B) = h() = g = ENEX.
By (15) and (9,
V(8= h(N + KN ~[nn]*
= g +g RN+ g 1) PO - Lq* [#0]*
= 3’(1)(1?"(0 P -[en]®) + (g”(l) +U-Lq ) [
= E(NIYOO + VN EXO

[ Chafo%er 2, Exedcige 5 ]

'Let N and N; be ..  — cf Ex 2%

Under proceduie (a) each of the N’ balle will be left vumarfked
with probabilit X, s0 by its def; ,m.ho;/, gx) is he probability
that none of the' N, balls 15 madked. Q.m,laﬂ gly) is the
pwbqb(l{' Hhat none ofFthe N bails is mmkeo{ (-!ence undes
4ocedu1e/ (@) (><) ) s the prebabilit that wone o £ he
N (Vo kalls wqi be mmkfo{ piovided Hmr a ball placed in
cell 7@ 15 left yrmatked with probability ¥ (y).

Undet procedute (b) a ball From e»%ber batel; will be
feft ummmked with plobability ¥ x+ £y. it fllows 4hat the
PYObﬁb J( that none of 4he {’\) (v= 17,) balls is mavked is

(2% HCWC@ under pwcedwe (b) <—1>9(";) is +he
p#obqb:l’r_\j that mowé of the NNy balls Will be “waiked.
W “take equ! ivalenee o W)@um that -W@ 1obabi liby disteibution
of kalls W dhe fwo cells s the same for' both grocedures.
I the proceduies ate equivalent in this sense | fheu, whateier
X and y, the probability that o ball 1o w arked must bes {he
Sqme Under both proceduies. Thus equavaleuce/ .mpl,es

9() 9y} = g*(52).
9 9 n
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| Chapter 2, Exercise 6 |

‘Fot the model of Exercise 2, Gection 2.2, define..' — of Ex. 8

[a] For n= NO= |, We have found =0 and
FRO =GR, - PO (=2,

Hance’

oo d . o0 . N o0 . . .
L o ROz - S4B 02 - 2 nRoe,

® 22 i- = .
3P, = Az G-D R 02 - hzg@@(ﬂz"'

It

a'=22) fg Py 2t
j=1 ¢}

]

rela-D o P(z,t).

[6]  We shall ve1ify that the above pathial diffeential equation
a5 well as the witial condition n =N = are satisfied by

-2t
- =2 +zet
Diflfesentiation vtesylts iy,
>t

d o . e
=Pl )= ——=—
2z Pz, ) (I-z +ge™h?

et

b .
st PG, 4) = azlz-n (oo s e 9t -

It ie seen that the expiession for P(z’{) satislies the paitial
differential equation detived i patt (@). The witial condition P)=1
Hanslates wto the fequitement Re, 0)= T, R(0)2i = 2, which
sufe enough is met by the prgposed expression” for Fle,t).

in “Exercise L it was fobnd that if 4 = NO= 1, then

0 ) i
B0~ { ey oy i

0,
h2,..).

(]

To 4his prebability distcibytion cotfesponds the geneiating function



‘ZOA

(Chap 2) Ex 6 b)

S(Z,t) = /J;“ E(t)%i=4§"e—)f(,_e_>‘{)i_/q%
- | N
b ). e
) Ze)ﬂgo[zu—e)\t)] T imgrne

Since %(a,t) io identical to the given Plz,t) and becavse of the
sne~to-one coiftespundence between distibution and genetating

function, 1tis twe that Pla,t) genetates the d:sﬂ.‘bua-hoy, found
i Exercise 2.

n the (j@lfleﬂll case N0 =n21, it was found w Exercise 2
that P = Pt)= . = £,0=0 for all t, and

d% B = 40RO = 2aB@  (=n,ntl,.0.

n the same way as in Po.ﬂ' (@) for n=l we find
"56‘{ P,n(fz,ﬂ= h’z(?—!)a% Pz,

whete ﬁ(q)ﬂ 1o the (jewew&;n Function poij(ﬂ) given that
R@= 1" We shall verify Hm?-

Pat) = Pzt

First, we wiil show that the proposed solution satisfies the
above putthial di flerential equation. This follows from

2 Bt - 0 Pen & P,
= Pl = nP 6o FPay,

and the pievicusly verified fesylt gb;P(q,'t) “ 22N & Pt

The piepesed sclution alse meets the initial condition.
Fot +=0,F(20)= P"(2,0) = 2" Bj debinition | Rz 0) =
Po(lﬂ'*' P,,(O)Z‘ + * 6(0)’2"*“, Equa+imﬁ the coeflicieuts of
the two pelynowmials we see dhat R0 =1 and %(07= 0
for Y£n us Tequited.

We conclude that Bl 1) = P20 s the unique solution.
The tesplt | Piie, D =P,4), sheuld not come as a suipfise.



( Chap. 2, Ex. 6¢)

Cleatly, the process with NW0)=1n may be interpieted as the sum
of n independent processes, each with N(0) = [. That i5, the shte
N(E), given N0V =n, equals the sum of the states N,(8),N,(8),

cy Ny(®) of independent processes with N@) == N,0= 1. By o
fundamental P{opeﬂ"j of gevedqting functions | thew B (2= P"?&,ﬂ,

| Chapter 2, Exeicise 7 l

'SUP()ose S, has the binomial distibution ..

3, is the sum of n indepeudent Bernovlli variables, aud $, is
the' sum of n, independent Bermoulli yodiables | all of which ofe inde-
pendent and have pataweter p. Hence, the sumr S+ 8, o dhe sum
of n+ n, independent Bemoulli vatiables with patameter p. That is,
Su+ 5, has the binomial disttibetion (&) with n=n, +n,.

' Altetnabively, the ev;emlim_g functions of & and 3, ate
(q+p2)™ and (q+pa)™, 1espec%n}el§x Hence | &, + 5, has the
yeneiating fuaction (q+ pz)" (g +pad™ = (gq+p2)"""™, which is
Tecoqunized as the g@wcmw\img function of a binowigl dist4ibukion

wikh patameters n=n+n, and p.

l Chap%erZ,ExeTcise 8 ]

'Netify the pateathetical stafemeut of patt e of Exeteise 6

" ot n . e
Pzt = [’,—_‘%ﬁr_‘;ﬂ—)] = &™) - gl- )T

e_h)‘tzh ( ( + h[’l(l‘e—)‘k)] + n_(;r!l [Z(\’eqf)‘lﬁ-k
L tnewod [’Z“_e-n)]"_,_ )

n=-n! s/

_ -
- o n)\th go( "{ )U~e_“)\ﬂ'?f

i

[~ . .
i~1 ~nat ~aty-h
TG e

i:n

f

Thus, P}'(ﬂ= (it") e—n“('f‘e_“).}_n for A2, and F;(H= 0 Fof3<n. D
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Chapter 2, Exercise ¢
p

'Repeat Exercise 7, with the phrase ..’

9,,0 (v =1,2) is the sum of ny ndependent, ideatically distriboted
randem vafiables Fouowmg a geowmetiic distibufion, Hence,
Sn,-v'- Sp, is the cum of ny+ g independent, iden{'icaug dist1ibyted
Tandon variables with a qeometiic dist bution, Thus,

Sn,* Sy, has the negative binomial distiibotion (58) with
n= 1+n,. )

Altesnatively, the ptobability geneiating function
(P.ﬂ.f.) of Sy, equals (p/ti-qzn™ ana‘? the pg.ﬂ of Sy,
equals (p/(I'-gzN"™ Hence, Syt Sp, has the Prﬂf
(p /=2 (p/li—ga)™= (p/(l"tfz))"""i) which is the pg'f
of @ vatigble with the ne{ja*we binowial distiibytion (58)
with n=n+n,.

| Chapter 2, Exefcioe 10 ]

" Felles 114711, Find the distiibotion function of the lewath of.,
LetT (0£T<e) be +he leagth of the coveting afc .

Fi) = PTedd = (5" (0gt L),

(1= 8 2t (st ge).

c® =

E(T)= [Tthtdt = 2o

f Chapter 2, Exercise ]
et X,,..., X, (n22) be..'

R is the maximum of the n-| +esidual vatiables at t=X,,.
R<x if aud owly if all of {hese iy eXPonem‘hal vatisbles

afe less thqu ov eqdal to x, Hence,

P{R& x} = (|- e®)™!
L]
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| Chapter 2, Exercise 2 |

'Let X,.., X, bea sequence of...

Su pose S, 15 the wmoaximum of n mdeF(’mdeer ex}wmem-l'ia’
Vatiables with mean u™!. Then PS, L t= (1=,

New, 5, may be 'decomposed into n syccessive fime inteivals
of lengths s Xicty oo Ky T such +hat {XpVisa 6€+o1fmd€f76nd9n+
expeneutial vatiables and X;' has mean ju . Since ZX; =8,

P?Z Xy&ty = PLS 1) ="U-e™)"

| Chapter 2, Exercise 13 l

'In reliobiiity theoty the failvie tate fynction «(..."

Suppose FI) is continuous and diffesentiable. Trhe Pdobqb:lil»ﬂ of a
failote w (f,t+at), gqiven that no failste has accvtfed before t) equals

Fli+ad) — F(D)
Rit,t+at) = I —F®

Wheie by PR ICTC - 1
T = i ™% T~ F -

Thus, 1dt has the desited iyﬁerfue’(ahovz. £ Flt)= |~ et
(t;())) then cleaily )=

Chalo%ef 1, Exefcise 4 |

et X”XL, ., X, be independent exponeutial vandow Vatiables..’

@g an easy gevedalization of (50, PluinX, Xy, X ) x} = & &4
Tus ;= win (X, Xey Xy Xe) is ex poneutially distsi byted
With patameter Zj*; Mi- Now wHite (571%) qs P{Xfmin(xnxl)}
= M/ + ) G=11). Using the fact that X; and Y ate Mdereudem'
exponen tial \/(Miables)we find hat

ﬂ-

P{Xi = prin (4, Xay o, Xidh = P = win (X3 = My f)’é M ™ i e,

i
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2 Chapter 2, Exercise (5

‘let ><l and \<_ ke ;udepemlew expcw@u{’m( vatiables '

Divect Q-foo(_
Cleatly,

PLEX & fadt X, = minlX, X)) = €4 g¢

i
Hem’e ,

. . VN = ) M R AL
P{X(>t,>\,;= min()\,,)@} = Sfe (44 X/M[d = e ity .
For t=0,

PLX: = min{X, X} = M—‘{Lﬂ‘: (523)
Ths, ‘ _ PIXO B X = min(X X}
P 4= min XY = =50 i )

= o ~{p,+t

= P{min(X,,)(,,_bPL
Prock by use of M(dkw pﬂfc!?e{{'\j

The Mad kev piopeity of the two exponential distiibutions imlol'.es
P{Xf min(X'”)@

min(4,X) >4} = PG = min (X, X))
By this and the formula PLA]BY = PIAYPIBIAY/PIBY,

S e v . _ Plmin(0,X0>1} PX;=mia 0 XminlX >}
P{mm()\, ,)\vL))HXl = ninh (X“X')_)} - P{Xl= win (anp}

= P{ win (X,,\.(,)’t}

whieltis the sawme as

PIX X = min XY = PLmin (X X)> £
.

Genetalization +o wzl mdepwdemﬂ‘ ex powemhql vatiobles is
.-;Haijh%\CM\MMd‘
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| Chapter 2, Exercise /6 |

‘At t=10 a customer (he test customer) places a fequest,.

[a] —Ww depastuie Tate from system, and thus from lme info setice
equas s/u as loug as any cstomes 15 v the waiting line, Hewce
X, X,y Kyyy ate mdeyewdew{— exponeatial vafiables with weaw (s,on

¥+ 3+l ’
[&] E00 = E(X,) = £ EX) = e
E(T)= B0+ g # g+ = 4 =4 (EL 4 £ 4)

P{X=m} = J\_? (m=101,.., 5+,
S

Cn= oyl 254l ) sejt]).

B P=(-2)7.

| Chapter 2, Exercise (7 ]

'Suppese costomeds avie ot instaute T, 7).

Cleatly, Gt = l—G(ﬂ and P(% (0 (=D G ?) for §=1,2,..
Assume QL= |- '”‘ Tt_fvew welmve P(f)* )awd

R = RE-DAGE) = § e Theyy = ape™

itis seen that (515) holds for 4=0 ade_ QUFP“@ 1+ holde
for 1= ;;\) so that P(f) =[Gt" kt] e

P W= ( Pt-9)d G (%) = g* Dae-y1" L N

K| k'
k+
-t e
- %;, - Ay = A7 (7
- b -7Hc
(k1!

We conclude that if GO = | - e™; they {P(H} the Brioson
distiibutien with Pmauwﬁef wr [
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i Chaf;{'ef 2, Exercise 187
'Prove equation (537)' = of Ex.3 of Chap. &

fi_y . The event If>

can occut in two mytually exclusiie ways
M No atiivals in L0,yT, (1) An artival at 7€ [0,t] and no
aftivale in (77 +yl Thus

.
PIToyl = e™ + {he™ir = ey +ate™
Hence,

P{If;y} = | = ™ - yte™,
‘f:>\j :

(tsy)
The e\leVlfIt >

can occut in thiee mutvally exclusive ways:
(7 No atiivals in [0t (2) An artival ab 7e[0,t-y) aud no
gitivals i (75 t1; (3) A ariival of 7elt-y,t] and no arrivals
in (1, T+y]. L/‘hus

toy - t o
P{It>y} = e ey, [ ey,
o t-y

e M+ [N - g 2t] + Ay e My

= ™M 4 ye
Hence,
PLT, 69 = 1= o™ — pye™ (t>y)
The two equations may be combined into

PIT, < yi=1-e™ =2 min bt M.

(5,37)

| Chapter 2, Exercise 19 |

'Let FGyW) be the limiting jeiut distiibofion function ...
The formula

Flxy) = i;”; PIR & x, T,ay)=]—e™—axe™

(0&x4y)
may be deiived fom eq. (7.90) of Chqp'fef 5
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(Chqp. 7, Ex.19)

[a] lim PAT, ¢y} = lim PR, 2y, T2 y)
= [ -e™ —aye™.
(o] !Lm PIR> ) = l;.)n;(l—P{Rkéxﬂ
= =l PAR, £
£t
- 1 =l PR, Tus )

It way be shown that
li PIRp x, Apy) = [ gzy#(z,ﬁpan) d3

whete f(x)\p=d|:(x)\j‘\/dxd§j is the density function.
%-j d: Pfetenhation we find o= ne™. Hence,

L PRox, Aoy} = T A )
= g:")‘ e‘)(%*y)dz

= e-)x e—hy .

11;2 P{AQ \371 = t|ivm PIR>0,Ap>y) = e = gy (5.34)
e PAR ¢ Ay = e ™e™ Loy ]

>0
= Liw: P{Rgx‘: 1‘xm P{/‘\g\fj Loy bie (531]
~ liw (PRI PLAS ).

t o0

Lop — i i | i
el tlxy) = 2'e™ 15 constant on the mtewal (< x4y for any given y
Tavs Ky is unifetmiu disttibvted fhiovahout the coveivg wtenval
< — O} } P
V) -~ L.
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Bhop{-ef 2, Exercise 20 ]

'A bus shultles back and forth. .

6\/\ Eq. (15) the probability that au afbitiafy passengeri
one oaa Ious ioadPop peoplje, eu}alrL PlY= }-ﬁgtf/a ﬁ,e,{;
a= 2 4R Evideatly, Tfj PLY= 4* 1t Bollows H'IM' fof‘awy
distaibutien {P}

gk, )
M= == G=017,.).

The condition, =T forall j, is theiefore equivalent +o
h=T= =f,
R=Th- 58

‘?:TE

1
i

pfe- el =~

<O

of

=0
I

e

<0

=)

P
i

R s
=

<7

<

ax,

As Zw P =1, we myst have %= (= a—?)—'= e The
infetedce e

F=T G=0h1.) & B=dre™ (g2,

L Chgpter 2, Exercise 21 ]

[ra ; !
Su'ppot—;e/ cuStoiness atiije according fo g Raisson process .

[a] Bj the theotew, of lotal P{mbqb‘f'{\j ?or =01,

ey

PUM = 3 = § PUM=jIX= £ ) = 700" )
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(ChaP. 1, Ex 1l a)

We need the conditional means
EMMIX) = A X,
E(MIX) = VIMIX) + ET(M]X) = 23X+ 0*
Uy,comdijr:omimg; we dedive
EM)= E(EMMPO) = EGX) = AEX) = a7
E(MY= E(E(M*PX) = EOX+0XT = AE(X) + 2™ E(X*)

= A + W (6™ 7%,

V(M)= E(MY) - EXM) = ar + XF6”

(5] dPEX st M=) = 20 ),
o PIX¢ t, M= ﬁ ] (7\H —).’c
d PXet|M=gh= S5y = ay @ dHE),

E XM=y = S:th{X“r\ =3

! at) -t
ST ﬁ S o e dH(f)

4 (ﬂ’ -

[

B‘j patt (@) thew,

[S] "1" — We assome that PIM= 3= 52" (01,
g‘j pot + (b) )

_ g+ PiM=j+l)
EXXIM=p) - &= 55 5

- a5 )
= = ENX)
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(Chap 2, Ex. 2 <)
Only if" ~ We assume. that _E(X]Mj\): EX)=r (=01,

B\j part (b)),
JLPMR 2 PIMeYy L PMeg
2 PiM=0} ~ 2 PiM=|} T PAM=j-1%

H@VICQ P{M— ’l {M ; I} uTﬁP{M 0} Fofg)f U{' '.hnﬁ
ZN P{M =1 Wef.wd PiM=0} = e "”' Thos |

PIM=;} = 20" oo (3:0,,,,..).

[d] Let t meet dhe condition 0<HB<T Then

G PIXEEM=g £ i)
$tiM=33= =
P{X IM 4. PiM=i} S:m” X Hx) fo xl e XdH(x)

Now define

Aq‘ = fatxje‘”‘dH(x); B,-= Cxie"“dﬂ(x).
Thys,

) A;
P{X¢t[M=4) - W G=0),..).
Ager= 5, X&) £ (T3 N0 = 1A,

By = §:°x'°*' S H(x) > 5:1‘ x}e™JH(x) = tB;

Cleaﬂuj)

Heuce, Al /A; &t < B, /B, whereby Aj/A; < B /By
Thus, B *'>(A3+’/A)83) Soha‘f'

- + A'+ A1 .

PIXet|M= 341y = wg 5, Aéﬂ;j‘“ VB AeE; PIXstM=3
This ploves that forall + such that 0 < HEH < l

PIXEtIM=1+ < PIX<t[M=13  G=01,.). o

The vatioble X, given M=é ) 5+odras4;caﬂ5 domingtes X, given M=3
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(Chap. 2, Ex. 21 4)

I+ temams to be shown that the stochastic dowtnance 1wi-
phae a Inif:]he{‘ mean. A s.‘mf(e Pdao{: is this:

E(XIM=j¢D) = §01= P(X £t]M=j +i¥] o

> (7T1- PX<tM=j}]at Lby 0]
0
= E(XIM=p (= 0,1,...).

We have vsed the fact Hhgt the mean of a poune

gative Vatiable
with distubytion function FE)Y = PIXLtY 16 given by 4he Fomuld

EX = f"taFt) = [:[I—F(ﬂ]d{') which may be " pioved b?} inte -
afq%iow bj paﬂs,

[e] HO=1-e Given expovential ‘sesvice time", the process iay
be Viewed as aun expovewhial vace, repeated vukii the m-vatioble wins.
By (5.15), the winiug probabilities ate a/atm) and u/Grem) 1espectively,
for the - and u-vatiable. We dedyce 4hat in this case

PIM=3} = (5220 +

MMl Atp (j=0[,...).

Ht)= |- e Insettiug the above expiession {or PM=3} into
the formula in patt (b) W< eqstiv detive E(X|M=j)=(g+l)/(z+/u).

.A}JremaiwelP L if M=y, then the :?'seﬁ/ice time" X 16 composed of
i+ wetvols fesulting from ex Poneu%;ql faces, 6\5 Ex.I5 these
inteqVols ate independent,"exponeutial Vatiables with mean'l/tyim). foved !

| Chapter 1, Exercise 12 |

! i H g [
Customers fequest setyice from a group of & servefs ...

@ P - 2

‘>\+s,u '

o] PIN= 1= (5250 5%,
P

_ SM_, _fs-lm D
A+sm A+ (s-DM
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LChapfer 2, Exetcise 23 | .

'Conttnvation of Exércise 5.

In Exercise 5 1t was shown that . |
"If proceduses. (@) and () ate equivalent, then gIgly)= (520" 09

Using (%) we shall }PTO.\J@ Jrha_(":_ T

D has a Pisson i

"Brocedyies ((ﬁ and (b) aqe equ:u‘afewf':n,a and QV‘zlj if
byt T

NV =),

wk?T

. bex)

18" We assume that N, 6=12) has o Picson distsibifion with wean'a.
%)

focedute (@), the couteats of the cells will be T=N, aud K:ATL,

tesgectively, and so Tand K ate independent. Poigeon Vatiables -
TW'Fi'lT"?LL?T&ﬂ675 o g)gp;gced‘u,[@‘(b);. ZNI&‘ NZ E Pofseonvaﬁable’,
With wead” 2as “The dedom ‘b"s.‘ir}‘bﬁ’p?o?ef@ ¥, e Prﬁséd“b‘j (BHe);

cipliea Fhat T and K will ‘be indep endent™ Poisson Nadiables

with meains” 70 =& Hence, piocedyies"(a) aiid (b) dte equ‘.‘uale;&;

"Ounly 1€ Ve ashuime +hat prateduiés @and () ate equivaleat

ij ()

| (X q(y) = q*(ZF) | -

f W gy @
T’/rémlolesﬂ(07>0 Nonuf |
9(2)= ulz)g© | @)

Inseiting ) info (@) yields
AT (x).dl(-‘fg) = '.U,(x‘-!:j.)._” RS S )

Sinee ¢(2) is ncreasing in i a¢ is u(z), by B Eq. (1) 5 -
idenlical +o £q.6B.20). i+ Lollows thakthe only incieasiing”
function v sabisfying the Cunctional e‘b{uai.‘on M ie of h -
Forwm sr oo v
. T )= 69F Tavp) u
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(Chap, 2. Ex 13)

Thus) by (),
g(m = e*4(0) (5)
But 9(17-‘-!) so by (5) |= eQ9(07) Whence 9(07=e"“ Thus

-all-2)

g,('z)= e (a>0). (&)

This is fecognized as +he p. £ of o Prisson vatigble with mean a.
Tave Ny 0=11) has o Prisdon distiibution.

| Chapter 2, Exercise 2 |

"Consider the single- setver guede with ay unbimited nymber.. '

[o] Fivst nultiply equation i (FO,I,.,.) of ea]uaJr:on System
M) by at:

T, 2’ = p2° TS +(p, T, 2
T = pa' Ty + (g +pT) 7
Ty = = szm—”-: +(péﬂ?+ F’.YTZ*+ p[lT,*)zrl

Add:ng all +hese equahous 1o sy is i

g(2) = hD T+ &' (p,+ 2 + pate ) 5 T2

=/

= @)W, + 27 hiz) Lg) - T, ]

Hemc&) )
_ (m=1) hiz *
gl2) = == T, )
] i = 5 pat = £ (09 e anm) et
- B (Pant b 2 (2 aznty A%
jzzo ga e d H(E) (o(jZ:a i eV HG3)
':ce-u_M)EdH(ﬂ - /}7(7‘_)\2).
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(‘Qha!o. 2 Ex b

Substitution of hiz)= NGz nte () gields

_ @-Nmh-xz)
9(Z)h z — n(x-22) Tfa* 1)
By the application of "Hospital's Tule 40 Eq. (9,
, AleDhe)]
=i = iz N
310 = lim (22 sz —hn],, "0
G-+ 'h(z)f.z:‘ *
) | = He, T
- 0 x o Tf
T [=h() -
Clead|
b g =1 5
Hence,

TF= 1= pih)

Now, w()= Zip s the wean number of atfivale dU(iM3-
a setvice time, which iy Exeicise La  was showu 4o be
equal fo a7 Thatis, h() =2 For AT =0 <[ thew,

Ty =1-0. ®)
Thus Eq. ) becomes

(2-1) m (r=22)
2= N(A-22)

g(z) = (I-e) (o<, (7

[d] By (15), E(N*‘)=g’(l)..’D;?fefewjr;ajr:ou of () with Tfo*
feplaced by 1-p, gives

Al
2) = 57— (I-p)
Whede 3 O
Al2) = hiw) - 1) —z(f-z?h'(z)}
and

Bl = (2-nl)™
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( Chap. 2, Ex. 24 d)

Sinee h(D =1, AlD=0and B() =0, Thus, evaluation of 4l)) te -
quites the awhcahon of L' Hospitals rule. Diffeeutiotion yields

Al2) = 22 ke) = 2h@ @ — 2(1-D W),
Bl = 2(2-h@) (- nw).
As A'N=0 and B (D=0 we differentiate once mote ;
A'(z) = 2@ U= WE) +Ma-] - 2D h"@ - 2(-2) h"k),
BUz) = 21— @) — 2(z2-h) h{(=).
A"(2) and B (@) have o be evgluated ot 2= 1. We alteady know Hhat
hiD=1 and h'(N= - In otder 4o fiud h”()), vecall +hq+ b aH' )
h(z)=m - M) Hemce Wz = - am (-r2) and h”(z) » (a Az,
7_HU5 h(’) 17”(0) j defavl:-ffam ’)7(5) ( e-" dH(}) genco,
N6 = 7D e d M) “and w(e) = =P GH) . Thos 770 =
fo YUHGES = 0%+ 7% It follous +ha+ W1y = Y+ 72, 83 these TQSUH’S
A= 2000 + A*(6*+ 77,
B (N = 2(l—¢)7‘
gj H—}osf? ihal's tule, 9( g,,{:)) (- 97 Heuce

- - o-(| + (o) .
t(N*)‘ -+ —W— (8)

@ Let H})=]-e™ 3 Then y](s) ﬁesdHf)—ﬂe >Ae dZ’,u/(//ﬁs).
Thue M(A-az) = /vl/(/«,H-h -33) and, by (1),

(z- I)M/(Mﬂ -az) (- ~> (2-Nu ({_?)

( =
3t2) % — M/ m+a-az) (2= ~A2)

]

- - - i—o) otz Co=nr=

(=) /l=p2) ;‘;0(1 o Lo =ar=Au]

HGV\CQ) N | 3

T = U=t (=) @)
]
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| Chapter 2, Exercise 25

'Au operakions tesearch connsylbqut ..

N 0 C,OWIWIC(/L"”A

, Chapter 2, Exercise 26 ,

‘n the wodel of Exercise 15, let X be the meiqing dime ...

In +he model of Exeqcise 15 the (a priot) intetattival 4imes
U Uy ate tiid. expouential vadiables with mean &', and
the fequited acceletation fines Vi, \o, . ade iid. exponeutial
vatiables witlt mean i As a consequence | the merging Hime

X_=' UtUg+ o U+ Yy, is expouentially distiboted with wean

ptand does not depend on on (see pmced;n_g xges of lbock).
I the wmodel of this exescise, it will "be assomed that

Vi=Ny= =V, whete Vis an exponential vatiable with mean

p". lnthis case 4he mean and the vatiance of X afie a

function of . Both mean and vatiance ade gieater {haw
w 4he model of Exevcise 15 for identical « and p.
[a] LetV equai the coustaut ¢ Then
X =c + g U[, (N
wWheie each of the ebsewed UL\S (i= l)_,"n—‘/) has +he cond;tional
distribution of U, given ULc. Since these Ups ate iid.
Jatiables and mdepemdm{' of n-I,
E(IN=c) = ¢ + EGu-NE(U[ULe). - (2)
Now, n-l has the geometsic distfibytion with pafametes

= ProolU>ci= e Hence En-N=U-p)/p = e -],
Lubstitution wte (1) \Jields {he desifed expiess ton

EQX|V=c) = ¢ + (*NEW|Ue o), @)




(Chap 2, Ex 26b)

]

(o] Fiisot we detesmine EWULe). by a&;sum?%icn) U io
expomew%;a{(g aistiibuted with wean 27'\")2@‘ Frob{Ucul=1- ey
He"f.co,y Rz PebiUeulUscy= (I-e™) Al-e%9) , and the
dewsity function of U, given UL e, is fl)=d R /o =ae /() - %)

lor 0¢ v ¢ ¢ Con sequeuH\j)

. € | S s, Uraa) e
E(UIU&e) = Sﬂuﬂ(u)du T ﬁow«e v = ,_'e-m(f - 0)

x
Hence,
EQUUse)= 5 - 55 "
Subshitubion of Equakiow ) tnto Equatiou (%) resulks 1
E(XIV=0)- £=L R

We new assume that Ve exgoneatially disteibuted with
mean ! Uncomd:howiwﬁ on N we find

EOO = FEXV=c)peae = £ (e, - [e™de),
bg which
=T when :
E(X)_{ oo \Nh€: M. (6)

For the puipese of calculahwg VX we shall e ploy

the decovm{)osif':on otmu la
VOO = E(VV=c)) + VL(E(X]N=0), o

which gives VXY as-the sum of the mean of +he couditiond
vatiance | given V) aud the vatiance of the conditional mean,
given \. C[’ea{hj,
VX =) = (et & )_\/(”v", )
‘\‘I(\ i\J -Q,J = \/\Qr:_j/ JL. = Vi< JL
= (-3
-7 i Lo H " ~{
he chistibudion of T U; s
~ ; N | ' / r . . ;o g
Sivce the toimolas 1w pait (b)) of Exercice H alse heid
Al A , R oy - e = B
nondticcd €42 yatia ples (e Q&qa})h, EX5) we have

{ N H i !
Ur s & ovit peving Aisttibution,
a
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NOXV=¢) = EG-DVW[ULe) +Vin-DEXUJUL ) (8)

By paﬂ’ (@), n-1 is 3eome+1ioalig distiibuted with pafaueter p=e
Hence, E(n-1)=e*-1 and V~17= (l-@/F}: *(e*-1). E(U|VLe)
s given by !:—o[. ). Only NWU£e) vemains to be caleuigred.

Following the deue[o}omem*im pait (b) we find

VUL = EQWHUL ) ~EXU|UL )

SN

< (SO - (4 - )

_ ot Qe +D) W © _(L e >l
(- o) ® e/
Hence,
.leuc
VUV ¢e) = # - Ce;c—_,)z A Q)

Substiduhicy of he vq{;oué expiessions into (8) gives

V(X IN=0) = @05 ~ &) + () (&~ &7,

e*<]
that veduces 4o

V(X|V=¢)= &'—1 2™~ Loce™-1). (lo)

Assuming +hat \is exPowemLiaHﬂ distributed with wiean !

we have

ELVOX V=) = f5 VX N=0)p e

e [- YA
N e A -pe
= SD x2 /5 e f de
= o i -((s-'loﬂc - * ~(p-oe, %0 —pe
q\l(gge de ’Zo&foc e de Sae : JC)

|£ Pt 2%, then E (NN =0) = oo, H»’, on the othes hand, > 24 then

ENOXNV=0) = & (71—l 28 ooy - )
Y e E—— S
&t p=2W o (pewt P
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(Chap 7-) Ex, 26 ¢ (contd))

Hence |
5 h > 2
=N ={ EIDE-2 When )
E.NXN=c) { o when 1€ 1 Q

Sl vnder agsvmplion of an eﬁpon@wha“g distibuted V
with wmean T we detive the second term op the ‘fifj!/l’r-hawd
side of (7).

Vel EXN=e)= J; (E0V=0) - ECX) pee

(e PN ‘
- So< ® T E-4 {’se’“dc Eb3(5)&(s)]

o
- %So (e-((;-Za)c_Ze_((x,-a)c+ e—ﬂc)dc

®
2p R, ~) ¢ _
EYrery So(e OO 7P g

B
Kﬁ,-—o\)L

IF pg2a, then VE(X|V=c) = 0. Otheryise

VC(E(XIV=C))=%_(ﬁ_'zd—-ﬂ—%m.,._'_) 2 ('/s’Tx",TL')‘* ]

e e,

B alp-a) (p-a®-
Hence,
CoaToT whe >2
s -~ - 2 n
V(E(X|V=cl = { (Pm2d(p-w PZE0 )
oo when %24,

By adding Equations () and () according to the
decomloosmow formula Es. 7, we frinal] obtain, for the
case of expomevzhallg distiibdted chataCtlerishe gaps

ptla |
V(X) ={ mozx (p-or  when > 0q

00 wWhen p 42« (3

L




