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i Chapter 3 Exercise |

1/ — . ;
A Single - server gueveing Sys—:‘rem‘.'

[a] %j Eguation (1),

I VLR Y R R /%)y SRS
%‘I_,q’_k%‘lM"M;u./mn] “L]+KZ=[ k! = e .

and for 3= 11,

No N AL s oMt 3z
- oM i-t = W/M) it
Pi Ty 7 S T

(Hry

P-BF e (=g,
By Equatien (16), for j=0,, ..., .
- P/ 0 f e 2/ a onfar G e

M R T e T 8 g T © 3= 0nF ar _ T

, k=0 ¥
Hence N 4—)7-)'"'

TTJ.=U—e Pi*l (3=C’,l, )

As s=1, by (19) he cartied lead is
L N

Obviously, the mean atfival fate is =7, B, 5o

— aid oMt ~ Y
B e

It follows that the offered load 15 w=3r = 1-€™ aud a= 0’

(b] Heve +he attival vake is2, but the eflectve attival rete
— cencefning afTivals effecting a cliduge of state - in state }
o ap= AL 3/ = 0G0, Also, a=” Thos, +he gueveing
{ AT » ) ) -
syotem can be moaeled as a bitth-aud-death precess with the
suine parametess «s the nadel of pait () . CouseqUemHﬂ)
LBy is oot patt (. Foithefinole, since the atfival process
is Feiston TTf ﬁ We, cenclude that

)




(Chap. 3, Ex. 1 b

As in PO“"FJ'” al,

2w |

However, the offeted logd is
o = Hr

Leﬁ“iyw@ Pdevote the f)'l(}habilihj that au u(b.‘fh){\_i atrival
does noi’ feceive i)(_‘;{\/ui.e,;

0 . o) . o0 ol
I I AT » I ! o't
P = 3150:}4 TH = %7()” g*,)h = | “5{'}3:.0 (et @
;
L lme™ 4 e
- Y a7

@ As 1n the models of [{,’qu(S (@) aud (b, )\1/,44‘,, : )\/[(an)p],
5o the state disttivution 181 16 the Swme i hose cases
Fuﬁh&fvm«:nf@/} since the witival Fﬂ)(ec,f) R “;,'.‘,wf)ﬂh) —‘T;Pi
Hence

T, - f

)
}

Alse as iy podte (@) aud (L5, the cartied {ogd 1o

Tne it -and -degth piscess Will not be al'fected by [)leé’u‘l’llifﬂ
Lounpied with aeqvice n Aeveise etder of affival, [y this tase | a

.}
I 4

OGRS = tate 3 will be senied al rafe My wWhew i
SR ’ e, wiich s et aftected b? [ie-
all mean setdien e eglals

1 T : )J” t A
A M Mo A1)
= My RV AT
5‘}’“‘)/‘“‘ I EE—U' ¥ "y (1 b I e g
[P 0 bereboves  wo= oA [ e "7 Hence,
= _—

||
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[Chap%ef 3, Exercise 2

‘Cystemers offive ata two-chait shoe-shine stand. '

[a] n=10, u=10, s=1, k=|

The corresponding bitth-and-death mode!l has : 2= A== lo,
2= 05 pM=0, M= phy= pa= 10, 83 o,

- g, Moyl =2 - MMy
R (I+N,+/”|/“L) \ [? /‘4[%1 A /“‘1/“2%'
Hence,

(B,RB)= (45,9

[b] The mean aumber of customers served per hoyr is

7N 5/”1?4'/“1@: I,_g + 5 = 6,07

A=10, M=10, s=2, k=0

The coﬁeepondmg bitth-and-death medel has : A== A= 10,
=05 me=0, pm, =/u|=10) /AL=2/M= 20. Appljinﬁ the aboove foimulas

we find
(PO)F?I FZ)'“' (lio,—l%l!i)

and
a = 800

L Chapter 3, Exercice 3 |

'Derive (3.5) from the definition (19) and the probabilities (33)'

v )0k X2 oYk

i:l
DI INY S /ey
= ,, =Zi=0 *74 — /s, -
- Q P QK/K.’ - a[’ Z\fﬂ)\lk/k.']' Lo )/‘/‘4]

k=0
B LGH)) then
’ a’= all-Blsa)] (%5) ]
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I Chap{-er 3, Exeicisce 4 I

'Consider an Eflang loss system with 10 servets.'

The solution tequiies the evaluation of Blsa). Figures
A-l and A-2 oFApremdax A peovide the answers. Altelnatively
one cov vse atable of the cumulative Fhisson disttibution,

Since
EY

(s,0) = =o
Blse) Tt
and both numeiator and denontivator may be fead off of easily
calculated Prowm a table with cumvulative Foisson probabilifies.
\Ne Fmd

—~ _ Ooloy

Land B((O)H,o) =0.0053.), Acccrfdiiaﬁly we accep{' a=H45 as an
appmxiwa*a solution of BI0,a) =00/ We also find

Blib, a0V =000, BU749.0)=0005¢

Thus) a dou biimj of the offeied load does ot wecess:fa% a dovbling
of e numiber of sefveds, Lrom 10 40 20,in ofder to pfeveut sef-
Jice dec\’fadahow. Only T seqvers need be added +o the systew.

[ Chapter 3, Exetcise 5 i

'An_entte preneur offeqs seviices ..’

The offesed load is a=ar=4xI=40. The hotly ptofitatopeiating
cest ¢ equalﬁ H(s-)c‘.):?\[l-g(s,u)] 75-s¢c = IOEI-B(S,‘M)]‘SC. Hencef)

5 | 2 % H >y o 7 8 q o
Ble no)| Boo | 615 | 45T | %l | 189 | .ii7 {.06% | .0% |.01% |.005
His Loyl 1.oo | 1.85 | 244 | 2.84 | 2.0/ | 2.8% { 1.%7 | .70 {087 |-0.05

Thus, at c =10, the optimal number oF serveds is 5, and the cortespenting
pickit 1ake equals 3.0l The bieak-evea point for ciac,=20: with o= |
the enteepreneut will just break eiew with &> hewll] lose ]
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| Chapter 3 Fxercise 6 i
'Show that Blsa) = a Bls-1,a)/ [ s + 0 Bls-l,a)] '

By 31, for sz 1,

B(sa) = _ ol _a Qe S oo/
) Z:,oak/k! S Z;;loak/k.' Z:=aak/k,’

= = Bls-1a)[I- B(s,a)])

whete B(0,0)= 1. Soliing for Blon) we derive

_ a Bs-],a)
Blsa = B (smht).

‘ C}qqp%ef 3 Exercise 7 ]

'Considef an Exlang (055 system with tetrials.’

No comment.

| Chapter 3 Exercise d |

'Consider an equilibtivm s-server Elang loss system ...

in the Eflang loss system the eveut {next arfival is blocked }
will sccot if aud ouly if (@) the observer finds all sefvers

busy, and (b) next arvival occuts before pext setvice
comp?e)rion. Obviousl ) event (@) has pwbqb.‘!;@} B(s,o) (j £=T.).
Given (@), event (b)) has Pvfobqbi[&j h/(?«+5,m, by [—_q, (5.13)
of Chapter 1, as time to next attival and 4ime 4o next

sevvice completion aie inde pendeat expoviential vatiables
with patemetess A and su, deepecmely. Hence

p= Bls,a) 7‘3—‘;'/4 = ‘;j—s‘ 6(5,0,7.

The feason p is ot equal to Blsa), as ene miﬁlﬁ’nqi\,’e[j
ik, 1o that est atvival"io net an afbittaly artivad.

L]
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Lchap+e-r 3, Exercise 9 ]

"The Etlang loss system as a semi-Markov process .

We consider the s-server Etlang loss system with exponential
setvice times, and let 2=q1tival Tobe and M= setvice Tate,

[a] Clearly,

0 (li-41#1),
Py = A0 (0&iss-1, FeD @
¢ i/A/()ﬂ.,u) (/S._iﬁ.s-l, j=i-f),
{ lizg, j=s-.

(] Cleatly,

m; = { /i) (080 s-D), o

1/ (i=3).

Substidution of Eq (0 m{'ovK. (3) yields

AR ol (o>1),

P = z+?z—l’).,«7 R+ %R:; (S)Q'léiésml
P st IR o7,

P = e B

By fecuteive solution we obtain

{%‘i‘ Q" pr (040 ¢sal),

P = O e
i (%fn—, A (i=9)
Now, by (7aud (8),
W Gsise W

lnserting this expfession info Eq.(5), with k=5, wederive Fg. (33):
YAy .
T e T Ohe) O
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[ Chaopter 3, Exercise /07

'"Twe independent Roisson streams of tratfic ...’

Let the high priotity stream patameters be X and 7, whese
=20 and T =02, and let the hw ptiotity stream patameters
be x, and 7;. The two service time distiibutions may be. general,
For 5=10, the aveage overhbw 1ate of high prioity customers
i5 Kuowu 4o be 7 =2 We wish +o determine Q= N7

The pfimary group setves two independent stieams of
foisson traffic "o o BCC basis. Thesefoie, as afqued in the text
the paimaty systewm is an Erlang loos systens with artiyal
Tate X=2 %2, and a mixed setvice Hime “distfi bubion widh
the mean 7= /N7 + Oy/N 7. The total offosed load
IS5 0= AT =T+ 0 = 20502 + 2,7, = Y+a,. The percentage oves-
flow of hiah pliodity customess cleatly is X,/2=1/20% o.10.
The same’ peicentage will overflow #siy each steam atiivin
at the p1imaty 100p, 50 Blsa)=00. That ie, Bllo a)=0./(7c.}
Solving by vse of ihe 1aph i Appewd;x A-(_v_vel)md a=75
(Bl0,75)="00995). Hewce, ‘a,= a- a,= 75-40. Thys,

OZ = 35'

(2] Denote bﬂz My, o and a% the new valves of Ay, @y and a.
We have X = 22, Heuce, al= 572 = 12,7 = 29,= 7, whereby
a* =g +ay =4+7 =l |t follows 4hat the new oveiPlow tate
Cavefage) of h‘ﬂt’ plictity costomers will be

K= N Bls,a*) = 20 B(10,1) = 20<0260 = 52

The ﬁad’or of incTease is

*

s _
- 2.0 = Z,Q

>/|L>’

Itis not permssible 4o desigin 4he backup gfovp by use-
of Etlana's loss formula which “assumes Bisbon +aflro.
The overflow traffic is not Bisson. ?Heﬁa{din_g this fact
will {ead Ho underestimation of the loss on Hhe back up
giovp, oue would think.
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LChap%er 3, Exercise |l

'Prove equation (3.12)'
For all +>0,
0 & t0I-HmT = {tdHod £ (TxdHoo

NOW) -1 szdH(X)<°° WVIPheS |im (‘:XdH(X)=0 Heb‘lce)
taking limits we obtain e

0 ¢ lin £01-H®T ¢l §xd W0 = 0.

Thus,
i £L1=H(®O] = 0. (5.19)

LC hapter3 Exercise 12 ]
'Blocked customess held.

[a] Each customer stays in the system (queuusemce)
Por a time T that follows +he S0)ouin Hime distibution HKX.
Thus the queveing systewn may be modeled as an nfinite seiver

veve whete the ojcutn fime Jo interpieted as a sefvice 4ime.
It follows 4hat {ijﬂ} is dhe Risson distribution

Datp@l® 5
By = == Y (=10 6D

With ¢
p)= 1 - KW + | F dHe, (39)

whede now HGO is the sojoutn 4ime disttibution fonckion.

[b] Assume that T has the exponential distribution with
mean u' Customers may defect before teaching {he eeiver.
For a customer who does™ enter sedvice, the ~vewmainiv
sojoutn time- (= sewvice time) will, by the Matkov piopexty,
alse be exponeutially distributed with wean u™
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(Chap. 3, Ex. 12¢)

As in park (b), let T follew the exponential disteiboton
Let & dewcte lhe meau aefection tate (From queve).
ln otate 1>s the defection rate is (j-9)u. Hence

5= jgsr/(j_s)/w E :

Bj ("3,8)) i
omt 2
Piz i! e’ (4"0)/)2'...).

M s both mean soj00Th time and meqn seivice Lme
(in the notmal sense) so a=A/m is the offered load. Thus

=L s5® g, e
)\ E‘)+'(; :)/\/l ;. e

g =

That is, »
9 = P(g,’a) - %P(S"‘l,a).

For vnit dime ali-q1 (=2-8) will enter service. The mean
sefvice time equals u™'. It follows that the cartied load
equu\s a’= ALI-q1p" = all-q]. Thus,. g=1- /e,

L Chapter 3, Exercise 137

'Suppose that a company with o piivate felephone network...'

Let s = number of flat rate trunks, s,= number of measyied
tate t1ynks. Assuame an ordered huat sich thata call will be
cattied by a flat vate truk whenever possible. EvidenHy,
this policy will winimze the felevant costs. The priotity
withtn e two classes of f1uuke jo imwmatesiol,

The aqesociated houﬂj cost is

Hs,s,) = s + 303" B,

3=S'+I
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(Chap. 3, Ex. 13)

whefe i
7 = a[BG-,0) - B0, (3.18)

with a=12 eflangs.
£ Bt>305, let y*=0. IF < 305, let ;* be the maimal
4 such that WL30E "~ By B.I8), 5, = 2(0.6667~0.4000) = 0.53%%
and ,= 2(04000 —0.2105)= 03790, Hence, 14< 305, = 16,00,
but 14> 30p,=1L37 As B > P>, obviossly %= 2.
Consideting e cost bunction tHs,s,) dnd the +elations
¥ sy > . .’
Pih s = min(j%s) 60

is the optimal number of flat Tate trunke out of a total of
s (=¢,+59) trunks.

It is o fequitement that Bls +s,2)£0.02, We have BE2=00%7
ond B(6) = 0.012], and sinee the cost stiuctuie does pot ex-
plicitly account for blocking costs, s+s,= b 15 the optiimal
nmber of trunks. Heuce "by (),

g = min (1,61 = 2
is the optimal number of trunks, and the assecioted cost

5

H2H) = oL+ 30 (Fy e By B+ 7))

28 + 30a[B(20) - Blow] Cby (48]

[

18 +60(0.H000—0.0121)
51.97.

Given s+s,= b, the ditect approach is 1o calulate His,6-s)
(= Ms, + 60 (B(s, 1)~ B6,200) for 5=0,1,..,6. The Tesyit is:

s, 0 ] 2 3 Y 5 6
H(e,, 6-3) | 59.27 | 53.28 | 51.27 1 53.40 | 60.99 | 7148 | 84.00

Again, =1,
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L Chapter 3, Exercise I4 ]

'Prove that in an Exlang loss system with ordered hunt..'

Suppose thefe afe o servets. Consider au af bitraty customer;
devote b Ay the eveut dhaton av1ival he finds the Fivst ;

sedveds busy and let E, denote the eveut that the cystomer
Will be seved by seiver i, meauing that the First -| seqvers
ate busy, wheveas setvef i is fiee. Ob\liouelg)AjCAé_‘

amd E = Ad_, e A,<l H’CVICQ, P{E;‘J = P{Ai"} - P{AQE (J=f,....,5).
With o}{deied hudt the 1(’&15{-.3- sefvers, j<s, Lunction as
an Erlang loss system, so P{A;}= B(j,a). Thus,

P{E@7)= B(rl,a)‘ B30 (=158

B\j (%.8), -
£ B(ﬁ—l,o)— B0 (g=1,..,9)
It follows 4hat I
P{E;} = —ZL (3 =l..,8).

[ Chapter 3 Exercise 15 |

' Prove that the vatiance v of the Exlang loss distibution...

We shall demonstiake that e vatiauce o f the state vatlable
T with distiibution

=iy =t = Q}/’ H-
P{I-43-F Z—_—}_,fzoak/k.' (j=0,..,9) (33)

may be expfessed as N(J)=v = o’(I- ).

First we prove the forwmula in +he eimple case 5=1.
By (3.9),

E(T)= Z;{=0 ,&a =a'= g—a B(I,o).
T is a ze1w-one vafioble , so that E(T?) = E(@). Heuce
E(TH = a ~aB(,a).



(ChQ?. 3 Ex IB)

Hen Ce)
V(D) =E@» — EXT) = o [1-BU,1(1 -all - BU,)).
8\5 (35), a’=all-Blha)], and by (.18), B =all-Bo]. Thus
N{TV=v =a(-3)  (s=1.

Now consider dhe cagse 522 To beqin, we exptess the
vationce N(J) v terwms of 5, 0 and “Blea):

E(M=-XZ7 48 =a" - a -aBlsa. Lby (35)]
s s at S VG
BTN =200 408 = 200408 = 5%
. s
= o1 -0+%) =& 5! )= a*—a*Bls@ ~as Bls .

)0 at/j!

E(IM=E3T-M+E@)= a* - a*Bls @ -asBis) +a-aBia).

EXNT) = (a—a E’J(s,a))7'= at - Lo Blsw) + a”-BZ(s,o).
Hence,

N(T) = E@H-E*T)= a-aBla)~asBlsp) +a*Bls,a) - atBYs0),
which can be vewdiften
()= al1-Bleal(l - 2525 + aBis,0).

¢ dhe equajrion of Exercise b ig colved wit Ble-la) we find

Bl | B
l_m aBls ).

Thus, .
V(D= all-B0] (|- alBle-,0 - Blsl).
Finally , veing Equotions (35) aud (318) we obtain

V(T =v=0a"(I-B) (s2 1.
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| Chapter3 Exercise lo

'a. Show that, for every integer s>a, Clsa)=..,'

lzl A tewTiting of (4.8) gives

&

s af
o £y
Clo,@) = ——=7%2—— (s>a).
k=0 K7 T S-a !

Dividing numetator and denomingtor by 37 a¥k! and
introdu cing Blo=(a%s))/ I o a"k! we easily detive

_ s Blsa) v
Choa= e (79 0

[o] Another TewTiting of (18) gives

a aS-I

Cls,a)= S (s>a)
i -1 oX, a _a*-! '
Zk=0 kit e-a (s-D!

Dividing nomerator and denowinator by 12l %! and
intfoducing Bls-l,e)= (Qs"/(s-J)!)/Z;;éa"/k! we cbHain
!
C(S)Q)T_ | + (s—a)[aBls-h)] (e>0). (2)

%j w, for o-1>a, thatis, for s>a+l,

) _ (s-0 Blg-1,a)
Clo-ha)= (-1~ a (i -Bls-1,2) (s>a+h)

Solying for B(s-1,a) leads to

: _ (s-1-a) C(s-],a)
Bls-1,0) = et ) (s>at)).

lnaeition of the above expression wto (L) qesylds in

Clsa) = : (s>a+l) (3

[ —Q)C(‘.‘:—l)(l)

[l
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I Chapter 3, Exercise 17 l

'Review and teconsider Exefcises 4and 5 of Chapter |’

The equilibtigm state probabiiities {77} derived for the delay
system in Exetcise 4 oand Por“the loss-delay oyotbm
iv. Exetfcise 5 hold fov Prisson atrivals and esponential
sefvice times. This may be proved Tigotously by modeling fhe
systems as bitth-and-death processes, and theu O,WI o E‘?‘ an.
For the loss—d’efag systen of Exercise S:znf Chapter /
let o= number of setvérs, n = Waiting voomr oize , A= arrival 1ate,
M= service wate, offesed load a=n/u. It was found et

ot
o_) o0 (G =1%,.y8-0, ”
Siske §i=5s,.,8+n),
wheie P =(Z3pa%k! + a5 /e ), or
s-1 K s ' _ (i n+l _
R=(E, %+ €=
K=0 ' S

Penote by 7, R, R, the equilibliom piobabilities of being lost
(denied eetvice), having fo wait in queve, and qjc#:ng sevved
wmmediately. Note, TTf P}', since the atdival processis ~Poisson.

Heuce,

E_ =Trs+n= F;n’
Qm TR, SR g,
R=T%Ty=Zi0hR
SRUEN B <13
RN" a?s’ ll:%sa))n s nzb,
k- Zf___’; '%3" 0)

With Po gi\len bg (36 %) . D
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L Chapter 3, Exercise I8 ]

'ls the analysis leading to (.11) valid for..."

The answef is no. The feason is that the mean idle period,
which ie the mean Tesidyal interattival fime ot the end of

the busy petiod, is not, in genedal, equal +o the mean intes-

avfival 4ime 27 a5 in the case of Foissom avvivals
)

i.e. exponentially distributed interatrival +imes,

Cha +ef}?>, Exercise 19
p

‘Consider again the premice of Exescise 1% Now, however,...'

The subject is an Erlang delay system with s=4 trgnks
and a= 2. Let s,= number of flat-rate truuks, and [et
S-s, = H-5= number of measuted-rate trunks. s, must
be set to mnimize the ofdeied hunt houtly cost, assuming
that Flat-rate tronks have priofity,

Hs) = Mg, + 50 5

,jas,-}' Pj) (*)

Wheie o = ﬂ['_?C(s""ﬂ*?C(S,a}» (M.16)
d

" p; = alBl-,0) - B(j,0)]. (3.i8)

Hete, 0=a/s =05, and Clsa)=C{H2)=01739 accofding to
tables of the Exrlang delay fotmula (48), cee A%, Appéudix A

By is detesmined using tobles of the Eflqng losg. Fotmula 3i)
we find

b ! 2 3 4
B; | .6667].5%34 | .5790 | .2%06
Py L6957T| 5740 | 4330 | .2975

Substitution of the p;'o into ) yields

3, 0 I 9 3 Y
H(s) | 60.0] [55.14 | 49.92 [50.9% | 6.00

Best choice thefefote s s¥=12, and H(sjf)= hq99. ]
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l Chapter 3, Exercise 20|

'Prove that foran s-server Erlang delay systew .

Special vetsion of theofem

Let {P.}"} be the equilibfium state pfobabiilhcs oFan Etlang loss
system, aud let {P) be the equilibtivm state probabilities of
an Erlan delay Sjs‘rffm. Suppose the gjﬁem& have +he same
number c% seiveds 5 and identical pavameteis 2 aud M- h the
delay system, let Q; be defined as the couditional propability
of skate |, qiven j<'s, thatis, Q7= Pr/ e o Pe i=0,..,9).
Then P7=qJ G =0, s).

PfOO‘F, BB (?7,57)

o _ YOV -
(S =ReVm (4= 0,1,y 9.
Ry Gm), | .
3 P;= %{c—ﬁl B’* (ézo,l)- ;5).

A ssume that an equilibﬁUm distvibution exists, so 4hat
P¥>0. Then )

0 R N 1) /Y
LIRSS S SRS

(3=0,l,..‘,s),

Thus P-;o= QZ for i= 00, s

Genetal vetsien of theovem

Consider 4wo bisth-avd-death processes with patameters (1}, {u3))
and (I {p50). Ascome equilibfivm state distibutiens {P}} and
(P!} exist and B> 0, B'>0. Assime 5= Nj=x for j =0,
and /M?) =/u"j‘ =M for 3'* h..,s, for some 52 ] Let Q9= P;/Z:__OR:
and Q5= P/ Z25,05 (4=01.,9) be the conditional probability
of state j, given jis. Thea Q5= Q;‘ for §=00.s.

Proof. The fesult follows easily from the Pact Yot Pf/%c=
Pr/ P - (7\0)\“‘)J-i)/(/“l/“z'"/"’j)o10” j=1..,s. Observe, in
the special case above Q5=

L]
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| Chapter 3, Exercise 2/ |

'Reconsider Ex. M with "E. 1055 %iS“'Cm” teplaced by'E. delay Sj‘ﬂemi’

It will be siown that the statement made i Exeicise M helds t1ye
aleo with ”Eﬂanj logs 53646144 " feplaced by “E{lQh_q deiay systen,”
We consider an Etlang delay systéwm with & setvers and
ordered hvat Let X be an athi a1y customes Let k be the
state of the 335{'@14 when X atfives. Let D={ Xis de!ayed},
D = {X is not delayed?, E, = {X is served by server 3}. Then,

PLE,} = PIE, D) + PLE, B}
First we calculate PLE; DY Write P{Eblﬂﬁ PLE;IDY P{D}.

Given Porsson atrivals, P(DY = £ B = Clsa), aud given
expoveatial sefvice times, PLE;IDY = /s, Thus

P{ Ej;,_D} = 5 Clsa).

Next we calculate P{E;, DY Observe, {E, DY is equalent
to {k&s, E; DY With Bisson traffic, Pk e} ="5  R=1-0lta),
and conditional on K< e the plobability of service by seiver
without delay is 5. /a, according fo Exeicise M, since the 53549014
functiens like an "Elang loss system wheq k<s. Hence

P{E; D} = Plkss, E; DY = PIE; Dlk<siPlkss),
= % (- ?C(s,a,ﬂ_
i+ Lollows +hat

Whete 5 = a[B(é—i,(ﬂ-B(é,o)]. By (hi6) the nuwesater equals
the load pj catfied by the j'th otdered sefved. Hence,

PIEY= & G-1n., 9.

3. [1-0Clo)] + pCls,a)
a

This fesult might have been easily desived by émfloyiwg
Liftles theotem | L= aW (see Sec.5.0), by which p,"= 2 PAEIu
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Cha p{'@f 5) Fxercise 272 ‘

'Repeat Exercice 5 with ‘Evlang loss system” ceplaced by ...

We consider an Erlang delay system With X=¥% and y= |,
: g aelay sy M
Then the offered load io o = A =au' = 4. The objective
function is Hls,0)= 215 = » PIW5a5%100 - sc. Thus
H(s}c) = [0 — 40 PiW>05) — sc |
By (25), PIW>+t} = Clsa) e ™% Thue
PIW>0.5) = Cls ) e™*™%%

1t Pollows +hat

5 b 7 & 9 1o
Cls,¥) 5541 2848 | 1351 | 0590 | 0238 | . 0088
e=to=es goes| 2679 | 0237 | 1353 | .082] | 0498
P{W>051] 236/ ] .i0¥8 | .030f | 0080 | .0020 | .0004
H(s;1.0) | =844 -0/9] 10| 16§8] 092 —0.0/

Thus, qt ¢ =100, the optimal number of servess is 7, aud
the cotresponding profit rate equals 1.80. TThe breaK -even
point for e is cg= loo + 1.80/7 = /26. Given his oP@{a“M?
cost, the eulreplenevt will bieak even for s=7, byt will
have a wneqafive profif rate for s =7,

v ca9e the entfe pleneuv+ may Se!ecfany cvstomer from the
queve, the profit wil be maxinnzed fof auy &, if the customer
selected is ihe one who has waited fhe {omjesf, but less than ' hr

| Cha,m‘er 3 Exercise 2% |

"Consider a [0-server Etlang delay systewm Hhat havdles ...

-1 a= E(W N‘]'\O =
BCD |s| a | ot n) cln | EWNO
case 0 | Io Mo Mol e | 1ol | Wy =pl e
case | g | O+ M)’ 3| H09z 2 W
case 2 | jg N |Gt 8 H09z 2(1+5)W,
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(ChaE. % Ex. 13)

Note, by (126), EQIW>0) = | /L~ sud, wheee o = a/s Ths,
EWIW>0) = 4™/ (5-a),

The lesson is that Clsa) depends on s awd a, wheieas the
couditional meaw wait E(WIW>0) depends on s.a and . The tespounsc
to a I/% incfease th A is a 106 (0.4042-0.101%) /0./01% = 301 Yo inliease
in Clsa) and a 10090 jncrease in EWIW>0). A /3 inctease in
M7y 1esulking in the same a, alse leads +o a 304 Yo wcrease
in Clsja) ) Ut the inctease i EMW[W»0) wiil be 67 9.

Chapter 3, Exefcise 24 ]

"In an_Eilang delay system Wil sefvice w ofder of aitival ...
J

Bﬁ (#,24) PIW>H|W»>03 = e_"“’)s”‘f) aud ty (#16), E(WI\V>0)=(T_;::;.
Hewce)

P{W > ECN[W>0) | W>0} = ¢ O e ¢'= 03679,

| Chapter 3, Exefcise 25 l

'Consider a felephone cystews in which the ceatial office ...’

{n an Eﬂcm_g dela system with seiiice w ofder of ariival the

waiting dine d;s?(ibujrion for blocked custowers 15 the exypoven-
tial distdibution PIW>t|W>0) = e”“"”sfut, see (#14) Heuce
if a customer has waited 30 sec.| his Temaining waiting +ime !
will s4ill be ex omemiﬁallﬂ distributed with wiean [(;—?)5/“]“,

Oue tring the customer shouid not do after waiting 30 sec.
is to put dowWn the teceives and tvy again immediately. £ he
does that and waits untif he gets through to dhe setvef, he
wijl inctease the WQi*i‘wg time b\j an expected 300 secs dye
to those custowmers who,thanks fo his msE act, 3o+ ahead of Niw
in the waiting line,

A better Thoice is to hang vp and wake anothes call T>0
secs later) waiting wntil served. "The ussociated expected
waiting time will conveige to Clon) /TU-g)sud a5 T> o0, As dhe
hmil}ing value s less dthan l/[(p@slmj)‘lhé custoines wiay be
Letter c\%, e\/e«%){hmj com;de{eo(, ca!lmﬁ lotes. ]




_99-

] Chaptef 3, Exercise 26 |

"Show that in the Erlang delay system...'
ECWY) = [1-Cle,a] EWNW=0) + C(s,0) ENY W>0)
= C(s,0) E(W*\W>0).

By CLUH)) with oidei-of-aitival setvice the waiting ime for
blocked customerss will be exponeatially d;sfmbuawLed with patameter
(\—@S/m . Heuce, E‘(‘N(Ll\N>0) = 2/[(!—9)9/4‘1", se that

= rally _ 2 Cls@)
t(\N ) - (S/*]Z(l_g)'h .

g)j (H/Zﬂ)l EQ(\N)z OQ(S,CL)

(s/u)z(l—p’- .
The yafionce 'e detived by substitudion of these two expies-
sions o NOW) = E(WD) —EXW). The feult is

1= (-Cea)"

Chafﬁef 3, Exercise 27

'Let W be the waiting time and T the sojoutn time..."

s=1, Hence bj (H) and (19) ﬁ= U-at Wa+l/r Risson arivals
= R, s0 dhe Pfobqlailnl_», that an atbittaty costomer finds J pw&eM’
in the system s

T, = U-adal (j=0,1..). 0

The pfobability 4hat he will obsedie 4 in the gueve., qiven thatthe seiver
1o occupied ie PLQ=jIW>03 =T, /8 T = (-aaa. Heuce | see
also (423,

P{Q=3[W>0} = (=) a’ (5=0,,...). (1)

Now assume oidei-of-at1ival seivice. The sojoutn +ime
will be the sum of 1+ expoveutial seqvice times Whete the
piobability disttibution of 4 (and thetefele oF #1) i given by ().

e CO‘AJ"‘L"OWQI WQ?HV!E’ time is dhe sum of J+[ exponemhal
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(Chap. 3, Ex. 27)

setvice times where the Fflobaloithj disttibution of j (aud
thedefore of {+1) is qiven by (D

The two 1oba@ili4j d.‘shibm‘.‘ows, () and (1), afe ideuntical.
Consequently , the sojouth time and the conditiona! waitin
time Jollow” the samie distribotion i dhis case, namely

P{T>t} = PIW>t|Wr0y = & -0t

accoiding {o eg. (H.14).

Chapler 3, Exercise 28 |

'a.Consider an Erlang delay system, and dewste by L.,

Suwose a<s For convemeace , let Lqand \Nq denote the mean
queve lewﬂ{h and mean Waiting time fesp., and let Lg and W, denote
the mean nomber of customess i1y the system. and mean Soyutn ime tesp.
[a] By (tH) and (1),
o0 o0 #
. - . Q
LUof = ZG9a5=h

i

Lq

- k ® ok 4
= '(]fa/é) ré Zk(%) ( - %) = C(Q,d)g;((%) (I- g)

> k=0

—,

he mean o{; @ 380;44({{4';(; J.‘ﬁﬂibuf'ﬁm With quavnefef = |-
o ('\—P)/p = 2/i-%). Hence) 2= k(%)“(;- H=2/1-%.
Substitition of this expiession and a dewditing }jidd

; Clsa)
g =2 (a-?is/u .
Finally | by (127),

Cleaﬂ\jv L, = ’—q+ ,1"7 and \N_,.>= Wq'* /A—' Hewce, using
o it follows that

the yelgtics Lq= AW
Le= AW, L]
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| Chapter 3, Exercise 19 I

'Prove that i an Evlang delay system with otdef-of-aiival seqvice..’

Let Phethe probability thata blocked customer will still be in the quere

when next ai1ival takes p\ace. Let 1; be the P{obabi[”y that a blocked

customer, who feins the queve When G'E;j costomeds a1e waiting , will skl
4

be in fhe queve at nextartival epach. By the theotew of dofal prokability,
P- 57 PQ-IW>0}.

The attival vate is A and, as long us all servers afe busy, the setvice
completion Yate is ou. Thetetose, by (513 of Chapter 1, 5/4/(5,444(2)
i the probability , in ull-busy ctates, that next eveut will be a setce
completion tathet than an avtival. Since with seqvice in ofder of
aﬁ;JQI, the blocked customer will get info setVice befote next
ai{v1iyal if and onlj 310 at least j+! sevice cowrpleh'ms occut pekste
any adived, |

s it i
“('j‘—‘l—(g%)“-'f‘m.
Bj (WL??)] PJLQ'*}!W)O}: ('-@95 i p<l. Heace, if p<l,
S ([ N YO O B 5 O A D e R
P= 2 (1= )t = 1= 52 2 (5 =1 - 38 A

Heuce P=9 as aseerted.

| Chapter 3 Exercise 30 |

'Let N be the number of custemeis found by an atvival ..’

Evideutly, eq (H19), PLw>t|{w>0y = Z;’o P{\I\l>t(N=s+1}P{q=§|W>0},
holds foravy Evlang delay system feqatdless of gueve discipiine.
By definition, PIq=3]W>0F= PiN=s+j3 /X7 PiN=o+k}. Ror nowtb'.aéed

veve disciplines {NWYY is a bifth-and-death -focess,mdelowdeu‘r ofthe
jisci line . Keuce PIN=KY,and therehoie P{q=ji\N>O},me%he sawe B
all nonbiased g.d. By (HKL?)?)fwofder—oﬁaﬁzva! sevice P{gﬂlwm
= (\—@?3‘ ('3=o)l,‘,.). I+ Poilows +that fot all noubiased qd we hove {Grgl\b’rcly
= (-@lo! (4=0,1,..). Substitudion wto (19) shows that

PINSHIW>0F = (1= 17, o* PLW>tIN= 5443,
for all novbiased gueve disciplines. ]
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[ Chapter 3, Exercise 3] |

'Copsider the diffeteutial-difference equations...

%5‘”‘ cF - ¢ F®) (tz0,i=gh.,F®=01 ()
whete o is u atbitraty constaut. Defi,e
Fix,t)= ,fo X (2)
[a] T Rt = o, 0x —eF B (J'=0,/),.‘),
2B = oxZ By x” — o £ B
d%’Z_O Fi)xd = Lx/;_joﬁ(w A0
£ Flxt) = ectNFG. (5)

Henee, F(,H) = k(D e‘“_mt, by which
~(-x)et
Flo) = Flx,00e "™, )

(6] Iy the case of a Prisson process Eg (1) holds with ¢ = »

and F @)= Bty = PN&I=3) | according Lo Eg. (1.5) of Chaptel 2.

As F(())—J cleaflg Fx, 0) = I, o fhat in this case Flxt) =
e 7" Det 2 e X B L:q ) of Chaptes L Hs is the
enetating Fonction of a Prosen disttibytion Wﬂn afameter yt
It follows That the fm}oab lity o?a atfivals in [0,t] equals

Rw = 82 e (=g )

As long as there are at jeast customers wn the system,
ihe depaftufe process is Prisson with patameter su. (et
P denote the Pmbab hty of ¢ depmjrums within’ Lo, el
assuming that all sefvers afe busy. by the veyal mgumcm’

Plt+n = i(t)[l—hs,ﬂwf,,tﬂhsﬂ +ol) =0, ).
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(Chap. 3, Ex. 3l¢)

Hence,‘wi#’l P,®-=0,
éo T?:(t+ m = [1-heul éﬁ(t) +heu ﬁ:ﬁ(ﬂ tolth)  (j=0)y.)
Evidewtly, Wt = X7, B, o that
Wy () = L= hpu] W) + heu W (B +olh) (=01,
whete W_ (D)= 0. Hence,

FEW 0 = oW, 0 - ouWd [0, =01, W01 )

@ Eq. (5) has the same fotm as Eq. . Consequewﬂﬂ, if

we define

Wit = £ Wi, ©
thew, by T and (), '

W(x,+) = Wix) & 0wt (7)

[e] W0 = P(W>0|N=3+sh=| forall; Heuce FPor x<|
3 4 4 ) )

Wi 0= £ xt = 755 ®)

PON>tIN>0 = U-p) £ Pl tiN=s g LoyExhel
= (-5, Wygh Loy def o Wyit)]
= (I-p) Wig1). [y def o f W(x,t)] @

[o] Equa-hovxs (7, €, @ %oﬁ‘?ﬁhe-r‘ yield
P{\N>f]\N)0} = ()_q) '_'Ls; e—(i—p)s,ut"

= g UpHt (o)
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(ChaP. %, Ex 3l h)

By Equations (6),(7) and @),

g‘>=:oW3(t) x*= 7 e et

e, 5 W = (52 ) s et
e A = e NI X,
oo X 00 E (s LI .

Equajrimg coefbiciente of xF on leFb- qnd 'ﬂ%lft‘r-hamd sides
\jre(ds

o
Wilh) = 3 Gae gt (1
1 k=0

[ Chapter 3, Exercise 32 ]

'Service in random order —cf Fx. 28and %6 of Chap. 5
Wit = PIW>t[ N=c+4]

Let the test customer atrive at +=0. Duting the 4ime inlewal
Lo,h] one of the following mutually exclusive evephs will occur:
(1) The test customer departs from queve , (2) A wstomeratives,
(5) A custemer other thaw the tesk customer depatts From veve,
W) Neither aftival ner depattuie from queve (sijem) take glace
(5) Two et mote affidals ¢ depattyres occuf,

Event ! {Medudes the pessibility that the test customer
will be pieseat i the queve at tme htt, and eveut 5 has prob -
obi(ifj o(h). Dzmegmdmg tetms of ofder o(h), events L,%ond Y
have “prebability ah, (4/p+Deph and 1=Qrauh, Tespectively.
Hence, b\j the theotent of +efgl P%obabiiﬂrj,

‘\)\/_j(‘n+t) = hhwfw(ﬂ’L %Sﬂnwj_,(i)»* [- +5,.t1)h]W}(t)+0<h),

_ ")
[4=0,... . W, (=0] |

Hence,
%\,\}i(t) = AWj) + s W (0 -OrsWitd)  [=0,., W, 0-0], (@)

wiefe, \\Jéw%l (3=0)t,._,).
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(Chap. 3, Ex. 32 b)
[6] Define

W§°’= -(g'-';,'\Ng(t) 0 G=0,159=01,...). (%)

in Paﬂ‘icdla{) W§O)=\N‘]‘(0)=I.
SuWoge dhat Wg(ﬂ has the Maclautin sefies 1’€P1€6€»11La.-}:on

o 3
‘\N,}(+)= s & W Geol,). )

/-\cco'falivnj {0 Exercise %0,
PLW>E IW>03 = U-0) 2, g W)
By o),
PP EIW>0 = (-0 ¢ £ 4
= 1-E ¢l + £ 4w

Ufﬂi{: Z;o ?5 = “"97\-', and & C-hawjez of the otder of sommaticn
\Jlie‘ oo V0o foo)
P{W>t|W>0} = | + u-@vz:, 52 oW, (5)

i=0

Repecﬁed diPeentiation oFEquaJr;on (1) gives
v 9= R S
TN = A5 W0+ 1 ou LW, 0
)
-(74+smd—dy—.,\r\/5&) Ly=01,..5v=12,..]

Seh‘mq t=0 we obtain

) v-1 -
Wo = a W, = Qe Wo (v=12,..),
o £ -1 i w-n w-N A=y
W;; = ?\\'\JM -+ é_’\—,e/u W‘._, - (7\+51,M)\N}- (v-:l?l?... >
First we solve for v=1 Qecallmq that W= | for | i)

we easily detive

wy-- (=010, o




(Chap. %, Ex. %2 ¢)

Next we solve for- v = 2.) v‘vzakmj use of 0. The vesult s

i+ 3] (=0,
W - : (% )
4 (S/AY‘(F,‘)"SZ,}TZ—) (421).
B\j (*))
2 AW =9 G
LRI S

For 0<o<i, &7 o/ = —In(1-9) = Iy r.'; Hence,

%. (O] = J_ 1
%?Wi syt
B‘j (> *))
&2 Cad i+ 0. o)+
£ Tl il 4278
Now let

_ -,] 954-1
g(?» = g 'i(é*’) .
Consideting S(o) as a fumction of o, differentiation resylts
in 490/ de = £:2, 044 = ~kn(l-p) . Therehote , reveising the
Q)/ AR 19774 e 19
precess, S(g)= o'+ ((~Inll-pNolo = ¢ + (=X (1) ~ (I=p). From
30) =0 we defive c=I Thys
00 )’4'

e
jZ:/ G = 9~ (-9 fn ‘*“lp .
it follows that
> Q) |- IA
2, ¢ Wi = (oo = FA ]

Finally, substitution of the found expiessions for T ot WY
ang| Z;Zo 99\\);” into Equahcn (%) gives
PON>HW>0} = | — st %P—X\n ﬁ

(sub)?*

©
+ = (I—?)[Z— %Xh ,-—1;]— 4o

[
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LC hapter 3, Exercise 33 l

‘Let BW) be the distibudion function of the busy petiod..'

It i clear that whev sefvice s in Teverse order ofatrival,
then, for all N2 1, the waiting +ime ic a busy petiod nitiated
by the piesently served customer (whose Tenaiining Hine
m Seqvice is exponentiolly dist1ibuted) aud icluding
all a4vivals later thau the fest customer vatii he is
ewnitted 4o enter service . (The came holds te o a
T/M/> systews for N2s) Hence, For an afbitraty cwstomer;
P{W< t|W>0 = BW®). It Dollows 1hat the mean waiding Lime
for Waiting customess is the mean of +he busy Penoc!? that is,
EQNIW>D) = b= 7/l1-p), by @.i2)

| Chapter 3 Exercise 3|
‘' Show that lim T’;[n] =P

1“..

8\5 (17} and 6=Y,//")
(n;l) (_/E)f

T = 2t
itn) =2, 02

(j=0,,...,9).

For 4=0,1,..,5

’

lim ()G = lim (7 (20}

(541 e -
mrea = LOm¥j] tim (352 222
= (/¥
Henee, o .
lim (") () !
Vim T’;[n]= ,-,m'(,}..-nM_,:kz s/“ 4” )TN,
;1,:00: Zk=a nm( K )(/'4) ZK‘G()/I“)/’(
l"lY’

Whete, by Equation (3%), £ is the statistical equilibrivim
pwbabiii{'j‘ of & busy setveds iy 4he E4|0w3 lo‘:SSjS"&-m.

[
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I Chapter 3 LCxercise 35

' Four sources shafe access t0 two servers

n=numberof sovtces, s=2; =17
 blocked custouwrers cleated.
en: e blocking pobability
k\H’Nﬁ is Eq- (77 Fofd?s';.;i?; 1

15 g‘n}-em bg E:-mg5e\“s pcﬂWIUlﬂ,,

n-l ~S
57

"5
Mulnd= 5= omew

i = Soin, Bepfoe

“r o k=0 n:) §"

Sigee | (3" ,

‘ m,tH1 = AL A BT T 0.0270,
and , 6(%)1 2

L5 -

the effect of going from fout 4o five soutces is a'pefce,,d*
locking equal o

vefease i the pmbabil#g of b

P =100 (T 5/ T00)~11=80%.

To calculate the expected number of tequests for senice
pet hout, say T, we go trough the following steps:

L+ i (Do 7

= 0.0188

Gy Rlal= (D& /27 Qax o),
(i a'= a*(l ~(U=-$)RM) ,whete a*=ndAl+d) (18,
Gii) a= o A=TD (79
(iv) T=60a/u'= 20a. ;
For n=H and n=5 We find
R a’ a T
_ N 16 ) 34, iHE ;
n=4 ot =00488 W-o,% 02 m—o.HOH 8.02
n=5 |5 =005 |2=04779 | X2-9505 | j0.05

?ﬁqe. fowed bounds Qorf afe gand IO"{Qefzec‘{";Je{ﬂ,
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| Chapter 3 Exerwcice 36 l

"Veqi \03 equation (8.10)"

By Equations (68), 8.3), (8.6),87) aud (8.8),
PO 3 =5 Pl N=s 35 PUN - o7}
= l( ~sut ﬁ (SMH )P‘H.QEH __l

o o

- 3 (h-n! 5%+
» sl“t z 0 ( (9}4*) ) -1 P[n-l]

i=0 T - I—s—)’s‘”
o0 A AN L

MY

= (_‘, j=0 =0 (n-j-g- 3)I i! )
wheie
q)(ﬂ = %‘- + 3/,;{’
and
e = -”-[](h -l 4 (b)"S‘ sm/ly
Thus

-s-l & n=l-s-1 i
- _¢(f)" 5 (SM/() (SMV)
P{W>t} e iZ=0 :L:O (h—[—s-;’).’ oo
83 the substitotion K= n-l—-g -,
n-g-} N-$-1- K

~t) ) ( t)
P{W>t}=ce pe KZ—O %?0 kl 51“/

De?ming X =smfy and y= s/ut the doblesvin may be wiitten

H ]
D S L A . ) (K47, Xy _!)
=0 o [ oro! 0’/' ”0’ 0’1.' l"’ 2
X0 yn-s- <=8~ -1 9
ey o —_—
+ ( 0lm-s-pi Tt (n-s- n'o')
motm i
AN LM ¢ S )]
8\:! +|ﬂ€ binemial pofmula, Lm 0 mi Gem! T Ty . Henee
J S Y . -5-1
nos-t nos-l N a nZ (x+yt
Tt X
K=0 i=0 R Y B &

We conclode 4hat

P{W>t}-c:_s,[¢m] 9 s 0O
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| Chapter 3 Exercise 37|

'\]emcj equation (8.18) by ditect calculation’

As o= a by (8.167, then
3 4RI (53801 + ) sRI) + %, -0 Bln]

=l
n-g-}

= a+ X (kD By, Lnl n

B\j (8.%),
R exsilnd - na _Rinl ()
Py [n-11 AL

ij (1 and (1),

- 1,?1[ 1= a +nad P?[:n]'] /: 2 5’4—; w1l 13)

K=0

; !

P [n 1= Pi{N=g+k} by 8.7 and (k+l)/s = E(WIN=s+k) Substitu-
hon into (M) and a[)lol,caJnon of E(W)= ZV"5 'E(WIN=o+k) P{N= s+k},
see (8.1%), gives

< Rlnl EW) .
i}_:_, {Blnl = a+nd iy S )
By (84), o
n 3= N n-n!
{900[ :-] __.g(n ) ‘P[n] +ZL;—|%_J—90 P[n]

(Z(n-ﬁ(")a P[n] Z(w—;) m asp[n])

Bj &%) this i5 seen o equal

ALV - -L—(n—;::oj,@[n])

@[n—l] =0
Subsjrijru%:mﬂ n-— l?[n] =a/b From (817) we fmallﬂ obdain
Bla1 a
P ln- Flol = nE- ()

By Wand ),
. E(W) ‘
;"},Ps[l’l] = O.(' + ) (8‘8) D
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| Chapter 3, Exercise 38 |

'Reconsidesr Exercise 35, but instead of. '

n= number of soutces, s=2, ™' = W min, u™' = 3min., & = y/u =4,
blocked customers delaged

To beqin, we calculate the state disttibytion {P[n]}
for n = 3045, using Equahows (83) and (8.3) -

Plnl{ 4=0] j=1]3=2]i=31!ji=4| i=5
n=3%1.728 | 219 .0270 | .00l5 i -
n=41{ .6548 | 2910 | .0%485 | .0054 | .000% -
n=5].5875| .24 | .0725 | .012] | .00i3 | .000]

[a] Biock-.ng_pmbab-i-+'3

% Z TT[n] [n 17,
S
n=H: %= i‘ Pi%]l = 00270 + ¢.0015 = 00285
j=2 t B
"
n=5: Pa ;_Q@[H] = 00485 +0.0054 + 00003 = 0.0547

The percent increase in blocking probability is
P = 100 (L T/ E T -11 = 90 %
i=Z j=2

E Requ%%s for sefiice ped hout.

T = b0 a.//M"' 20 a.

Sinee a=q’ for a BCD sgs’rem,

-

AR sésg[n1= Pl +2(1-Blnl-Plal) = 2~ 2 Pln]- Pin].

i=0

n=H". a=a = 2-2 06548 02910 = 03994,
T=2a= 7988

n=5: a=a= 2-205875-0%%4= 04986,

T= 20a =9472
U{)Fe{' bounds for T are & and 10, 4esfec%:ve/j .
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(Chap % Ex 35¢)

881”\}61" occupuncy.,

Q= a’s .
n = y{ : ? = 0?)"?('{‘1‘,/2_ = 0/9q7
n=5 © = 04986/1 = 09493

[a] Mean Waiting e

By Ege. 87, (89) wud (8.%), the mean Woi ting time i seconds
: EW) = 22 5 (s PLuei]

n=Y4:  EW)=490(R5 +2R31)=d0(coz70 + 2-6.0015) = 2.7 sec
1= 5 EW)=90(R0 +2 RHI+3F141) =G0 (0 04852 00054 + 3-0.0003) = 54 sec
[e] PIW > 45 sec}

B-j E‘qs (872, (8.i6), (8.11) aud (812,

e r ¥
P{w>t} = c, e ‘; w;;)] , (810a)
whede
plt) = ? -+ Mt 8.m
and ~ -
o FD)L ] (n- l) a. Z)n—s II (8120,)

with t measyred i wnivtes. .
Fort=2/ win, €= ¢ = 0eot5 and ¢®) = 185 Alse,
a=i/9 aud 4/ =1/18.

n= 1. PUbJ 2Iq2 "3 = 2‘%@ = 000/#‘?9
P{Wﬂ/q} c, & (1+18.5) = 0004990606595 = 00177,
] 0.6548

h=5. d ~P[L']71TT,_82= 787 = 0.000299,
P{w >’5/43 = o€ (1 +185+ B5°) = 00002906065 1906 = 00346
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Propottion of time a source is idle

Evidently,

£- -
YT+ EWVE0 + pm7

n=": = 27/(27 +27%0 + 3)
n=5: £= 27/(2T+ 54/60 + 3)

il
Q
%o
b
)

[
NS
Co
L
ﬂ

Compafe with upper bound 0.9.

Cha,o-}ef 5, Exercise 39

'Using_Equations (63) and (8.17), show that aT[n] = (r-paFT...’

Assume a BCD system with quasi-vandom input genemted
by n sources and with exponential service times, by Eq.(63),
(n-3) fi["] . .
TR GO henD @)

Tl =

Cleatly, T,[n] = 0. Thus (6.3) is valid also for j = n. Fusthetmote,
extendineg the summation 1o include k=n does not gffect +he
valve of the denowinator. Hence, bﬂ (63),

~ (n-4) Blnl . ,
Tl = —— ST (1=0,1,n). (%)

Novd, by Eq (8.17))

h- X k Rl =
K=

oo

/
fmse«deth this expression into (%) we oblain

aTlnl = (n-§)& Blnl (5=0,0,.m).
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I Chap%ef 37 Exercise H0 ]

'Consider a single-serves gueveing system with quosifndont..

The queveing plocess updes considefation is o bifth-and-deqth

piocess with 2= (n-Py and Mi= M ‘Po'f"é= 0,1,.., n. Use

of EcT U) Tesulbs wn the e.o‘uu.'b«iwm stote mobqb:h"ﬂeg
RLnl=(Da*RIn]  G=0,.,n),

with o= Y//“- Ae | = Z;=0Pj[”] = (1+4)" Pofn],

ny 34
Rln] = SYiLhe (3= 0L,..,m). )

{(1+&)"

Since we deal with o queve witly guasitandont wput and
blocked costomere delayed , it is t1ve that TLnl= Bla-11

Yor all »3 = 011,.‘., n-1. Henee, b‘é COR
"h 5
‘ﬂ_;r[h] = W ({}=O)|,.‘.,n—l)_

| Cho‘p-PeA‘ 3) Exercise 4| |

'"Queve with feedback'.

The atrival tate of new customers tothe systew is A The effective
depafture vate (frowm 535+em) pet customes in setiice i (-p) M-
Thus the queveing piocess is a birth = and - death pfocess wWith the
pafameters ap=n fof all n,and m, = n(-pp for 0% n Lo,
Mo= sU-pIp for nz s Offered load is a=n/CU-pu].

The state of the 5\55\%4/\4 behaves precisely as in an
otdingty BCD queve with patameters s, n and (- Y. Also,
T = B due to Poieson afrivals, whete (T3 is the arfival
distribution for pew customess. The eguilibfivm pfobability
that o new avrival finds all setvers bucy equals

C(s)a)ff.ffff [H (a<s),
i=s i=s

with Cs,a) given by Etlang's oelay ?ofmu|a,,Eq_(‘f.8).
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| Chapz‘ef 3, Exercise #2 l

] .
A single setver sefves cystomess of two priofity classes .’

Poisson atfivals and exponeatial sefyice times ate assumed
for both customer classes. "The pafameters ate x and p, for
the mah pfierity class, », and u, fof the low prietity class
ln parfe (a)-(&) preemptive -Tepeat priofity discipline will

be agssumed. :

B‘d Eq. (5.1%) of Chq’o\‘ef 2, the pfOEQbiiifg oFP{‘eemfhon
for o class 2 custemer Who has st entesed o feeutered
setvice equals A /(n*my). Hence, the number Nof pre-
emptions expefienced by a class 2 customer has the geo-
mettic distribytion

A k 2
PIN=Kb= (am) 58 Kkeon) )

[6] The accumulated senice 4ime of a class L customer is

not affected by preemptions (which in effect onl iterupt
the setvice), given exponential sefvice fime and‘jpfeeml tve~
tepeat fule. Létting S denote the total Hime an atbitraty

class L cystomesr bccupies the server, we have

P{o<t}= |- e"“"**) 2)

Ju5+ as if these weie no pfeemp‘rsows allowed.

Let T denote ihe extended setvice dime cemposed of

the actval service fime & and the sum ZY_ X, of the N
time intefvals during which the customer is pfeemﬁed
Fromm setvice:

N .
T=9+ X X,. (%)
i=1 4
Since N and {Xﬁ afe independent, by part (b) of Exefcise M of

Chap%e( 2,
ECT) = EC8)+ EMENX), (i)
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Whefe EAX) denotes the common mean of X, X;b,.‘ - Now,

B = 5, (5)
RV(CY AN

EN) - M;/(x,w;) T Mg (6)
M o

E(X)= l— (}"//MI) - /MI—A/ . (/\/1'>7\‘), ('7)

Eq,(s) follows fyom Eq @). Eg. (0 follows from Eq.(l) sinee a
vatiable with the acometvic distyibytion PIN=K} =qu has +the
mean q/ CSee qqeo Chgpter 2, Exefcise Lo (EM)=x7).
Eq. (T) foilows from the ebservotion that each )(é i5a busy
pefied n a s‘.mj\e— seded gqueve With only class | customefs.
Thus Eq. CHIL) ‘applies with 7=u" and =2 /u,.
Substitution of (), (6) Qud (M inte (1) yields
E(T) =

M _ My
ZATE R eI NE )

[d] The sefvice of by h-prietity customers ic i no way affected by
the piesence of low- piotity cwstomeis. Therefore, the waitin
time Wi of an afbittaty class | costemer will have the disteiby-
tion given by Eq (25, Hence by Exercice Hq of C’hqf\ter l

P{\Nl >t = C(l,;—; ot A% Rk @)

[e] Conditiens for beunded delays :

Hiﬂh-pm{;m cwstomeys Q¢ |

: . . o a (l0)
Low - pfistity customers - 5o + <

Under the exponential setvice +ime assomption , the
femnaining sefvice tHwme at p{eemf)jr;an Wil be L{)(Ponevrh’auﬁ
disteibuted with wiean My Hence, au assumption of P{eemfﬂr:\/e,-
fesume  pfictity dm‘.p‘\me does not uhang(’/ the Tesylys

i pa{‘:s a—e. D
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'Priotity Tesetvation.'

et g = eastbound trqffic call rate | Ay = Westbound
traffic call tate, M = sefvice vate. Hence the offered
loads afe aq=ng/m and a,= A,/M, Tespectively.

[a] ay pose 14 n < s-l A westbound call wiil be cleated
in arfival state 12 s-n, whereas an eastbovnd call will be
cleaqed onl\j 12 j=s.

The queveing pfocess can be modeled a5 a bitth-and-
death procecs With Az =g+ Ay for =01, s-n-1; ) =2
for j =P5-H,...,$"3 /"‘i’ ;]/'IE1 F"‘Y‘lj—: 0)4’1-‘ 2. 133 E‘f~ (39'{5)E
of Ci;apl—er 7 theu

O+ B o = e—muf

4

(s-n +’)/"‘ F.Z-n-u

7\EPS_, = sm @

E Reau{swe/ solution of the gbove state eqUQ’rions give

i
(ara))" p (j=1,2,..,5-n),
R (A !
+ " oat

a,+a,\*" a ,
(T) TI'B (j=5-n+l,..)8).

As vsual, P is found bﬁ vse of the condition Zgio?i; I

[¢] Loss on eastbound traflic = B .
Loos on westbound traffic = g_n% D
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ln ordesr to minimize ite telephone bill ...

[a] Equilibtivm_state probabilities for flat-rate queve.

The equilibrivm state probabilities (B for the flat-role
iueuein_q system can be found From +he following eqUilibriywm
tate equations :

O+ A F = lub
(hx+?\2) foi= sM R
2 B T SM ”»
2y Fs>+i=: ST
Bg Tecutsive solution,
(a, +a,)*
- ﬁl—:T‘i P (3= 42,0, 5D,
3 (a+a)s&5‘5P (;= )
S (2R G osyen),
and &l (a+a)k  (a,+0)° 1 -1
l 2 2
;- [20 Y l-aﬂ/s] )

with a,ﬂ,/p and a,= 7\1//44, where a,¢s if 2,25, then @= 0 for all i

[b] The blocking probability Bls) = Il =X, F

_ gﬁ_‘j..
(a,+a)°  {
N s! /| - a,/s
B (S) - E‘I (ajiaz)K + (a,_'_ql)s‘ / (QZ < 5)
k=0 k! 8! | -—al/s

Obsesve that calculation of Bls) io Facilitated by the formula
Ble)= s 8(5,0#01)/(5 -a, (- Ble,a+a) ,

as is eaeiij veﬁf‘.ad, and the recurfente of Exercice bafchap%cr 2,
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The overal] cost per mingte, c(s)

Cost pafavwe+ef5:
= cost per minste of o flatfate trunk,
Ty = costof o doll call for the first minpke or fraction thereof
v = cost of q toll call for each additionel minute of Frackon thereef
Letting M denote the mandow numbes of [~winite sateqvols beyond
the initig] [-windte ‘m+eNQl) obviously

e(s) = cs + 2 Bls)r, + E(M)¥],

since ) Bls) is the average overflow vate oF'high— priofity
customefs fequesting service from the flat-rabef +runke
and T, + EM)r is 4he mean cost of a 4ol| call.

Now, givew exponential service hime with mean u™', +he
probability of holding the line for atleast | mote migyte
equals &M at-the start of each |-minute interel. There fore,
PiM=K} = (M li-e™) for k= 0,i,.... Hence E(M)= e"'f/(i-e"‘),amd

cte) = ce + 2 [g+ e,f_,]ﬁ(s).

[d] Mean waiting time for |OW‘p'ri'01’i"r-‘\j eglls E(wz)_

[et W-L= waiting time of an arbitfary low-priofity customer.
Obsetve R, ="B(s)(a,/s)d(] - a,/6) Fofj =0l..., and, for N
equal 4o the'affiva| state of the customer, E(\,\gm=s+j)=((j+l)(57u)"‘.
H’ence] T q1< S, S ce =

&) - Stj)
E(W) - goﬁ(wi
= B(s) (5/4)_‘((° gsz)" = 55(_5;2 fqnalojous widl Eq.(h27)]
[8] Oceu pancy of Plat—yate ‘ffdnk‘s,‘g._

N=orp T, = Bladeur £ (8- #)

Cieq{lj’p?):’ ifa,25 Incase g<s, the cartied load

on the Hat-rafe sefvef group 16 o’ =qlI-BE)] +a,.

Hence,
g - all-Bllvae (5 <o)

§= s ]
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I Chapter 2, Exercise 45 I

'Time - vatying Biscon mP‘_’_fl

@ First gesume that At) is continyols and d; Plerentiable
for all t. 3\1 the feasoning vsed For derivation of Eq. (25)
of Chu’ofer‘z we find

d py ” . .
7t B =@ F @ - xt) P& G=g,..,P0=0],

the initial condition peing B0)=1 Sclytion by fecoifence
statting with 30 yields the Fisson distfibution
, N _Ac v
Pty = N a0y )
F) i! g )
whede ¢ _
AR = A dx @

a

_mt’/ equa}iovy% carr be. shown fo hold a‘so in the case ef o
piccewse continvous aud di?‘(é(eu’r.'able‘{ 2. Thio wmay be done
by vtilizing the udditivity {Jfope{*'(y cf the Risoen didhibution.

l_bj ln the intinite sewer queve a customer whe atfives of
time x <t will still be in service ot time + wWith probabilit

[ = H(t-x). Hence, countin only atfivals that wiil be in the
system af time t, the eWeﬂchw atfivol qfoke af x <t equals
Ax) = ALl = HE=-x)], The c:oHesPo‘inmj cowzl'iwﬁ pA0Cess
is o Fissen pfocess with time-vaiying Tate. %3 (0 and
the number of customers in the aysfewm (= v srivice )
at t Wil have the Prissen distyibution With mean

AW = I ATI=Het-0Tdx = A {! T -HeTdx
= ALE(-H®) + §* xdHOD]
= Atpw),
whefe plh) = | = H®) + {7 § dH. This pioves Equation (3.11),
f—ma‘!lﬂ) we observe +hat alse Eq. M.16) of Chalo\‘e( 2 may be

preved i a sinulaf Wy 'bj appeal to the nekion of a time-
vfﬁji'wgi Poisson precess.
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l Chapter 3, Exercise ‘féj

"Tran s ent analysis of the sinele—sewef Erlang delay model!

[a] For the M/M/I system, cleatl
Y ) Y
Rt+hy = BOLI- AT + R uh + o),

q(f-*h) = E_,(t»\h + a(ﬂﬂ -()\+/u)h] + Eﬁ(t)/“h + ofh) (4= I,’l,,.),

Hemce,

R = -aBw) + u P,

S &
Pew v

(O = A 0-04wBO+uBR, @ (-1,

3 i+

Choosing u™' as the time unit, then =1 and 2= My =a, so that
the above equtﬂ’mn 596+em becomes

HPW = -2 P+ P(e) 0
di- P} P (f) '+¢)E(f) -+ F;H(f) (J - I)l)) (2)

[b]  Consider the avxiliaty system of equations
%%(U aP () -« t+a)Pt)+P ® (=0112.), &

tadl

Fj(t) - o P, )
(%) and (H) {o\cjeHne{‘ imply
%é(t)=—a/€(t)+f?(t), (o)
and by (),
diﬁa = af, ® - a0 B+ B, G=12,..) (1)

Thys, if Pw 20,%1,22,.) is @ solution to Egs (3)aud ),
then P (j=01,2,. ) Wi H be a soludion to Equations (i) and (’Zq)
As (o) and (Za) afe FoinQllﬁ idewtical to (1) qud (7-) we conclude
that i F P #) for 4 /)+7- soives (3) qud ("{ then PJ(H— P(t)
for 3—0 l and a!l{, will alse solve (1) amd (2).
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(Chap. 3, Ex. 46c)

[e] Let /FB(z,t) denote the qenefating function
Pt =5 Bt ©
;_—DO

MuHipl:cMwn of Eq. (3) by 2t and summation for all j fesult in

00 ~

> FPwei- azg_w%_,(%)z"'—(l+a); Poe«a 5 B ws
= =00 , )

j=-o0 00 4%

" d% g_wlgi(ﬂ ¢ = [az ~(1+0) + z"]éf—(t) Z)
.whxch]bﬂ ©), is the same qs

4 Plet)=[az-(1+a) + 57 ] Pla,0), 7)
whose genetal soludion is

Plz, ) = Gla) ef-Ust + warzt]. (8)
wWhete G(z) ic any funchion of 3.
E Eq. €3] may be fewditten as

Pzt - G(z) e‘“*a’*e;’[2a"“+][(a"=z)+(a‘/¢z>"J

We shall use 4 fact that

YD T, X" @

K= ~00 !

wheie T, (y) ate the wodified Bessel functions. Now,
sefling y= 22"t and x=0a"2 it is seen immediately that

Pla) = Gl e 35 T (24%4) 0™ 5" (10)

= =00
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(Chap 3, Ex Hbe)

E} QuPpose Glz) has #the expan sion
G2y =X, 5 iy

luseftion into (10) and collection of terms bj powefs of 2
lead 4o

P('b,t) = 5’;‘:_,” (e—(l—m)tké—-w ckaﬁ_(i‘-k)Ijm(,La-/qf)) Zi,

Compatison with Ec]. (6) shows that

/F\‘)l({) = e*(lﬂﬁt ki:-” Ckaé(4‘+k)1~ (ZO.'/Z{‘)' (’r)_)

‘jtk

For y=0 Eq. (42 specializes o
| = ‘;L:_”Ik(o) X"
wheieby Ty =1 and T, 0)= 0 for k+0. By U2) they
A _ 00 Liia ) _
ﬁ(o)— Kf___—_wckaﬂ‘ kIHk(O) e

Let i=initial state , 50 that PL-(O)-'- |. Thew (Pfo\l;ded %(H= @(‘E)
for 4=0, .Y e = I, and c,=0 for k €0 but k#-iThus Eq (l’L)oan_
be wiitten '

Bt = ew g2 0T (20" + 5 ’cka-é<é+k>Ii+k(za"zfj 03
By Eq (%),
B)= UL (1240 + I e, ot T, 00"0)] |
B0= gt HT | gm L ot BT, ai)
From these expiessions and Eq. (H), Pw=q EG), we obtaiin
CHI +Ed To= o T 40" F4, T,

wheie d = CKO--'kk and IR=IK(7-GW'“~
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(Chap. 3 Ex 46 h)

[h] Since L.=-T,0), Eq, (M) can be wiitten
T, *LAL =T +atS g T,

This equation should hold for all t and heace forall arquments
24"t of the Tps (£=0,1,...). Cousequenty, the coeffﬂcnew‘f'
of each I, Wlus’r equql zero. For example, fof i=2 this
fequitement leads to +the following set of equa{'.oms

o4
0= a%d,
d =
e, a%dz
Q +di‘.= a;d; liel
d3= a?d‘,‘*a 2rra
d‘lz a7d5
d;" O.Ed6

For a1baha15 imtial glate © the solytion is

dy = (k=12,..., 1) [voird 1f =01
2i=2mz (1) m=112,..)
L] Subsh’cujtmg the tound valves of d, = cea®into (1)) ot the sawe

time feplacing P(’c) with P\t) (the s ah%a‘non permifs this), we get

Py = (oL, (eg0 +o 30T, (k)

+ (I aJZ az(@ -gm- wIQ *”Hm(?a‘hf)],
Simpl‘.g‘.cqhon tesylts in
P}(H= q{“i_i) e—(H—a)f[I (?_0. ~{_) + q 2J‘4+£+I(2a|/2+)
(15)

-0 3,07 T, 2]
[i] Equation (15) holds for all values of the caitied load q. ]




