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Abstract

An importantopenproblemin wormholeroutinghasbeento ®nda necessaryandsuf®cient
conditionfor deadlock-freeadaptiverouting. Recently, Duatohassolvedthis problemfor a re-
strictedclassof adaptiveroutingalgorithms.In this paper, a necessaryandsuf®cientconditionis
proposedthatcanbeusedfor anyadaptiveor nonadaptiveroutingalgorithmfor wormholerouting,
aslongasonly localinformationis requiredfor routing.Theunderlyingprooftechniqueintroduces
anewtypeof dependencygraph,thechannelwaitinggraph, whichomitsmostchanneldependen-
ciesthatcannotbeusedto createadeadlockcon®guration.Thenecessaryandsuf®cientcondition
canbeappliedin astraightforwardmannertomostroutingalgorithms.Thisis illustratedbyproving
deadlockfreedomfor apartiallyadaptivenonminimalmeshroutingalgorithmthatdoesnotrequire
virtual channelsanda fully adaptiveminimal hypercuberoutingalgorithmwith two virtual chan-
nelsperphysicalchannel.Bothroutingalgorithmsaremoreadaptivethananypreviouslyproposed
routingalgorithmwith similarvirtual channelrequirements.

Keywords: wormholerouting,routingalgorithms,deadlockfreedom,channelwaitinggraph,nec-
essaryandsuf®cientcondition,mesharchitectures,hypercubearchitectures.



1 Intr oduction

Wormholerouting[9] hasbecometheswitchingtechniqueof choicein moderndistributed-memory
multiprocessorssuchasthe Intel Paragon,the Cray T3D, the MIT J-machine,the CaltechMO-
SAIC, andthenCUBE-2/3.Implementationsof wormholeroutingtypically divide eachmessage
into packets,whicharethendividedinto ¯its. Theheader̄it of apacketcontainstheroutinginfor-
mationandthedata¯its of thepacketfollow theheader̄it throughthenetwork.Sincethenetwork
treatseachpacketasa separatemessage,we usethe termsmessageandpacketinterchangeably.
Whentheheaderarrivesat an intermediaterouter, the routerimmediatelyforwardsthemessage
headerto aneighboringrouterif anoutputchannelthemessagecanuseis available.Thedata¯its
thenfollow theheader̄ it in apipelinedfashion.If theheaderis unableto proceedbecausenoap-
propriateoutputchannelis free,therouterbuffersonly a few ¯its, ratherthantheentiremessage.
Sincethedata¯its containno routinginformation,messagescannotsharechannels.Hence,each
channelin thepathis reservedfrom thetimetheheader̄ it acquiresthechanneluntil thelast¯it of
themessagehastraversedthechannel.Sincethe¯its of a messageareforwardedassoonaspos-
sible,themessagelatencyis largely insensitiveto thedistancebetweenthesourceanddestination.
On theotherhand,packetswitchingbufferstheentiremessageat everyintermediatenodebefore
forwardinganypartof themessage.Hence,wormholeroutinghaslower messagelatencywhen
thereis little or nochannelcontention.In addition,wormholeroutingrequiresonly enoughstorage
at a routerto buffer a few ¯its, ratherthantheentirepacket.Thesetwo propertiesaccountfor the
popularityof wormholeroutingin distributed-memorymultiprocessors.SeeNi andMcKinley [26]
for anin-depthdiscussionof wormholerouting.

Theprimarydrawbackto wormholeroutingis thecontentionthatcanoccurevenwith moder-
atetraf®c,which leadsto highermessagelatency. Whenevera messageis unableto proceeddue
to contention,theheaderanddata¯its arenot removedfrom thenetwork. Instead,themessage
holdsall thechannelsit currentlyoccupies.Sinceall thechannelsin thepathfrom thesourceto
thedestinationareheldfrom thetime theyareacquireduntil theentiremessagehastraversedthe
channel(whichis aftertheentirepathhasbeenestablishedexceptfor relativelyshortmessagesthat
®tin theintermediatechannelbuffers),performancedegradationdueto contentioncanbesevere
andmessagelatencycanbeunacceptablyhigh. A messagethatrequiresseveralchannelscanblock
manymessageswhilebeingtransmitted.Theseblockedmessagescanin turnblockothermessages,
whichfurtherincreasesthemessagelatency. Providingadditionalphysicalchannelsbetweennodes
in thenetworkcanreducebothlatencyandcontention.Thisis anexpensivesolution,however, and
canactuallyincreasemessagelatencyif theroutersarepin-outconstrained.A morecost-effective
methodof reducingmessagelatency, proposedby Dally [7], is to allowmultiplevirtual channelsto
sharethesamephysicalchannel.Eachvirtualchannelhasaseparatebuffer, with multiplemessages
multiplexedoverthesamephysicalchannel.Bothlatencyandcontentioncanbefurtherreducedby
usingthemultiplepathsthatexistin thenetworkbetweenthesourceanddestinationnodes.Dally
andSeitz[9] haveshown,however, thatsinceamessageholdschannelsuntil theentiremessagehas
beentransmitted,aroutingalgorithmwith norestrictionsontheuseof virtual or physicalchannels
canresultin deadlock.

Thesimplestroutingalgorithmsarenonadaptiveandde®nea singlepathbetweenthesource
anddestination.Adaptiveroutingalgorithms,on theotherhand,supportmultiple pathsbetween
thesourceanddestination.A routingalgorithmis eitherminimalor nonminimal.Minimal routing
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algorithmsallow only shortestpathsto bechosen,while nonminimalroutingalgorithmsdonotre-
quiremessagesto useonly shortestpaths.Minimal routingalgorithmsprovidehigherthroughput
for high messagetraf®candaregenerallysimplerto implement.Nonminimalroutingalgorithms
areusefulfor fault tolerance.GaughanandYalamanchili[15] presentagoodoverviewof adaptive
routingprotocols.

Whetherminimal or nonminimal,adaptiveroutingalgorithmscanbefurtherdifferentiatedby
thefractionof shortestpathstheyallow. Partially adaptiveroutingalgorithmsdonotallowall mes-
sagesto useanyshortestpath.Fully adaptiveroutingalgorithmsdoallow all messagesto useany
shortestpath.Althoughall fully adaptiveroutingalgorithmsallow a messageto useanyphysical
channelthatis partof a shortestpath,differentrestrictionsmaybeplacedon thechoiceof virtual
channelson thatphysicalchannel.Hence,notall fully adaptiveroutingalgorithmsareequivalent.
Somefully adaptiveroutingalgorithmsallow moreadaptivenessthanothersby placingfewerre-
strictionson thechoiceof virtual channels.

Sinceeachvirtual channelneedsaseparatebuffer andthevirtual channelsaremultiplexedover
thephysicalchannel,thenumberof virtualchannelsrequiredbyanadaptiveroutingalgorithmgives
agoodapproximationof thehardwarecostof therouter. Routingalgorithmsthatrequiremorevir-
tualchannelsneedadditionalroutercontrollogic andareusuallymorecomplex.Multiplexingand
schedulingvirtualchannelsonaphysicalchannelis morecomplicatedwith additionalvirtualchan-
nels.Routerlatencyandcycletimealsoincreasewith thenumberof virtual channels[3], sofewer
virtual channelsaregenerallybetter. Reducingthenumberof virtual channelsneededfor a given
degreeof adaptivenessis accomplishedby usinga lessrestrictiverouting algorithm[28]. Con-
versely, whenthesamenumberof virtual channelsis used,a lessrestrictiveroutingalgorithmhas
betterperformancethanamorerestrictiveroutingalgorithm[18, 25].

Recentresearchon adaptiveroutingalgorithmshaspartiallyaddressedbothof theseissuesby
reducingthevirtual channelrequirementsandimposingfewerrestrictionson thevirtual channels.
A naturalquestionarises:Exactlyhowrestrictivemustaroutingalgorithmbetoguaranteedeadlock
freedom?In otherwords,whatis anecessaryandsuf®cientconditionfor deadlock-freerouting?In
thispaper, wepresentatheoreticalresultfor minimizingtherestrictionsimposedfor deadlock-free
wormholerouting. Besidesprovidinga necessaryandsuf®cientconditionfor deadlockfreedom,
theroutingalgorithmsdevelopedusingthis proof techniquearesubstantiallylessrestrictivethan
previousroutingalgorithms.Theonly restrictionwe imposeon theroutingalgorithmsis thatonly
local informationavailableat therouteris usedto maketheroutingdecision.In general,routingis
donebasedsolelyon local information,becauseof theoverheadof accumulatingnon-localinfor-
mationandtheadditionalroutercomplexitythatis requiredto utilize this information.

2 PreviousWork

Designingdeadlock-freeroutingalgorithmsfor wormholeroutingwassimpli®edbyDally andSeitz
with aproofthatanacyclicchanneldependencygraphguaranteesdeadlockfreedom[9]. Eachver-
texof thechanneldependencygraphis avirtual channel.Thereis adirectededgefrom onevirtual
channelto anotherif amessageis permittedto usethesecondvirtual channelimmediatelyafterthe
®rst.Sincethegraphis acyclic,deadlockfreedomcanbeshownby assigninga numberingto the
edgesof thegraph,ensuringthatall channelsareusedin strictly increasingor strictly decreasing
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order.
Dally andSeitzproposedtheir proof techniquefor nonadaptiveroutingalgorithms.Nonadap-

tive routingalgorithmscanbecharacterizedby functionsof theform ���������	�
��� � , where
the input channel,belongingto the setof channels� , andthe currentanddestinationnode,be-
longingto thesetof nodes� , de®neanoutputchannelonwhich to routethemessage.An acyclic
channeldependencygraphhasalsobeenusedasabasisfor developingadaptiveroutingalgorithms
de®nedby relationsof theform �����
���	����� ��� , whereasetof outputchannels,ratherthan
asinglechannel,is de®nedonwhichto routethemessage[2, 4,6,10,16, 17,18,21, 24,30]. Since
asetof outputchannelsis provided,aselectionfunctionis thenusedto selectwhichof theseoutput
channelsa messageuses.

GlassandNi [18] andBouraandDas[2] haveproposedmethodologiesfor generatingdeadlock-
freealgorithms,butbothprooftechniquesrequireanacyclicchanneldependencygraph.Glassand
Ni proposeamethodof analyzingroutingalgorithmsbasedonthepermittedandprohibiteddepen-
denciesfrom onechannelto another. Thesedependenciesarecharacterizedasturns,with thesetof
possibleturnsde®nedby thetopology. Forexample,mesheshave����� turns(whenswitchingfrom
a channelin onedimensionto a channelin a differentdimension),��� turns(whenswitchingfrom
onechannelto anotherchannelin thesamedirection),and ������� turns(whenswitchingfrom one
channelto a channelin theoppositedirectionof thesamedimension).Theturn modelgroupsthe
turnsinto cyclesandbreaksall cyclesby prohibitingsometurns. This is equivalentto removing
edgesfrom thechanneldependencygraph.It is thennecessaryto showthatcyclescannotbecre-
atedfrom theremainingturns,basedon theassumptionthatanacyclicchanneldependencygraph
is requiredfor deadlockfreedom.BouraandDasproposea methodof provingdeadlockfreedom
by partitioningthechannelsinto two setsandrequiringmessagesto routecompletelyin the®rstset
beforeusingchannelsin thesecondset.

Duato[11, 13] provedthatrequiringanacyclicchanneldependencygraphis too restrictivefor
routingalgorithmsde®nedby relationsof theform ����������� � � , wherethecurrentnodeand
thedestinationnode,independentof theinputchannel,de®nethesetof outputchannelsonwhichto
routethemessage.Cyclesarepermittedin thechanneldependencygraphif somesubsetof channels
de®nesa connectedroutingsubfunctionwith anacyclicextendedchanneldependencygraph.An
extendedchanneldependencygraphcontainsboththedirectandtheindirectdependencies.Each
edgein thechanneldependencysubgraphde®nesadirectdependency. An indirectdependencyis a
dependencybetweentwo channelsin thesubgraphthatexistsonly becauseof theintermediateuse
of oneor morechannelsnot in thesubgraph.Berman,et al. [1] proposea torusroutingalgorithm
with a routingrelationof theform ���!�"�#�$�#��� ��� thatallowscyclic dependenciesamong
thechannels.

Dally andAoki [8] provedeadlockfreedomfor aroutingalgorithmwith cyclicdependenciesby
guaranteeinganacyclicpacketwait-for graph. A packetwait-for graphis de®neddynamicallyby
thepacketsin thenetworkandcontainsanedgefrom packet%'& to packet%!( if packet%�& is waiting
for achannelheldby packet%)( .

All theseproof techniquesprovideonly a suf®cientconditionfor deadlock-freeadaptiverout-
ing. AlthoughDally andSeitzprovedthatanacyclicchanneldependencygraphis anecessaryand
suf®cientconditionfor nonadaptiveroutingalgorithms[9], determiningwhatconstitutesa neces-
saryandsuf®cientconditionfor adaptiveroutingalgorithmshasremainedanopenproblem.

Lin, McKinley, andNi [23] proposea proof techniquebasedon the observationthat a rout-

3



ing algorithmis deadlock-freeif noneof thechannelsin thenetworkcanbeheldforever. If every
messagethatusesa givenchannelis guaranteedto reachits destination,no matterwhich path(of
thoseallowedby theroutingalgorithm)themessagetakes,thena deadlockcon®gurationcannot
arisefrom theuseof thischannel.Sincesinkchannelscannotbepartof adeadlockcon®guration,
theproofstartswith thesinkchannelsandworksbackwardthroughthenetwork.If it is possibleto
showthatnochannelcanbeheldforeverbyamessage,regardlessof thedestinationandpathtaken,
thentheroutingalgorithmis deadlock-free.Thisproof techniquewasproposedasanecessaryand
suf®cientcondition,althoughDuatopointsout thatonly suf®ciencyis proved[14].

Duato[14] hasrecentlyproposedanecessaryandsuf®cientconditionfor provingdeadlockfree-
domfor arestrictedclassof adaptiveroutingalgorithms.Thisprooftechniqueappliesonly to rout-
ing relationsof theform ��� � � � � � � . Theproof requiresthe identi®cationof a subsetof
channels,� �

�

� , whichhasanacyclicextendedchanneldependencygraph.Unlike thesuf®cient
condition,thesetof channelsin �

� candiffer for differentsource-destinationpairs.Hence,Duato
introducesthenotionof crossdependencies.A crossdependencyis adependencyfrom � &��#�

� to
� (�� �

� , where� & and � ( arebothin �

� , but for differentsource-destinationpairs.As with regular
dependencies,therearedirectcrossdependenciesandindirectcrossdependencies.A routingalgo-
rithm is deadlock-freeif andonly if someconnected�

� existswith no cyclesarisingfrom direct,
indirect,directcross,andindirectcrossdependencies.

Thetechniqueproposedin thispaperappliesto routingrelationsof theform ����� � � � ���

� � , while Duato's proof techniqueis morerestrictiveandappliesonly to routingrelationsof the
form � � � � � � � � . Thelatterroutingrelationscanalwaysbeconvertedto routingrelations
of the former typeby providingthesamesetof outputchannelsfor everyinput channelthat the
messagecouldhaveusedto reachthatnode(includinginputfrom thesourcewhenthesourceis the
currentnode). In general,however, routingrelationsof theform ��� � � � � � � �

� cannot
beconvertedto routingrelationsof theform ��� � � � � � � , sincethesetof outputchannels
candiffer for thesamedestinationwhenthemessagearriveson differentinput channels.In addi-
tion to requiringtheroutingrelationto beof theform � �!� �#� � �

� , Duatoalsoimposestwo
furtherrestrictionson theroutingalgorithmsfor which theproof techniqueis anecessaryandsuf-
®cientcondition,neitherof which is imposedby our proof technique.First, theroutingalgorithm
mustprovideaminimalpathbetweeneverypairof nodes,evenfor nonminimalroutingalgorithms.
Second,theroutingalgorithmmustbecoherent. A routingalgorithmis coherentif it permitsevery
partialpathfromanysourceto anydestinationto beusedby thesamesourceto reachanintermedi-
atenodeon thepathor by anintermediatenodeon thepathto reachthesamedestination.In other
words,acoherentroutingalgorithmthatallowsamessagefrom processor� & to ��( to routethrough
processor��� , mustallow a messageto usethepartialpathbetween� & and ��( whenroutingfrom
processor� & to processor��� or from processor�	� to processor��( . Althoughrequiringcoherence
mayappearto beamodestrestriction,in Section9 weproposetwo simpleroutingalgorithmsthat
arenotcoherent.

3 Assumptionsand De®nitions

Severalassumptionsandde®nitionsareintroducedto facilitate thepresentationof thenecessary
andsuf®cientcondition. Thesearestandardassumptionsmadewhenprovingdeadlockfreedom
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for wormholeroutingalgorithmsandhavealsoappearedin [9, 13].

1. A nodecangeneratemessagesof arbitrarylengthdestinedfor anyothernodeatanyrate.

2. A messagearrivingat its destinationis eventuallyconsumed.

3. Sincewormholeroutingis used,oncea channelqueueacceptstheheader̄ it of a message,
it mustacceptall the¯its of themessagebeforeacceptingany¯its from anothermessage.

4. A channelqueuecannotcontain¯its belongingto morethanonemessageat a time. The
channelmusttransmitthe tail ¯it of thecurrentmessagebeforethechannelqueueaccepts
theheader̄ it of thenextmessage.

5. A nodearbitratesamongmessageswhich simultaneouslyrequestthesameoutputchannel.
Messagesalreadywaiting for achannelarechosenin anorderthatpreventsstarvation.

De®nition1 An interconnectionnetwork� isastronglyconnecteddirectedmultigraph,������� ��� �
	 ,
wherethevertices,�'& � � , aretheprocessorsandthe arcs, � & � � , arechannelsthat connect
neighboringprocessors.Eachchannel,� & , cantransmitmessagesfrom oneprocessor, denoted� & ,
to a neighboringprocessor, denoted�!& .

De®nition2 A routingrelationhastheform � ��� � � � ��� ��� andspeci®esa setof output
channelsbasedon theinputchannel,thecurrentnode,andthedestinationof themessage.

De®nition3 A selectionfunctionhasthe form 
 � ��� �
�

���
�

� � andchoosesa single
outputchannelbasedon theinput channel,thesetof outputchannels,andthestatusof theoutput
channels.� representsthepossiblestatesof anoutputchannel.For fault-tolerantrouting, ���

�

free,busy, faulty� ; otherwise,���

�

free,busy� .

De®nition4 A routingalgorithm ��� on interconnectionnetwork � is representedby ����� � &�� ��(�	

andfor eachsource-destinationpair de®nesthesetof pathsavailableto a message.Therouting
is accomplishedby applicationof a routing relationandthena selectionfunction at eachrouter
betweenthesourceanddestinationof themessage.Theroutingalgorithmmaybeadaptiveor non-
adaptive;minimalor nonminimal;fault-tolerantor not fault-tolerant.

De®nition5 Routingalgorithm ��� is pre®x-closedif apaththat ��� permitsfrom node� & to node
��( thatroutesthroughnode ��� ( � &�� � �	� ) impliesthat ��� alsopermitsthepartialpathfrom � & to
the®rstoccurrenceof ��� on thepathfrom �'& to ��( when �	� is thedestination.

De®nition6 Routingalgorithm ��� is suf®x-closedif apaththat ��� permitsfrom node�'& to node
��( thatroutesthroughnode� � impliesthat ��� alsopermitsthepartialpathfrom � � to ��( when�	� is
thesource.Notethateveryroutingalgorithmwith aroutingrelationof theform ����� ��� � � �

is suf®x-closed.

De®nition7 Routingalgorithm��� iscoherentif ��� ispre®x-closed,suf®x-closed,andneverroutes
amessagethroughthesamenodemorethanonce.
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De®nition8 A waiting channelis a channelat thesourceor an intermediatenodefor which the
messagewaitswhenthemessageis unableto proceedbecauseeverychannelthemessagecanuse
is unavailable.A messagemay havemultiple waiting channelsat the sourceor an intermediate
node.

De®nition9 Thechannelwaiting graph � ��� �
	 for a givenroutingalgorithm �
� andintercon-
nectionnetwork � is a directedgraph,����� � ��� ����� 	 . Theverticesof ����� arethechannels
of � . Thearcsof ����� arepairsof channels,� � & � � (�	 , where� ( is awaitingchannelfor amessage
thatoccupies� & . Formally,

� �

�

� � & � � ( 	���� �	� � ��
 � � suchthat
�
�����

� � & �

�����

� � ( �

�����

� �#� � � �	� � ��
 	

and � ( is a waitingchannelfor ��� � ��� � �	
 	 on thispath�

Note: Thereis no requirementthat themessagewaits for � ( immediatelyafterusing � & , only that
themessageis longenoughto ®ll thechannelqueuesfrom ��& to � ( . Sincearbitrarymessagelengths
arepermitted,this imposesnorestrictionsunderoursystemmodel.

De®nition10 Routingalgorithm ��� is wait-connectedif for everyinput channelona path,there
existsa waiting channelthroughwhich themessagecanberouted. In otherwords,regardlessof
which input channelthemessageuses(includingtheinjectionchannelwhenthemessageis at the
source),thereis alwaysanoutputchannelfor which themessagecanwait. Formally,

�

��� � ��
 �#���

�

� &��#� suchthat
�
�����

� � & �

�����

� �#� � � ��� � �	
 	

� � (��#���

�
�����

� � & � � ( �

�����

� � � � � �	� � �	
 	 and
� ( is awaitingchannelfor ��� � �	� � ��
 	 afterusing � &

Note: A messagemustbeableto reachits destination.Hence,ablockedmessagemustwait for at
leastoneoutputchannel.Otherwise,this messageis neverdeliveredif it reachesanintermediate
nodewhereall theoutputchannelsarebusy. Therefore,anydeadlock-freeroutingalgorithmmust
bewait-connected.

De®nition11 A con®gurationis anassignmentof messagesto channels.Theheaderanddata¯its
of eachmessagearestoredin thechannelqueuesandeachchannelqueueholds¯its from at most
onemessage.Theleadingchannelis thechannelthemessagehasmostrecentlyacquiredandits
channelqueuecontainsthemessageheader. Any otherchannelsoccupiedby thismessagecontain
only data¯its. A con®gurationis legal if eachmessagein thecon®gurationoccupiesoneor more
consecutivechannels;themessageheaderisstoredattheheadof theleadingchannelqueuethatthe
messageoccupies;eachmessageoccupiesonlychannelstheroutingalgorithmpermitsthemessage
to use;andthestoragecapacityof eachoccupiedchannelhasnotbeenexceeded.

De®nition12 A deadlockcon®gurationfor routingalgorithm �
� on interconnectionnetwork �

is a non-emptylegalcon®gurationconsistingof asetof messages,�

�

����� �

�����

����� � ��� � , where
eachmessage,��& , in thesethasacquiredatleastonechannel.Theheader̄it of ��& hasnotreached
its destinationandis unableto proceedbecauseeveryoutputchannelfor � & is unavailable.More-
over, everywaiting channelfor � & is occupiedby eitherdata¯its of � & or theheaderor data¯its
of anothermessagein theset.Thedata¯its at theheadof anyotherchannelqueueheldby � & are
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unableto proceedbecausethenextchannelqueueoccupiedby � & is full. Thus,eachmessageis
blockedandmustwait for anunavailablewaitingchannelheldby anothermessagein theset.Al-
ternatively, when � ��� , �

� waits for a channelalreadyoccupiedby itself. Thesetof messages
canbeorderedsuchthat:

��& waitsfor achanneloccupiedby � &��

�

�����

� and
��� waitsfor a channeloccupiedby �

�

4 Livelock Freedom

Livelockoccurswhenamessageis alwaysroutedawayfrom thedestination.A livelockcon®gura-
tion is possibleonly with nonminimalrouting. If themessagelengthexceedsthestoragecapacity
of all thechannelqueuesin thenetwork,however, themessage®nallyarrivesat an intermediate
nodewherethemessagealreadyoccupieseveryoutputchannelthemessageis permittedto use.
Hence,asuf®cientlylongmessageeventuallydeadlocks.Livelock couldoccurwhenashortmes-
sageis routedin acycleof � channelsandthemessagecan®tin ����� channelqueues.Themessage
couldthencontinuallyrouteto thesamechannelusedtheprevioustimethroughthecycle.By As-
sumption5,however, thismessagecannotpreventothermessagesfrom usingthesechannelswhen
thechannelsbecomefree,sothismessagecannotcreateadeadlockcon®gurationduesolelyto the
livelock problem.Hence,deadlockfreedomcanbeprovedevenfor routingalgorithmsthatarenot
livelock-free.

5 Suf®cientCondition

Most techniquesfor provingthatwormholeroutingalgorithmsaredeadlock-freerequirethat the
channeldependencygraphbeacyclic in somemanner. Thechanneldependencygraphdescribes
theorderin whichchannelscanbeused. FromDe®nition12,however, it is clearthatanydeadlock
con®gurationisbasedonthewaitingchannels,ratherthanthechannelsamessagecoulduse. (The
ideaof waiting channelswasintroducedindependentlyby Lin, McKinley, andNi [23], however,
themethodologypresentedin this paperis novel.) Theroutingalgorithmmayallow a messageto
useachannelwhenthechannelis free,evenif themessageis notpermittedto wait for thischannel
whenthechannelis busy. Thisis ourmotivationfor usingthe ����� , sinceit ignoresdependencies
thatcannotresultin deadlock.Sincethechannelwaiting graphis a subsetof thechanneldepen-
dencygraph,requiringanacyclicchannelwaitinggraphis lessrestrictivethanrequiringanacyclic
channeldependencygraph.

Theorem1 If routingalgorithm ��� is wait-connectedandthe ��� � for ��� is acyclic,then ���

is deadlock-free.

Proof. � � iswait-connected,soeverymessagealwayshasawaitingchannelwhenall outputchan-
nelsarebusy. Assumethereis adeadlockcon®gurationinvolving � messages.If � � � , thenthere
is a cycle in the ����� from a channelto itself, which is not possiblesincethe ��� � is acyclic.
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Figure1: Duato'sExampleof anIncoherentRoutingAlgorithm

Otherwise,(
��� �

� ) thereis anedgein the ��� � from everychanneloccupiedby ��& to thechan-
neloccupiedby ��&��

� for which ��& is waiting(call thischannel�

�

& �

� ). Thereis alsoanedgein the
��� � from everychanneloccupiedby � � to thechanneloccupiedby �

� for which ��� is waiting
(call this channel�

�

� ). Hence,thereis anedgein the ����� from �

�

&

to �

�

&��

� (
��� �

� ) andfrom �

�

�

to �

�

� . The ����� for � � is acyclic,however, sono suchsetof edgesis possible.Therefore,no
deadlockcon®gurationexistsand ��� is deadlock-free.

�

An edgein the ��� � requiresonly theexistenceof apathfromsomechanneltoawaitingchan-
nel. Thespeci®cintermediatechannelsusedbetweenthischannelandthewaitingchannelarenot
consideredwhencreatingthe ��� � . Hence,it is possiblethata cyclein the ����� existsonly if
two or moremessagesoccupythesamechannel.For this reason,we divide cyclesin the �����

into two classes:FalseResourceCyclesandTrueCycles.A FalseResourceCycleis acyclein the
��� � thatrequiresat leastonechannelto beoccupiedsimultaneouslyby morethanonemessage
in orderto createthecycle. Notethatthis sharedchannelis not necessarilywithin thecycle. Ob-
viously, a FalseResourceCyclecannotoccur, sincethis is physicallyimpossible.(Eventhough
thecon®gurationis legal,it is nota reachablecon®guration[5].) Therefore,a FalseResourceCy-
cle cannotbeusedto createa deadlockcon®guration.A TrueCycle is a cycle in the ��� � that
permitseverymessagein thecycleto occupydifferentchannels.In Section7, we providea more
completedescriptionof FalseResourceCyclesandpresenta techniquefor distinguishingbetween
FalseResourceCyclesandTrueCycles.

To illustratethe differencebetweenFalseResourceCyclesandTrue Cycles,Duato's exam-
ple[12] of anincoherentroutingalgorithmis presented.Theprocessorsandchannelsareshownin
Figure1. Theroutingalgorithmpermitsonly minimal routing,with theexceptionof channel��� � .
Channel��� � canbeusedby amessagedestinedfor only node��� . Clearly, thisroutingalgorithmis
notcoherent,sinceamessagefrom � � to ��� canberoutedthrough�

� usingchannel�	� � , however,
amessagefrom � � to �

� cannotusechannel�
� � .
The ����� for thisroutingalgorithmhasaFalseResourceCycleandaTrueCycle.A message

whoseinput channelis �	� � canwait for ���

� or ���

� . If themessagewaits for � �

� , thereis a True
Cyclefrom ���

� to � �

� thatuses��� � . Otherwise,theTrueCycleis acyclefrom ���

� to �
�

� thatuses
�
� � . Thereis a FalseResourceCycle that involvestwo messages.A messagethatoccupies� �

�

and �
� � andwaitsfor ���

� anda messagethatoccupies�
�

� and ��� � andwaitsfor ���

� . Obviously,
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thisFalseResourceCycleexistsonly becausebothmessagessimultaneouslyoccupy� � � , which is
impossible.

6 Necessaryand Suf®cientCondition

A messageis unableto proceedwhenall outputchannelsthemessageis permittedto usearebusy.
Thissituationcanberesolvedin oneof twodifferentways:(1)Themessagecouldwait for aspeci®c
outputchannelto becomefreeor (2) Themessagecouldwait until anypermittedoutputchannel
becomesfree. For case(1), theroutingalgorithmcannotchooseto wait for anarbitrarychannel,
butmustchooseachannelfor whichwaitingis permitted.Althoughit is possiblethatthemessage
hasmorethanonewaiting channel,oncea waiting channelis chosen,themessagemustwait for
thatspeci®cchanneltobecomefree.Forcase(2), themessagealsohasthepossibilityof waitingon
asubsetof morethanoneoutputchannel.In fact,case(2) includesanyroutingalgorithmthatdoes
notconformtocase(1). Thatis,anyroutingalgorithmthatdoesnotselectaspeci®cwaitingchannel
andwait for thatchanneluntil it becomesfree.We®rstproveanecessaryandsuf®cientcondition
for routingalgorithmsthatbelongto case(1), followedby anecessaryandsuf®cientconditionfor
routingalgorithmsthatbelongto case(2).

Theorem2 A routingalgorithm, ��� , that requiresa messageto wait for a speci®coutputchannel
is deadlock-freeiff ��� is wait-connectedandthe ����� for ��� hasnoTrueCycles.

Proof. First notethat ��� is wait-connectedby de®nition.By Theorem1, anacyclic ����� is a
suf®cientconditionfor deadlockfreedom.A FalseResourceCyclecannotresultin deadlock,so
anyFalseResourceCyclescanbeignored.Sincethereareno TrueCycles,theroutingalgorithm
is deadlock-free.

To provenecessity, assumethataTrueCyclewith � messagesexists.A deadlockcon®guration
canbe createdfrom this True Cycle. For each

� �

� , allow message� & to occupychannel�

�

&

,
someadditionalchannelsif necessary, andthenwait to acquirechannel�

�

&��

� occupiedby message
��&��

� . (Assumethat ��& and �

�

&

arede®nedasbefore.)Similarly, message� � occupieschannel�

�

�

andwaits for channel�

�

� . Sincethis is a TrueCycle, it is possibleto generatea setof messages
thatareableto occupytheappropriatechannel(s)andthenwait for theappropriatechannel.To
force ��& to wait for theappropriatechannel,it is necessaryto guaranteethateveryoutputchannel

��& coulduseat this nodeis busy. For anyoutputchannelavailableto � & that is alsoavailableto
thesource,assumethesourcehasinjecteda messagethat is occupyingthis channel.If � � is not
suf®x-closed,however, it is possiblethatsomeof theoutputchannelsavailableto �#& canbeused
only by messagesarrivingontheinputchannelusedby ��& . Fortheseoutputchannels,assumethat
apreviousmessage,� ( , usedthis inputchannelandwasforwardedononeof theoutputchannels.
In addition,thelengthof �
( is assumedto beshortenoughthatit releasestheinputchannelthat � &

uses,however, � ( is longenoughthatit occupiestheoutputchannelatthisnode.By Assumption2,
� ( is notnecessarilyremovedfromthenetworkimmediately, soit is possiblethat � ( occupiesthis
outputchannelfor ashortamountof time. Hence,it is alwayspossibleto force � & to wait for �

�

&��

� .
Clearly, eachmessagein thesetis waiting for a channeloccupiedby anothermessagein theset
andnoneof themessagescanmakeprogress.Therefore,a deadlockcon®gurationcanalwaysbe
constructedfrom aTrueCycle.

�
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For routingalgorithmsthatpermita messageto wait for anyof theoutputchannelsto become
free,anacyclic ����� is not a necessarycondition. Sincea blockedmessagemayhavemultiple
waitingchannels,messagesmaybeableto avoidchannelsthatform cyclesin the ����� by using
an alternativechannelthat is not part of a cycle. Deadlockcanbe avoided,however, only if at
leastoneof the waiting channelsis guaranteedto becomefree. For this reason,we selectively
removeedgesfrom the ����� to resolveall TrueCycles,aslong astheroutingalgorithmfor the
resultinggraph,�����

�

, remainswait-connected.Wenextprovethatif nosuch�����

�

exists,then
theroutingalgorithmis notdeadlock-free.If sucha �����

�

doesexist,however, thenthefollowing
theoremcanbeusedto provedeadlockfreedom.

Theorem3 A routing algorithm, ��� , that permitsa messageto wait for any outputchannelis
deadlock-freeiff ��� is wait-connectedfor somesubgraphof the ����� , called �����

�

, and this
��� �

�

hasnoTrueCycles.

Proof. If � � is wait-connectedfor the ����� andthe ����� hasno TrueCycles,thentheresult
follows immediatelyfrom Theorem2, with ����� �������

�

. Assumethe ��� � containsTrue
Cycles.In thiscase,��� mustbewait-connectedfor some��� �

�

withoutTrueCycles.
We®rstprovesuf®ciency. Considerapotentialdeadlockcon®gurationfor � � , involvingacycle

of � messages( � � � ). Thisrequiresthateverymessagein thecon®gurationiswaitingfor channels
occupiedby itself or anothermessagein thecycle.Since�
� is wait-connectedfor �����

�

, at least
oneof thewaiting channelsfor eachmessageis in �����

�

. Because�����

�

hasno TrueCycles,
anoutputchannelin �����

�

eventuallybecomesfreeandsomemessagein thesetis forwarded.
Thereis no guarantee,however, thattheoutputchannelthemessage,� & , eventuallyacquiresis a
channelin �����

�

. (It is possiblethat � & is forwardedalonga differentchannelbeforeanoutput
channelin �����

�

becomesfree.) If ��& hasreacheditsdestination,thenthecyclehasbeenresolved.
Otherwise,whetheror not � & acquiresa channelin �����

�

, ��& canacquireanoutputchannelin
��� �

�

at thenextnodebecause��� is wait-connectedfor �����

�

. Hence,oneof themessagescan
alwaysberoutedandadeadlockcon®gurationcannotoccur.

We now provenecessityby showingthat the routingalgorithmis not deadlock-freeif every
wait-connected�����

�

hasTrueCycles.Assumethateverywait-connected�����

�

hasTrueCy-
cles. Hence,it is possibleto generatea setof messages,eachof which hasno waiting channel
guaranteedto becomeavailable.

�

Furthermore,thesemessagesareall blockingeachother, since
otherwiseit wouldbepossibleto guaranteethatawaitingchannelbecomesfree.Therefore,await-
connected�����

�

withoutTrueCyclesmustexistfor everydeadlock-freeroutingalgorithm.
�

By usingthenecessaryandsuf®cientconditionjust proposed,it is possibleto provethat the
incoherentroutingalgorithmpreviouslydiscussedis deadlock-free.Theroutingalgorithmis not
deadlock-free,however, if a messagewaits for a speci®cchannelto becomefree. Considertwo
messages:onefrom �

� to ��� andonefrom �

� to ��� . Assumethemessagefrom �

� to ��� occupies
�
�

� and ��� � andthemessagefrom �

� to ��� occupies�	�

� , � �

� , and ��� � . If this secondmessage
waits for ���

� , thena deadlockcon®gurationoccurs.If this messageinsteadwaits for � �

� , thena
deadlockcon®gurationoccurswhenthe®rstmessageoccupies� �

� insteadof �	�

� andthesecond
messageoccupies�	�

� insteadof ���

� . Sincetheroutingalgorithmdoesnot know which channels

�

In fact, if evenoneof thesemessages,��� , hasa waiting channelthatbecomesfree,theneitherall themessages
door theremainingmessagesin theset(without ��� ) form a deadlockcon®guration.
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Figure2: The ��� � for theIncoherentRoutingAlgorithm

havealreadybeenusedby amessagewhenselectingawaitingchannel,theroutingalgorithmis not
deadlock-freeif themessagewaitsfor a speci®cchannel.On theotherhand,if themessagewaits
for both ���

� and ���

� , thenby Theorem3 theroutingalgorithmis deadlock-free.Figure2 depicts
the ����� for this routingalgorithm. As discussedpreviously, thereareTrueCyclesanda False
ResourceCyclein thischannelwaitinggraph.

The ��� � hasTrueCycles,howeverit is possibleto createa ��� �

�

with noTrueCyclessince
theroutingalgorithmis deadlock-free.Edgesareremovedfrom the ��� � to create�����

�

using
thefollowing observations:

� Sinceanymessagewaitingfor �	� � isguaranteedto reach� � andboth ��� � and��� � canbeused
only by messageswhosedestinationis � � , nomessageis requiredto wait for �
� � . Therefore,
theroutingalgorithmremainswait-connectedfor �����

�

evenif all edgesto �	� � areremoved
from the ����� .

� A messagethatarriveson �	� � whileoccupying� �

� eventuallyacquires�	�

� , sincethemessage
occupying�	�

� is destinedfor either � � or ��� . If thedestinationis � � , thenthemessagehas
reachedits destinationand �
�

� will becomefree. If thedestinationis ��� , thenthemessage
occupying���

� iseitheroccupying�	� � or waitingfor �	� � . Sinceanymessagewaitingfor �	� �

eventuallyreaches� � , ���

� eventuallybecomesfree.Similarly, amessagethatarriveson � � �

while occupying�	�

� eventuallyacquires� �

� . Therefore,theedgefrom � �

� to ���

� andthe
edgefrom ���

� to ���

� canberemovedfrom �����

�

to createa new �����

�

andtherouting
algorithmis still wait-connectedfor thisnew �����

�

.

Figure3depicts�����

�

afterthesetwomodi®cationshavebeenmade.TherearenoTrueCycles
in �����

�

. Theonly cycle in �����

�

is a FalseResourceCycle from � �

� to �
�

� andbackto � �

� ,
whichrequiresthatbothmessagesin thecycleoccupy��� � . Since� � is wait-connectedfor �����

�

,
deadlockfreedomfollowsimmediatelyfromTheorem3. In thenextsection,wepresentaprocedure
for distinguishingbetweenFalseResourceCyclesandTrueCycles.
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Figure4: A FalseResourceCyclefor Minimal Routing

7 FalseResourceCycles

The ����� is astaticgraph,however, thedependenciesthatariseamongthechannelsaredynamic.
FalseResourceCyclescapturethis notionof dynamicdependenciesamongthe channels.When
twoedgesin the ����� require theuseof a commonchannel,thenthesetwodependenciescannot
occursimultaneously. A cyclein the ����� thatis formedfrom suchdependenciescannotoccurin
reality, andhence,cannotleadto a deadlockcon®guration.FalseResourceCyclescanarisewith
minimal or nonminimalrouting. Duato's incoherentroutingalgorithmis anexampleof thelatter.
Wenowpresentanexampleof aFalseResourceCyclefor minimal routing.

7.1 Examplewith Minimal Routing

Theroutingalgorithmis presentedfor thering (1D torus)shownin Figure4,whichalsodepicts
a FalseResourceCyclethatoccurswhenthemessagesareroutedin theclockwisedirection.The
multiprocessorshownin Figure4consistsof tennodes,labeled�

� through��� . Therearefourvirtual

12



channelsper physicalchannel,exceptfor the channelbetweennodes��� and � � , which has®ve
virtual channels.Therearesix messagesactivein thenetwork, �

� through��� . In theupperleft-
handcornerof anode,S

�

is usedto denotethisnodeasthesourceof message� & . Likewise,in the
upperright-handcornerof anode,D

�

is usedto denotethisnodeasthedestinationof message�#& .
A messageappearsaboveeachvirtual channelthatit currentlyoccupies.Forexample,�

� is using
the®rstvirtual channelbetween�

� and �

� .
The routingalgorithmpermitsa messageto use

�

�

� if the destinationof the messageis an
even-numberednodeand

�

� � if thedestinationis anodd-numberednode.A messageon
�

�

� or
�

� � stayson
�

�

� or
�

� � , respectively, until a wrap-aroundchannelis used.Themessagethen
switchesfrom

�

� & to
�

��� &�� ���
	���
��
. In addition,anymessageroutingfrom node��� to (or through)

node� � is allowedto use
�

��� . After amessageuses
�

��� , themessagerouteseitheron
�

� � , if the
destinationis anodd-numberednode,or on

�

��� , if thedestinationis aneven-numberednode.It
is possibleto createacyclein the ��� � only if two messagesarriveatnode��� andbothmessages
leave ��� on

�

��� . Clearly, bothmessagescannotoccupy
�

��� at thesametime, sothis is a False
ResourceCycle.TherearenoTrueCyclesin the ����� , sodeadlockfreedomfollows immediately
from Theorem2.

7.2 Testingfor FalseResourceCycles

In orderto createa cycle,eachmessagein theset, � & , mustacquire�

�

&

before ��&��

� arrivesat �

�

&

.
Thisis alwayspossiblewith aTrueCycle,sinceeachmessageoccupiesdifferentchannels.A False
ResourceCycle,however, requiresthatat leasttwo messagesin thecycleshareachannel.A False
ResourceCyclecanarisein two ways. Either a channelwithin thecycle is sharedor a channel
outsidethecycleis sharedby at leasttwo messagesin thecycleprior to enteringthecycle. If the
sharedchannelis partof thecycle,theneachmessage,��& , thatusesthesharedchannelhasalready
acquired�

�

&

. Hence,theFalseResourceCyclewouldinsteadbeaTrueCycleif every��& couldreach
�

�

&��

� withoutsharingachannel.Ontheotherhand,if thesharedchannelisusedprior to thechannels
in thecycle,thenaFalseResourceCycleresultsfrom theinability of � & to acquire�

�

&

before��&��

� .
TheFalseResourceCyclewouldinsteadbeaTrueCycleif ��& couldreach�

�

&

withoutusingashared
channel.

The®rstpossibilityto consideris aFalseResourceCycleinvolvingonly thechannelsthatform
thecycle. We needto considerchannelsat only thosenodesthatareusedby morethanonemes-
sagein thecycle. A messagethatcanform its partof thecyclewithout usinganynodeusedby
anothermessagein thecyclecannotbeusinga sharedchannel.Hence,ignoreanymessagethat
canroutethroughnodesthatno othermessagein thecyclecanuse.For theremainingmessages,
seeif achannel-disjointpathcanbefoundfor eachmessage.Thisis doneby arbitrarilychoosinga
pathfor oneof theseremainingmessages.Continueselectingchannel-disjointpathsfor theother
remainingmessages.If achannel-disjointpathcanbefoundfor eachmessage,thenthereisnoFalse
ResourceCycleformedwith thechannelsusedin thecycle.Otherwise,backtrack,selectingadif-
ferentchannel-disjointpathfor thepreviousmessage.If all possiblepathshavebeenconsidered
andthereis still nochannel-disjointpathfor all messages,thenthis is aFalseResourceCycle.

The secondpossibility to consideris a FalseResourceCyclecreatedonly whenat leasttwo
messagessharea channelthat is usedprior to the cycle. This possibility is consideredonly if a
channel-disjointpathwithin thecycleexistsfor eachmessagein thecycle.Furthermore,thissecond
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possibilitycanoccuronlywith routingalgorithmsthatarenotsuf®x-closed.If aroutingalgorithmis
suf®x-closed,thenanycyclecanbeformedwithoutusingchannelsoutsidethecycle. For routing
algorithmsthatarenot suf®x-closed,®rstignoreanymessage,��& , thatcanroutefrom �

�

&

to �

�

&��

�

wherethesourceof message� & couldbeat �

�

&

. Next,ignoreanymessagethatcouldrouteto �

�

&

using
nodesthatno othermessagein thecyclecanuse.For theremainingmessages,considerthepaths
thata messagecouldtaketo reach�

�

&

. Proceedasin thepreviouscase,selectingchannel-disjoint
pathsandbacktrackingasnecessary. If achannel-disjointpathcanbefoundfor eachmessage,then
this is a True Cycle. Otherwise,this cyclemay be a FalseResourceCycle. We do not havean
algorithmicmethodof determiningthis.

A messagethatusesasharedchanneloutsidethecyclecanbeshortenoughto releasethischan-
nel after it hasbeenusedandhold only thechannelsthat form its partof thecycle. Hence,even
thoughthechannelis sharedby morethanonemessagein thecycle,thechannelcouldbeshared
consecutivelyratherthansimultaneously. If thecyclecanbeformedwhenthesharedchannelsare
usedconsecutivelyratherthansimultaneously, thenit is aTrueCycle.Otherwise,it is a FalseRe-
sourceCycle.

8 Identifying
��� ���

In this section,a formaldesignmethodologyfor reducingthe ����� to �����

�

is described.This
methodologyis neededonly for routingalgorithmsthatdonot requireamessageto wait for aspe-
ci®coutputchannel.Thedesignmethodologyrequirestheidenti®cationof all cyclesin the ����� .
Sincethenumberof cyclesin the ����� couldbeexponentialin thenumberof channels,®nding
a �����

�

requiresanexponentialtime algorithm. Othergeneraltechniquesfor provingdeadlock
freedom[11, 14, 23] alsorequireexponentialtime in theworstcase.Thealgorithmfor reducing
the ��� � to �����

�

hasthefollowing steps:

1. Createa list, � , of all cyclesin the ����� . Eachentry in � containsthreesets: �

� , theset
of edgesthatform thecycle, � � , thesetof edgesin thecyclethealgorithmhasattemptedto
remove,and � � , thesetof edgesthatarecurrentlyremovedfrom thecycle. Initially, � � �

�
� ��� for all cyclesin � . Also keepanorderedlist of TrueCyclesthathavebeenresolved.
This list is usedfor backtracking.

2. Removeall FalseResourceCyclesfrom � . This is doneby examiningeachcyclein � using
themethoddescribedin Section7.2or informally by inspectingthe ����� . LabeltheTrue
Cycles	 � & �

�

��� ��
 �

�����

� � 	 andlet
�

��� .

3. Removeanedgefrom 	�� & aslong asthe routingalgorithmremainswait-connected.Any
edgethatcannotberemovedwith theroutingalgorithmstill wait-connectedis addedto �
� .

4. If everyedgein 	�� & is requiredfor the routingalgorithmto remainwait-connected,then
backtrackto the previousTrue Cycle. Beforebacktracking,reset � � � �
� � � for 	 � & .
Removetheappropriateedgein � � from this previousTrueCycle,but leavethis edgein � � ,
sinceit hasalreadybeentried.
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5. Otherwise,	 � & canberesolved,soaddthis edgeto � � and �
� . ChoosethenextTrueCycle
from � with �
� � � and �

� doesnotcontainanyedgethatis in � � for a resolvedTrueCycle.
Set

�

to thecorrespondingnumberfor thiscycle.

6. Repeatsteps3 ± 5 until all TrueCyclesin � havebeenresolvedor theroutingalgorithmhas
backtrackedto 	 �

� andthealgorithmhasalreadyattemptedto removeeveryedge	 �

� . If all
TrueCyclesin � havebeenresolved,thentheroutingalgorithmis deadlock-freeand �����

�

consistsof theedgesthathavenot beenremoved.Otherwise,no acyclic ��� �

�

existsfor
this routingalgorithm,sotheroutingalgorithmis notdeadlock-free.

ExampleReduction

Throughinspectionof the ����� , wehaveproveddeadlockfreedomfor theincoherentroutingal-
gorithmproposedby Duato. We now illustratetheformal methodologyproposedin Section8 by
provingdeadlockfreedomfor thesameroutingalgorithm.

Initially, � is thelist of all cycles:

� �

�

�

� �

�

�

�

� �

�

� � �

�

�
�

�

�

�

� �
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� � �

�

�
� ���

�

� �

�

� � �

�

� �

�

� �
�

�

�

�

� �

�

� � �

�

���

�

� �
� � �

�

� �

�

� � �

�

�
�

�

� ��� � �

�

� �

�

� ���

Througheitherinspectionor theapplicationof theapproachdescribedin Section7.2,thecycle
�

� �

�

� �
�

�

� is shownto bea FalseResourceCycle. Hence,this cycle is removedfrom � . All the
othercyclesareTrueCycles.After labelingthecycles,� is:

� �

�

	��

�

�

�

� �

�

�

�

� �

�

� � � 	�� � �

�

�
�

�

�

�

� �

�

� � � 	 � � �

�

��� � �

�

� �

�

� � �

	�� � �

�

� �

�

� ��� � �

�

� �

�

� � � 	 ��� �

�

�
�

�

� �
� � �

�

� �

�

� �
�

Set
�

��� andremove���

� from 	 �

� . Since���

� is alsoawaitingchannel,theroutingalgorithm
is still wait-connected.Likewise,set

�

� 
 andremove���

� from 	 � � andthenset
�

� � and
remove��� � from 	 � � . Next, set

�

��� andremove� �

� from 	 � � . Theroutingalgorithmis still
wait-connected,becausethemessagethatoccupies� � � canwait for ���

� . Finally, set
�

��� and
remove���

� from 	 ��� . Theroutingalgorithmis no longerwait-connected,becauseamessagethat
occupies��� � cannotwait for � �

� or ���

� . Instead,remove�	� � from 	 ��� . Thispreventsamessage
on �
�

� from waiting for ��� � , however, theroutingalgorithmis still wait-connected,because� �

�

canwait for ��� � . Notethatthis �����

�

is differentfrom theonedepictedin Figure3. All ®veTrue
Cycleshavebeenresolvedandtheroutingalgorithmisstill wait-connected,sotheroutingalgorithm
is deadlock-free.� containsthefollowing information:
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9 Routing Examples

In orderto demonstratetheusefulnessof thenecessaryandsuf®cientcondition,a partially adap-
tive nonminimalroutingalgorithmfor � -dimensionalmeshesis proposed.Theroutingalgorithm
doesnotrequireanyvirtual channelsanddoesnothaveanacyclicchanneldependencygraph.Our
methodologyisalsousedtoshowdeadlockfreedomfor afully adaptiveminimalhypercuberouting
algorithm. Thenecessaryandsuf®cientconditionis thenusedto provethatanyrelaxationof the
restrictionsimposedby theroutingalgorithmintroducesthepossibilityof deadlock.

9.1 PreviousRouting Algorithms

Torusandhypercubetopologiescanbecharacterizedas � -ary � -cubes,where � is theradixand �

is thedimension.Forexample,an8D hypercubeis a 2-ary8-cubeanda ��� � ��� torusis a 16-ary
2-cube.An � -dimensionalmeshis similar to a torus,excepta meshdoesnot havewrap-around
channels.

Partiallyadaptiveroutingalgorithmsfor wormhole-routedhypercubesandmesheshavebeen
proposedby manyauthors[2, 4,10, 16, 18, 22,30]. BouraandDas[2] aswell asGlassandNi [16,
18] haveproposedmethodsfor producingpartiallyadaptiveroutingalgorithmsfor hypercubesand
meshes.Thepartiallyadaptiveroutingalgorithmfor hypercubesproposedby Li [22] hastheaddi-
tional advantageof ensuringthatthemultiplepathsareedge-disjointfor manysource-destination
pairs.All threealgorithmsrequireonlyasinglevirtualchannelperphysicalchannel.In Section9.2,
weshowhowto increasetheadaptivenessin ameshwithoutvirtual channelsby usingaroutingal-
gorithmthatpermitscyclesin thechanneldependencygraph.

Thehypercuberoutingalgorithmproposedby DraperandGhosh[10] usestwo virtualchannels
for eachphysicalchannel.Eachmessageroutesin dimensionorderalongthe®rstsetof channels,
but mayskip somedimensionsin which themessageneedsto route. Themessagethenroutesin
dimensionorderalongthesecondsetof channels.Themessagecannolongerskipdimensionsand
mustwait for thechannelsto becomefree. The hypercuberoutingalgorithmproposedby Yang
andTsai [30] alsorequirestwo virtual channelsper physicalchannel.A message®rstusesany
dimensionin which it needsto routein a positivedirection. Whenthemessage®nisheswith all
suchdimensionsor ®ndsthemall busy, themessagerepeatsthisprocessfor all negativedirections.
Themessagethenswitchesto thesecondsetof virtual channelsandroutes®rstin all remaining
positivedirectionsandthenin all remainingnegativedirections,waiting for busychannelswhen
necessary.

A fully adaptivehypercuberoutingalgorithmhasbeenproposedby severalauthors[11,20,23,
29]. This routingalgorithmrequirestwo virtual channelsperphysicalchannel.A messageroutes
in dimensionorderalongthe®rstsetof virtual channels.Eachmessagealsohasthepossibilityof
routingin anydimensionthatmovesthemessagecloserto thedestinationalongthesecondsetof
virtual channels.

Besidesroutingalgorithmsproposedspeci®callyfor hypercubes,anyroutingalgorithmfor ar-
bitrarydimensionmeshesor tori canbeextendedto hypercubes,sincean � -dimensionalhypercube
is a specialcaseof an � -dimensionalmeshor torus.Only a few fully adaptiveroutingalgorithms
havebeendesignedfor � -dimensionalmeshandtorustopologies[1, 8, 21,24,27,28]. Whenre-
strictedto hypercubes,the routingalgorithmsproposedby Jesshope,Miller, andYantchev[21],
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andby LinderandHarden[24] requiremorevirtual channelsthantheroutingalgorithmproposed
by Duato[11]. Theroutingalgorithmproposedby Dally andAoki [8] is morerestrictivethanthe
routingalgorithmproposedby Duato.Theroutingalgorithmproposedby Berman,etal. [1], when
restrictedto hypercubes,is equivalentto theroutingalgorithmproposedby Duato.Only therout-
ing algorithmproposedby SchwiebertandJayasimha[28], whenmodi®edfor hypercubes,is more
adaptivethantheroutingalgorithmproposedby Duato.

Theroutingalgorithmproposedby Duato[11] usesthe®rstsetof virtual channelsfor nonadap-
tive routingandthesecondsetof virtual channelsfor fully adaptiverouting. In Section9.3, we
showhow to increaseadaptivenessby usingthe®rstsetof virtual channelsfor partially adaptive
routing.

9.2 MeshRouting Algorithm

Wenowproposeapartiallyadaptivenonminimalroutingalgorithmfor meshesthatdoesnotcontain
anacyclicchanneldependencygraphanddoesnot requireanyvirtual channels.(For a 2D mesh,
thisroutingalgorithmis similarto north-lastproposedby GlassandNi [18,19], althoughourrout-
ing algorithmpermitsmessagesto makemore � ���!� turns.)Thisnewroutingalgorithm,calledthe
HighestPositiveLastroutingalgorithm,is de®nedbelow.

Let � bethehighestdimensionin whichthemessagestill needsto routein thenegativedirection
to reachthedestination.Thefollowing setof restrictionsis appliedto thechannels:

� A messagecanuseanychannelin a dimensionlower than � , evenif themessagedoesnot
needto routein thatdirection,sononminimalroutingis permitted.A messagecanalsoroute
in thenegativedirectionof dimension� .

� A messagethatneedsto routein only positivedirectionsmustusethepositivechannelsin
increasingdimensionorder, althoughthe messageis permittedto misroutein thenegative
directionof ahigherdimensionif desired.

� A messageisallowedtomakea � ����� turnfromthenegativedirectionto thepositivedirection
if themessageneedsto routein thepositivedirection.A messageis permittedtomakea � �����

turnfromthepositivedirectiontothenegativedirectiononlywhenthemessageneedstoroute
in thenegativedirectionof thisdimensionandsomehigherdimension.

� If all outputchannelsa messagecanusearebusy, themessagewaits for thechannelin the
negativedirectionof dimension� . If themessageneedsto routeonly in positivedirections,
thenthemessagewaits for thechannelin thepositivedirectionof the lowestdimensionin
which themessageneedsto route.

Note: Alternatively, theroutingalgorithmcouldallowamessagetowait for anychannelthatmoves
themessagetowardthedestination.In this case,�����

�

consistsof thewaiting channelsjust de-
scribedanddeadlockfreedomis provedusingTheorem3.

TheHighestPositiveLastroutingalgorithmhasaroutingrelationof theform ����� � ��� � �

�
� . Forexample,consideramessagethatneedsto routeonlyEastandNorth. Whenthemessageis

dueSouthof its destination,themessageis permittedto routeSouthif theinputchannelwasEast,
however, themessagecannotrouteSouthif theinput channelwasNorth. (If this restrictionis not
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imposed,theroutingalgorithmis not deadlock-free.)Theroutingalgorithmis not coherenteven
for minimal paths.For example,on an � � � � � mesh,a messagefrom � � � � ��
 	 to � � � � ��� 	 can
routethrough � � � � ��
 	 , however, amessagefrom � � � � ��
 	 to � � � � ��
 	 cannotroutethrough � � � � ��
 	 .
Finally, theroutingalgorithmdoesnothaveanacyclicchanneldependencygraph,butdoeshavean
acyclicchannelwaitinggraph.Forexample,amessagethatneedsto routein thenegativedirection
of the � dimensioncanusethechannelsin the � and � dimensionsin anyorder, butalwayswaits
for thechannelin thenegativedirectionof the � dimension.Duato's proof techniquecannotbe
appliedto theHighestPositiveLastroutingalgorithm,becausetheroutingrelationis of theform

����� � �$�#��� � � .
Theroutingalgorithmallowssubstantiallymoreminimal pathsthananypreviouslyproposed

meshroutingalgorithmthat requiresonly onechannel.Previouspartially adaptiveroutingalgo-
rithmshaverequiredanacyclicchanneldependencygraph.Forexample,GlassandNi [19] propose
thenegative-®rstroutingalgorithmfor � -dimensionalmeshes.Thenegative-®rstroutingalgorithm
requiresmessagesto routein all negativedirectionsandthenall positivedirections.Thenegative-
®rstroutingalgorithmalsopermitsnonminimalroutingon thenegativechannelsbeforeusingany
positivechannels.GlassandNi provethatanacyclicchanneldependencygraphprohibitsat least

� � � � � 	 ����� turnsfor an � -dimensionalmesh.With negative-®rst,amessagecannotuseanegative
channelafterusinga positivechannel,soeachof the � positivechannelsis prohibitedfrom using
thenegativechannelin theother � ��� dimensions.TheHighestPositiveLastroutingalgorithm
doesnotallow amessageto useachannelin a lowerdimensionafterusingthepositivechannelin
a higherdimension,which restricts� � � � � 	 ���!� turns,however, therestrictionsimposedby the
HighestPositiveLastroutingalgorithmarenotabsolute.A messagecanuseapositivechannelbe-
foreachannelin a lowerdimensionwheneverthemessageneedsto routein thenegativedirection
of somestill higherdimension.Thisis asigni®cantrelaxationof theroutingrestrictions,especially
onthepositivechannelin thelowerdimensions.Althoughthepositivechannelin dimension

�

can-
notbeusedbeforethepositiveor negativechannelin alowerdimension,thisrestrictionis removed
whenthemessagealsoneedsto routein thenegativedirectionof anydimensionhigherthan

�

. The
lower thedimension,themorelikely this restrictioncanberelaxed.

Theorem4 TheHighestPositiveLastroutingalgorithmis deadlock-free.

Proof. This proof usesthenecessaryandsuf®cientconditionprovedin Theorem2. Any cyclein
the ��� � requiresat leasttwo dimensions,sinceamessageroutingin thepositivedirectioncannot
wait for achannelin thenegativedirectionwithout®rstroutingin thenegativedirectionof another
dimension.Consideranypotentialcyclein the ����� involving thechannelsusedby themessages
thatform thecycle. It is possibleto partitionthiscycleinto two hyperplanesby dividing thecycle
alongthehighestdimensionusedin thecycle. For thecycle to exist, somemessagemustusea
channelin thepositivedirectionof thehighestdimensionin thecycleandthenwait for a channel
in anotherdimensionin thepositivehalf. In otherwords,somemessagemustcrossthepartitionin
thepositivedirectionandthenwait for a channelin this half of thepartitionfor thecycleto exist.
A messageis not permittedto usea channelin thepositivedirectionandthenwait for a channel
in a lowerdimensionwithout®rstusingachannelin thenegativedirectionof ahigherdimension.
Sincethe messagehasalreadyusedthe positivedirectionof thehighestdimensionin the cycle,
themessagehasnotusedthenegativechannelin astill higherdimension.Thus,nomessagein the
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cyclecansatisfythisrequirementandthe ����� isacyclic.Deadlockfreedomfollows immediately
from Theorem2.

�

9.3 HypercubeRouting Algorithm

Thefollowing conventionsareusedin thissection.Channelsareassumedtobebidirectionalvirtual
channels.

�

�

&

���

isusedto denotevirtualchannel� in the
�

directionof dimension
�

. Forexample,
�

�

�

�

�

is virtual channelonein the negativedirectionof the third dimension.An asteriskin the
superscriptdenotesall dimensions.Thus,

�

���

� �

denotesthesecondvirtual channelin thenegative
directionof all dimensions.

Eachnodeof an � -dimensionalhypercubecanbeuniquelylabeledusingan � bit string. The
sourceof a messageis denoted
 � � � � �

�

� ��� � � �

�����

� �

�

� �

�

	 andthedestinationis denoted� �

� � � �

�

� � � � � �

�����

� �

�

� �

�

	 . A messageroutesfrom thesourceto thedestinationby routingin dimen-
sionsin whichthecorrespondingbit in thesourcediffersfrom thatof thedestination.Themessage
routesin thepositivedirectionof dimension

�

if � & ��� and � & ��� . Similarly, themessageroutesin
thenegativedirectionof dimension

�

if � & ��� and ��& ��� . With minimalrouting,amessageroutes
in eachdimensionatmostonceandamessagedoesnot routein dimension

�

if ��& � ��& .
Wenowproposeafully adaptiveminimalroutingalgorithmfor hypercubes.All previousfully

adaptiveroutingalgorithmsfor hypercubesrequirenonadaptiveroutingon the®rstsetof virtual
channels.This newroutingalgorithmpermitspartially adaptiveroutingon the®rstsetof virtual
channels.Theroutingalgorithm,calledtheEnhancedFully Adaptiveroutingalgorithm,is de®ned
by thefollowing steps:

� Assigntwo bidirectionalvirtual channelsto eachdimension.

� Allow amessageto routealongthesecondvirtual channelatanytime.

Let � bethelowestdimensionin which themessagestill needsto route. Thefollowing setof re-
strictionsis appliedto the®rstsetof virtual channels:

� A messagethatneedsto routein thenegativedirectionof dimension� canuseanyof the®rst
setof virtual channels.

� A messagethatneedsto routein thepositivedirectionof dimension� mustuse
�

���

�

�

.

� If all outputchannelsamessagecanusearebusy, themessagewaitsfor
�

�
�

� .

Note: Alternatively, this routingalgorithmcouldallow a messageto wait for anyoutputchannel
it is permittedto use. For this alternative,�����

�

is restrictedto the ®rstvirtual channelin the
lowestdimensionin whichthemessageneedsto route. �����

�

is thenequivalentto the ����� just
de®ned.Hence,theproofof deadlockfreedomisunchanged,exceptthatTheorem3isusedtoprove
deadlockfreedom.

This routingalgorithmis substantiallymoreadaptivethananypreviouslyproposedfully adap-
tive hypercuberoutingalgorithm.TheEnhancedFully Adaptiveroutingalgorithmrestrictswhen
amessagecanusethe®rstvirtual channelin thepositivedirectionafterusingthe®rstvirtual chan-
nel in a higherdimension.A messagecanusethe®rstvirtual channelin a higherdimension®rst
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Figure5: Degreeof Adaptivenessfor HypercubeRoutingAlgorithms

wheneverthemessageneedsto routein thenegativedirectionof thelowestdimensionin whichthe
messagestill needsto route. This is a signi®cantrelaxationof theroutingrestrictions,especially
comparedwith usingdimension-orderroutingon the®rstsetof virtual channels.

To illustratetheincreasein adaptiveness,wepresentthedegreeof adaptivenessof Duato'srout-
ing algorithmandtheEnhancedFully Adaptiveroutingalgorithmin Figure5. Thedegreeof adap-
tivenessis theratioof thenumberof pathspermittedby theroutingalgorithm,to thetotalnumber
of paths,averagedoverall source-destinationpairs[18]. For comparison,thedegreeof adaptive-
nessfor e-cube(nonadaptivedimension-order)routingis alsoshown.Surprisingly, thedegreeof
adaptivenessis not zerofor nonadaptiverouting,becausenonadaptiveroutingalwaysallowsone
of pathsandthedegreeof adaptivenesswouldbezeroonly if therewerenopermittedpaths.There
arerelativelyfewpathswhenthesourceisnearthedestination,soevenasinglepathcanrepresenta
relativelylargeportionof thepaths.Forexample,nonadaptiveroutingcanusehalf thepathswhen
thedistancebetweenthesourceanddestinationis two hops.

Theorem5 TheEnhancedFully Adaptiveroutingalgorithmis deadlock-free.

Proof. This proof usesthenecessaryandsuf®cientconditionprovedin Theorem2. � � is wait-
connected,sinceamessageis alwayspermittedto wait for virtual channelonein thelowestdimen-
sionin which themessageneedsto route. A messagecanwait for only

�

� �

� , soanycyclein the
��� � mustbecreatedfrom waitingdependenciesamongthe

�

�
�

� channels(although
�

�
�

�

chan-
nelscouldbeusedto createthesedependencies).Sinceminimal routingis used,anycyclein the

��� � requiresatleasttwodimensionsandmustusebothdirectionsof eachdimensionin thecycle.
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Let � bethelowestdimensionof apotentialcycle.A cyclein the ����� requiresoneof two situa-
tions: eitheramessage,� & , waitsfor

�

�
�

�

�

afterusing
�

�
�

� in ahigherdimensionof thecycleor
��& uses

�

�
�

�

�

or
�

�
�

� �

afterusing
�

�
�

� in ahigherdimensionandthenwaitsfor
�

�
�

� in adifferent
higherdimension.(Since � is thelowestdimensionin thecycle, � & doesnot needto routein any
dimensionlowerthan � afterusing

�

�
�

� in ahigherdimension.Otherwise� & wouldbewaitingfor
a channelin this lower dimensionand � would notbethelowestdimensionin thecycle.) Clearly,
neithersituationcanoccur, since� & cannotuse

�

�
�

� in ahigherdimensionwhen � & needsto route
in

�

�
�

�

and � is thelowestdimensionin which � & needsto route.Therefore,theroutingalgorithm
is deadlock-free.

�

TheEnhancedFully Adaptiveroutingalgorithmis notcoherent.Forexample,considerthe3D
hypercubedepictedin Figure6. A messagefrom ��� to ��� canroutethrough�

� usingthe®rstvirtual
channelandthenroutethrough��� , however, amessagefrom � � to ��� cannotroutethrough�

� us-
ing the®rstvirtual channel.Thus,theEnhancedFully Adaptiveroutingalgorithmis notcoherent,
becauseit is notpre®x-closed.Sincetheroutingalgorithmis notcoherent,Duato'sprooftechnique
cannotbeusedto proveTheorem6.

Theorem6 NorestrictionsimposedontheEnhancedFully Adaptiveroutingalgorithmcanbere-
laxedwithoutpermittinga deadlockcon®guration.

Proof. Therearenorestrictionsontheuseof thesecondsetof virtualchannels,sotherestrictionson
only the®rstsetof virtualchannelsmustbeconsidered.Theonlyrestrictiononthe®rstsetof virtual
channelsis thatachannelin ahigherdimensioncannotbeusedby amessagethatneedsto routein
thepositivedirectionof thelowestdimensionin whichthemessageneedsto route.Withoutlossof
generality, let � bethelowestdimensionandassumethatthechannelusedin ahigherdimensionis
the®rstvirtual channelin thepositivedirectionof dimension

�

. Thereis nowanedgein the �����
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from
�

�

&

�

�

to
�

� �

�

�

. The ����� alreadyhasedgesfrom
�

� �

�

�

to
�

�

&

�

�

, from
�

�

&

�

�

to
�

� �

�

�

,
andfrom

�

� �

�

�

to
�

�

&

�

�

. Theseedgesform aTrueCycle.A messagewaitsfor only
�

� �

� andthe
routingalgorithmis notdeadlock-freeif

�

� �

� is notawaitingchannel.Thus,from Theorem2, the
routingalgorithmis no longerdeadlock-free.

�

10 Conclusion

In thispaper, wepresentanecessaryandsuf®cientconditionfor deadlock-freeadaptivewormhole
routingandthussolvean importantopenproblem.Our resultis general;theonly restrictionim-
posedis theuseof local informationfor routing. Althoughroutingcouldbebasedon non-local
informationbeingusedby arouter, theoverheadof accumulatingandprocessingsuchinformation
limits anypracticaluseof suchroutingschemes.Only reasonableassumptionshavebeenmade,
andhencethenecessaryandsuf®cientconditionshouldbebroadlyapplicable.Forclarity of expo-
sition,we haveconsideredroutingrelationsof theform ����� �#� �#��� � � . Differentrouting
relationsmayrequiremodestchangesto thede®nitions,but thesameproof techniquesshouldbe
applicable.Forexample,routingrelationssuchas ����� �#� �#��� � � , wherethesourcenode
ratherthantheinputchannelis usedfor routing,couldbeused.Deadlockfreedomfor suchrouting
algorithmsstill dependson therelationshipamongwaitingchannels.

By characterizingtheproblemof provingdeadlockfreedomin termsof channelwaitinginstead
of channelusage,theproofsof deadlockfreedombecomenaturalandstraightforward.Weconsider
thisobservationandits consequencesto betheprimarycontributionsof thispaper. Theusefulness
of our proof techniquehasbeendemonstratedwith a partially adaptivenonminimalroutingalgo-
rithm for � -dimensionalmeshes.This routingalgorithmis moreadaptivethananyotherrouting
algorithmproposedfor mesheswithoutadditionalchannels.Theproof techniquedescribedin this
paperhasalsobeenusedto provedeadlockfreedomfor afully adaptiveminimalroutingalgorithm
for hypercubes.Thisnewhypercuberoutingalgorithmis substantiallymoreadaptivethananypre-
viousfully adaptiveroutingalgorithmfor hypercubes.Thenecessaryandsuf®cientconditioncan
alsobeusedto developadaptiveroutingalgorithmsfor thetorusandothertopologies.

We haveshownthattherestrictionson theEnhancedFully Adaptiveroutingalgorithmcannot
berelaxedwithoutcreatingadeadlockcon®guration.It ispossible,althoughunlikely, thatarouting
algorithmwith adifferentsetof restrictionscouldbedeadlock-freewhilebeinglessrestrictive.The
numberof restrictionscannotbereduced,however, sincethereis only onerestrictionfor eachpair
of dimensions.

Thedegreeof adaptivenessismuchhigherwith theEnhancedFully Adaptiveroutingalgorithm
thanwith anypreviousfully adaptiveroutingalgorithmfor hypercubes.Althoughthedegreeof
adaptivenessis an importanttheoreticalmeasureof theadaptivenessof routingalgorithms,addi-
tionalcomparisonsarerequiredto makeacompleteevaluationof theperformanceof routingalgo-
rithms. For example,simulationswith a varietyof messagetraf®cpatterns,especiallytraf®cpat-
ternsderivedfrom realapplicationsshouldprovideabetterindicationof theexpectedperformance
of variousroutingalgorithms.

A partialresulthasbeengivenfor distinguishingbetweenFalseResourceCyclesandTrueCy-
cles.Thistechniquecanbeappliedto anysuf®x-closedroutingalgorithm,whichrepresentsall but
averyrestrictedclassof routingalgorithms.In practice,theidenti®cationof FalseResourceCycles
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shouldnot requireresortingto this formal technique.A formalapproachis provided,however, for
caseswheretheirregularityof eithertheinterconnectionnetworkor theroutingalgorithmprevent
astraightforwardanalysis.

Theproof of Theorem3 requirestheidenti®cationof �����

�

. This is neededonly for routing
algorithmsthatdonotrequireamessageto wait for aspeci®coutputchannel.In general,it should
bestraightforwardto determine�����

�

for regulartopologiessuchas � -ary � -cubesandmeshes.
Mostexistingtopologiesareregularandthisregularityisusuallyincorporatedinto theroutingalgo-
rithm. However, aformaldesignmethodologyhasbeenprovidedfor thosecaseswhereit isdif®cult
to reducethe ����� to �����

�

. This automatesthetaskof provingdeadlockfreedomandshould
beof usefor routingalgorithmdesigners.
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