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Abstract

An importantopenproblemin wormholerouting hasbeento ®nda necessarand suf®cient
conditionfor deadlock-freeadaptiverouting. Recently Duatohassolvedthis problemfor a re-
strictedclassof adaptiveroutingalgorithms.In this paper a necessarandsuf®cientconditionis
proposedhatcanbeusedfor anyadaptiveor nonadaptiveoutingalgorithmfor wormholerouting,
aslongasonly localinformationis requiredfor routing. Theunderlyingprooftechniquentroduces
anewtypeof dependencygraph.thechannelaitinggraph whichomitsmostchannedependen-
ciesthatcannotbe usedto createa deadlockcon®gurationThe necessargndsuf®cientcondition
canbeappliedin astraightforwarananneto mostroutingalgorithms.Thisis llustratedoy proving
deadlocKreedonfor apartiallyadaptivenonminimalmeshroutingalgorithmthatdoesnotrequire
virtual channelsanda fully adaptiveminimal hypercubeoutingalgorithmwith two virtual chan-
nelsperphysicalchannel Bothroutingalgorithmsaremoreadaptivehananypreviouslyproposed
routingalgorithmwith similar virtual channefkequirements.

Keywords: wormholerouting,routingalgorithms deadlockreedom channelvaitinggraph,nec-
essarnyandsuf®cientcondition,mesharchitecturedhypercuberchitectures.



1 Intr oduction

Wormholerouting[9] hasbecomeheswitchingtechniqueof choicein moderrdistributed-memory
multiprocessorsuchasthe Intel Paragonthe Cray T3D, the MIT J-machinethe CaltechMO-
SAIC, andthe nCUBE-2/3.Implementation®f wormholerouting typically divide eachmessage
into packetswhicharethendividedinto its. Theheaderit of apackettontaingheroutinginfor-
mationandthedata its of thepackefollow theheaderit throughthenetwork.Sincethenetwork
treatseachpacketasa separatanessagewe usethe termsmessagand packetinterchangeably
Whenthe headerarrivesat an intermediateouter the routerimmediatelyforwardsthe message
headeto aneighboringouterif anoutputchannethe messageanuseis available.Thedata its
thenfollow theheaderit in apipelinedfashion.If theheadeiis unableto proceedecaus&o ap-
propriateoutputchannels free,therouterbuffersonly afew its, ratherthanthe entiremessage.
Sincethedata its containno routinginformation,messagesannotsharechannelsHence each
channeln thepathis reservedrom thetimetheheaderit acquireghechannelntil thelast it of
the messagéastraversedhe channel.Sincethe its of amessagareforwardedassoonaspos-
sible,themessagéatencyis largely insensitiveto thedistancebetweerthe sourceanddestination.
Ontheotherhand,packetswitchingbuffersthe entiremessagat everyintermediatenodebefore
forwardingany partof the messageHence ,wormholerouting haslower messagdatencywhen
thereis little or nochannetontentionIn addition,wormholeroutingrequiresonly enoughstorage
atarouterto buffer afew its, ratherthanthe entirepacket. Thesetwo propertiesaccountfor the
popularityof wormholeroutingin distributed-memorynultiprocessorsSeeNi andMcKinley [26]
for anin-depthdiscussiorof wormholerouting.

Theprimarydrawbackio wormholeroutingis the contentiorthatcanoccurevenwith moder
atetraf®c,which leadsto highermessagéatency Whenevera messagés unableto proceeddue
to contention the headeranddata its arenot removedfrom the network. Instead the message
holdsall the channelst currentlyoccupies.Sinceall the channelsn the pathfrom the sourceto
the destinatiorareheldfrom thetime they areacquireduntil the entiremessagéastraversedhe
channelwhichis aftertheentirepathhasbeenestablishe@xcepfor relativelyshortmessagethat
®tin theintermediatechannebuffers), performancalegradatiordueto contentioncanbe severe
andmessagétencycanbeunacceptablhigh. A messagéhatrequiresseverachannelsanblock
manymessagewhile beingtransmitted.Theseblockedmessagesanin turnblockothermessages,
whichfurtherincreasethemessag&atency Providingadditionalphysicalchanneldetweemodes
in thenetworkcanreducebothlatencyandcontention.Thisis anexpensivesolution,howeverand
canactuallyincreasanessagéatencyif theroutersarepin-outconstrainedA morecost-efective
methodof reducingmessagéatency proposedy Dally [7], is to allow multiple virtual channeld¢o
sharghesamephysicalchannel Eachvirtual channehasaseparatéuffer, with multiplemessages
multiplexedoverthesamephysicalchannel Bothlatencyandcontentiorcanbefurtherreducedy
usingthe multiple pathsthatexistin the networkbetweerthe sourceanddestinatiomodes.Dally
andSeitz[9] haveshown howeverthatsinceamessag@oldschannelsintil theentiremessagbas
beentransmittedaroutingalgorithmwith norestrictionsontheuseof virtual or physicalchannels
canresultin deadlock.

The simplestrouting algorithmsare nonadaptiveandde®nea singlepathbetweerthe source
anddestination.Adaptiveroutingalgorithms,on the otherhand,supportmultiple pathsbetween
thesourceanddestination A routingalgorithmis eitherminimal or nonminimal.Minimal routing



algorithmsallow only shortespathsto bechosenwhile nonminimalroutingalgorithmsdo notre-

guire messagewo useonly shortespaths.Minimal routingalgorithmsprovidehigherthroughput
for high messagéraf®candaregenerallysimplerto implement.Nonminimalrouting algorithms
areusefulfor fault tolerance GaugharandYalamanchil{15] presentgoodoverviewof adaptive
routingprotocols.

Whetherminimal or nonminimal,adaptiverouting algorithmscanbe further differentiatedoy
thefractionof shortespathgheyallow. Partially adaptiveroutingalgorithmsdonotallow all mes-
sagedo useanyshortespath. Fully adaptiveroutingalgorithmsdo allow all message® useany
shortespath. Althoughall fully adaptiveroutingalgorithmsallow a messagé¢o useany physical
channethatis partof a shortespath,differentrestrictionsmaybe placedon the choiceof virtual
channel®onthatphysicalchannel.Hence notall fully adaptiveroutingalgorithmsareequivalent.
Somefully adaptiveroutingalgorithmsallow moreadaptivenesthanothersby placingfewerre-
strictionson thechoiceof virtual channels.

Sinceeachvirtual channeheedsa separatéuffer andthevirtual channelaremultiplexedover
thephysicalchannelthenumbeiof virtual channelsequiredby anadaptiveroutingalgorithmgives
agoodapproximatiorof thehardwarecostof therouter Routingalgorithmsthatrequiremorevir-
tualchannelsxeedadditionalroutercontrollogic andareusuallymorecomplex.Multiplexing and
schedulingrirtual channel®naphysicalchannels morecomplicatedvith additionalvirtual chan-
nels.Routerlatencyandcycletime alsoincreasevith thenumberof virtual channelg3], sofewer
virtual channelsaregenerallybetter Reducingthe numberof virtual channelsieededor a given
degreeof adaptivenesss accomplishedy usinga lessrestrictiverouting algorithm[28]. Con-
versely whenthe samenumberof virtual channelss used,alessrestrictiveroutingalgorithmhas
betterperformancehana morerestrictiveroutingalgorithm[18, 25].

Recentresearclon adaptiveroutingalgorithmshaspartially addressetoth of theseissuedy
reducingthevirtual channefrequirementandimposingfewerrestrictionson thevirtual channels.
A naturalquestiorarises:Exactlyhowrestrictivemustaroutingalgorithmbeto guaranteeeadlock
freedom?n otherwords,whatis anecessargndsuf®cientconditionfor deadlock-freeouting?In
this paperwe presentitheoreticalesultfor minimizingtherestrictionamposedor deadlock-free
wormholerouting. Besidegprovidinga necessarandsuf®cientconditionfor deadlockfreedom,
therouting algorithmsdevelopedisingthis proof techniqueare substantiallylessrestrictivethan
previousroutingalgorithms.Theonly restrictionwe imposeon theroutingalgorithmsis thatonly
localinformationavailableat therouteris usedto maketheroutingdecision.In generalyoutingis
donebasedsolelyon local information,becaus®f the overheadf accumulatinghon-localinfor-
mationandthe additionalroutercomplexitythatis requiredto utilize this information.

2 PreviousWork

Designingdeadlock-freeoutingalgorithmdor wormholeroutingwassimpli®edy Dally andSeitz
with aproofthatanacyclicchannebdependencgraphguaranteedeadlockreedom[9]. Eachver
tex of thechannedependencygraphis avirtual channel.Thereis adirectededgefrom onevirtual
channeto anotheiif amessagés permittedto usethesecondirtual channelmmediatelyafterthe
®rst. Sincethe graphis acyclic,deadlockireedomcanbe shownby assigninga numberingo the
edgesf the graph,ensuringthatall channelsareusedin strictly increasingor strictly decreasing



order

Dally andSeitzproposedheir proof techniqueor nonadaptiveoutingalgorithms.Nonadap-
tive routingalgorithmscanbecharacterizetdy functionsof theform , Where
the input channel belongingto the setof channels , andthe currentand destinatiomode,be-
longingto thesetof nodes , de®neanoutputchannebnwhichto routethemessageAn acyclic
channeblependencgraphhasalsobeenusedasabasisfor developingadaptiveroutingalgorithms
de®nedby relationsof theform , Whereasetof outputchannelsratherthan
asinglechanneljs de®ne@nwhichto routethemessag§?, 4,6, 10,16, 17,18,21, 24,30]. Since
asetof outputchannelss provided aselectiorfunctionis thenusedto selectwhich of theseoutput
channelamessageises.

GlassandNi [18] andBouraandDas[2] haveproposednethodologiefor generatingleadlock-
freealgorithmsputbothprooftechniquesequireanacyclicchannedependencygraph.Glassand
Ni proposeamethodof analyzingroutingalgorithmsbasedn thepermittedandprohibiteddepen-
denciedrom onechanneto another Thesedependenciesrecharacterizedsturns,with thesetof
possibleurnsde®nedby thetopology Forexamplemeshesiave  turns(whenswitchingfrom
achannein onedimensionto a channeln a differentdimension), turns(whenswitchingfrom
onechannelto anotherchannein the samedirection),and turns(whenswitchingfrom one
channeko a channein the oppositedirectionof the samedimension).Theturn modelgroupsthe
turnsinto cyclesandbreaksall cyclesby prohibitingsometurns. This is equivalento removing
edgedrom thechanneldependencgraph.It is thennecessaryo showthatcyclescannotbe cre-
atedfrom theremainingturns,baseddn theassumptionthatanacyclicchannedependencgraph
is requiredfor deadlockireedom.BouraandDasproposea methodof provingdeadlockireedom
by partitioningthechannelsnto two setsandrequiringmessaget® routecompletelyin the®rstset
beforeusingchannelsn the secondset.

Duato[11, 13] provedthatrequiringanacyclicchannedependencygraphis too restrictivefor
routingalgorithmsde®nedby relationsof theform , Wherethe currentnodeand
thedestinatiomode jndependentf theinputchannelde®neghesetof outputchannel®nwhichto
routethemessageCyclesarepermittedn thechannetlependencgraphif somesubsebf channels
de®nes connectedouting subfunctionwith anacyclicextendedhanneldependencgraph.An
extendecchanneldependencgraphcontainsboththe directandtheindirectdependencieszach
edgen thechannetlependencgubgraplide®neadirectdependencyAn indirectdependencis a
dependenchetweertwo channelsn thesubgraptihatexistsonly becausef theintermediataise
of oneor morechannelsiotin thesubgraphBerman.etal. [1] proposeatorusroutingalgorithm
with aroutingrelationof theform thatallowscyclic dependenciesmong
thechannels.

Dally andAoki [8] provedeadlocKreedomfor aroutingalgorithmwith cyclic dependencidsy
guaranteein@nacyclicpacketwait-for graph A packetwait-for graphis de®nedlynamicallyby
the packetan the networkandcontainsanedgefrom packet to packet if packet iswaiting
for achanneheldby packet .

All theseprooftechniquegprovideonly a suf®cientconditionfor deadlock-freedaptiverout-
ing. AlthoughDally andSeitzprovedthatanacyclicchannedependencygraphis anecessargnd
suf®cientconditionfor nonadaptiveouting algorithms[9], determiningwhatconstitutesa neces-
saryandsuf®cientconditionfor adaptiveroutingalgorithmshasremainedcanopenproblem.

Lin, McKinley, andNi [23] proposea proof techniquebasedon the observatiorthat a rout-



ing algorithmis deadlock-freef noneof thechannelsn the networkcanbeheldforever If every
messagéhatusesa givenchannels guaranteedbo reachits destinationno matterwhich path(of
thoseallowedby the routing algorithm)the messageéakes,thena deadlockcon®guratiorannot
arisefrom theuseof this channel.Sincesink channelsannotbe partof adeadlockcon®guration,
theproofstartswith thesink channelandworksbackwardhroughthenetwork. If it is possibleo
showthatnochannetanbeheldforeverby amessageagegardlessf thedestinatiorandpathtaken,
thentheroutingalgorithmis deadlock-freeThis prooftechniquevasproposedsanecessargnd
suf®cientcondition,althoughDuatopointsoutthatonly suf®ciencyis proved[14].

Duato[14] hasrecentlypropose@necessargndsuf®cientonditionfor provingdeadlocKree-
domfor arestrictecclassof adaptiveroutingalgorithms.This prooftechniqueappliesonly to rout-
ing relationsof the form . The proof requiresthe identi®catiorof a subsebf
channels, , Whichhasanacyclicextendecthannedependencgraph.Unlike thesuf®cient
condition,thesetof channelsn  candiffer for differentsource-destinatiopairs. Hence Duato
introduceghenotionof crossdependenciedA crossdependencis adependencirom to

,where and arebothin , butfor differentsource-destinatiopairs. As with regular
dependenciesherearedirectcrossdependenciegndindirectcrossdependencie® routingalgo-
rithm is deadlock-freef andonly if someconnected existswith no cyclesarisingfrom direct,
indirect,directcrossandindirectcrossdependencies.

Thetechniqueproposedn this paperappliesto routingrelationsof theform

, While Duato’s proof techniques morerestrictiveandappliesonly to routing relationsof the
form . Thelatterroutingrelationscanalwaysbe convertedo routingrelations
of the formertype by providing the samesetof outputchanneldor everyinput channelthatthe
messageouldhaveusedio reachthatnode(includinginputfrom thesourcevhenthesourcds the
currentnode). In generalhowevey routing relationsof the form cannot
be convertedo routingrelationsof theform , Sincethe setof outputchannels
candiffer for the samedestinationvhenthe messagarriveson differentinputchannelsin addi-
tion to requiringtheroutingrelationto be of theform , Duatoalsoimposegwo
furtherrestrictionson theroutingalgorithmsfor whichthe prooftechniquas anecessarandsuf-
®cientcondition,neitherof which is imposedoy our proof technique First, theroutingalgorithm
mustprovideaminimal pathbetweereverypairof nodesgvenfor nonminimalroutingalgorithms.
Secondtheroutingalgorithmmustbecoheent A routingalgorithmis coherentf it permitsevery
partialpathfrom anysourceio anydestinatiorto beusedby thesamesourceo reachanintermedi-
atenodeonthepathor by anintermediatanodeon the pathto reachthe samedestinationln other
words,acoherentoutingalgorithmthatallowsamessagé&om processor to toroutethrough
processor , mustallow a messageo usethe partialpathbetween and whenroutingfrom
processor toprocessor orfrom processor to processor . Althoughrequiringcoherence
mayappeato beamodestestriction,in Section9 we proposewo simpleroutingalgorithmsthat
arenotcoherent.

3 Assumptionsand De®nitions

Severalassumptiongndde®nitionsare introducedto facilitate the presentatiorof the necessary
andsuf®cientcondition. Theseare standardassumptionsnadewhenproving deadlockfreedom



for wormholeroutingalgorithmsandhavealsoappearedh [9, 13].

1. A nodecangeneratenessagesf arbitrarylengthdestinedor anyothernodeatanyrate.
2. A messagarriving atits destinatioris eventuallyconsumed.

3. Sincewormholeroutingis used,oncea channelqueueacceptshe headerit of amessage,
it mustacceptall the its of themessagéeforeacceptingany its from anothemessage.

4. A channelqueuecannotcontain its belongingto morethanone messageat atime. The
channelmusttransmitthetail it of the currentmessagdeforethe channelqueueaccepts
theheaderit of thenextmessage.

5. A nodearbitratesamongmessagewhich simultaneouslyequesthe sameoutputchannel.
Messageslreadywaiting for achannelrechoserin anorderthatpreventsstarvation.

De®nition1 Aninterconnectiometwork isastronglyconnectedlirectednultigraph, :
wherethe vertices, , arethe processoraindthe arcs, , arechannelghatconnect
neighboringprocessorsEachchannel, , cantransmitmessageffom oneprocessqrdenoted ,
to aneighboringprocessqrdenoted .

De®nition2 A routingrelationhastheform andspeci®esa setof output
channeldasedntheinputchannelthecurrentnode,andthedestinatiorof themessage.

De®nition3 A selectionfunctionhasthe form andchooses single

outputchannebasedn theinput channelthe setof outputchannelsandthe statusof the output

channels. representshe possiblestatesof anoutputchannel.For fault-tolerantrouting,
free,busy faulty ; otherwise, free,busy .

De®nition4 A routingalgorithm  oninterconnectiometwork is representetly

andfor eachsource-destinatiopair de®neshe setof pathsavailableto a messageTherouting
is accomplishedy applicationof a routing relationandthena selectionfunction at eachrouter
betweerthesourceanddestinatiorof themessageTheroutingalgorithmmaybeadaptiveor non-
adaptiveminimal or nonminimal;fault-tolerantor not fault-tolerant.

De®nition5 Routingalgorithm  is pre®x-closed apaththat  permitsfromnode tonode
thatroutesthroughnode  ( ) impliesthat  alsopermitsthe partial pathfrom  to
the®rstoccurrencef onthepathfrom to when isthedestination.

De®nition6 Routingalgorithm  is suf®x-closed apaththat  permitsfromnode tonode
thatrouteghroughnode impliesthat  alsopermitsthepartialpathfrom to when s

thesource Notethateveryroutingalgorithmwith aroutingrelationof theform

is suf®x-closed.

De®nition7 Routingalgorithm iscoheentif  ispre®x-closeduf®x-closedandnevemroutes
amessagé¢hroughthe samenodemorethanonce.



De®nition8 A waiting channelis a channelat the sourceor anintermediatenodefor which the

messagevaitswhenthemessagés unableto proceedecauseverychannethemessageanuse
is unavailable.A messagenay havemultiple waiting channelsat the sourceor anintermediate
node.

De®nition9 Thechannelwaiting graph for agivenroutingalgorithm  andintercon-
nectionnetwork is adirectedgraph, . Theverticesof arethechannels
of . Thearcsof arepairsof channels, , Where is awaitingchannefor amessage

thatoccupies . Formally

suchthat
and is awaitingchannefor onthis path

Note: Thereis no requirementhatthe messagevaitsfor immediatelyafterusing , only that
themessages longenougho ®llthechanneljueuedrom to . Sincearbitrarymessagéengths
arepermitted thisimposeso restrictionsunderour systemmodel.

De®nition10 Routingalgorithm  is wait-connectedf for everyinputchannelbn a path,there
existsa waiting channethroughwhich the messageanbe routed. In otherwords,regardles®f
whichinputchannethe messagesesincludingtheinjectionchannelwhenthe messagés atthe
source)thereis alwaysanoutputchannefor whichthemessageanwait. Formally,

suchthat
and
is awaiting channefor afterusing

Note: A messagenustbeableto reachits destinationHence a blockedmessagenustwait for at

leastone outputchannel.Otherwise this messagés neverdeliveredif it reachesanintermediate
nodewhereall the outputchannelsarebusy Therefore anydeadlock-freeoutingalgorithmmust

bewait-connected.

De®nition11l A con®guratiolis anassignmendf messaget channelsTheheadeanddata its
of eachmessagarestoredin the channelqueuesandeachchannelqueueholds its from at most
onemessageTheleadingchannels the channelthe messagéasmostrecentlyacquiredandits
channelueuecontainghemessagdeaderAny otherchannelccupiedoy thismessageontain
only data its. A con®guratiotis legalif eachmessagén the con®guratiomccupiesoneor more
consecutivehannelsthemessagbeadeis storedattheheadof theleadingchannefueuehatthe
messageccupiespachmessageccupienly channelsheroutingalgorithmpermitsthemessage
to use;andthe storagecapacityof eachoccupiedchannehasnotbeenexceeded.

De®nition12 A deadlockcon®guratiorfor routing algorithm  on interconnectiometwork
is anon-emptylegalcon®guratiomonsistingof a setof messages, , Where
eachmessage, , inthesethasacquiredatleastonechannel.Theheaderit of  hasnotreached
its destinatiorandis unableto proceedecauseveryoutputchannefor  is unavailable More-
over, everywaitingchannefor  is occupiedby eitherdata its of  or theheadeor data its
of anothemessag@ theset. Thedata its attheheadof anyotherchannebueueheldby  are

6



unableto proceedbecausehe nextchannelqueueoccupiedoy  is full. Thus,eachmessagés
blockedandmustwait for anunavailablevaiting channeheldby anothemessagén theset. Al-
ternatively when , waitsfor a channellreadyoccupiedby itself. The setof messages
canbeorderedsuchthat:

waitsfor achannebccupiedoy and
waitsfor a channebccupiedoy

4 Livelock Freedom

Livelock occurswhenamessagés alwaysroutedawayfrom thedestination A livelock con®gura-
tion is possibleonly with nonminimalrouting. If the messagéengthexceedshe storagecapacity
of all the channelqueuesn the network,howevey the messag®nallyarrivesat anintermediate
nodewherethe messagalreadyoccupieseveryoutputchannethe messagés permittedto use.
Henceasuf®cientlylong messageventuallydeadlocksLivelock couldoccurwhenashortmes-
sagdsroutedin acycleof channelandthemessagean®tin channehueuesThemessage
couldthencontinuallyrouteto the samechannelsedthe previoustime throughthecycle. By As-
sumption5, howeveythismessageannofpreveniothermessagesom usingthesechannelsvhen
thechanneldbecomdree,sothis messageannofcreatea deadlockcon®guratiomuesolelyto the
livelock problem.Hence deadlockireedomcanbe provedevenfor routingalgorithmsthatarenot
livelock-free.

5 Suf®cientCondition

Most techniquedor provingthatwormholerouting algorithmsaredeadlock-fregequirethatthe
channeldependencgraphbe acyclicin somemanner The channeldependencgraphdescribes
theorderin whichchannelganbeused FromDe®nitionl2, howeverit is clearthatanydeadlock
con®guratioms basednthewaitingchannelsratherthanthechannelsa messageoulduse (The
ideaof waiting channelsvasintroducedndependentlyy Lin, McKinley, andNi [23], howevey
themethodologypresentedn this paperis novel.) Theroutingalgorithmmay allow a messagéo
useachannelwhenthechannels free,evenif themessagés notpermittedo wait for thischannel
whenthechannels busy Thisis ourmotivationfor usingthe , Sinceit ignoresdependencies
thatcannotresultin deadlock.Sincethe channelwaiting graphis a subsebf the channeldepen-
dencygraph,requiringanacyclicchannelwvaiting graphis lessrestrictivethanrequiringanacyclic
channedependencygraph.

Theorem 1 If routingalgorithm  is wait-connecte@ndthe for is acyclic,then
is deadlock-fee.

Proof. iswait-connectedsoeverymessagalwayshasawaitingchannelvhenall outputchan-
nelsarebusy Assumehereis adeadlockcon®guratiomvolving messagedf , thenthere
isacyclein the from a channeto itself, which is not possiblesincethe is acyclic.
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Figurel: Duato’s Exampleof anincoherenRoutingAlgorithm

Otherwise( ) thereis anedgein the from everychannebccupiedoy  tothechan-

neloccupiedoy for which  iswaiting(call thischannel ). Thereis alsoanedgein the
from everychannebccupiedby  tothechannebccupiedoy  for which  iswaiting

(call thischannel ). Hencethereis anedgein the from to ( ) andfrom

to . The for is acyclic,howevey sono suchsetof edgesds possible. Thereforeno

deadlockcon®guratiomexistsand  is deadlock-free.

An edgenthe requireonly theexistencef apathfrom somechanneto awaitingchan-
nel. Thespeci®agntermediateehannelsisedbetweerthis channelndthe waiting channelrenot
consideredvhencreatingthe . Hence,it is possiblethata cyclein the existsonly if
two or moremessagesccupythe samechannel.For this reasonwe divide cyclesin the
into two classesFalseResourc&yclesandTrueCycles.A FalseResourceCycleis acyclein the

thatrequiresatleastonechanneto beoccupiedsimultaneouslyy morethanonemessage
in orderto createthe cycle. Notethatthis sharedchannels not necessarilyvithin the cycle. Ob-
viously, a FalseResourceCycle cannotoccur sincethis is physicallyimpossible. (Eventhough
thecon®guratiots legal, it is notareachableon®guratiofs].) Thereforea FalseResourceCy-
cle cannotbe usedto createa deadlockcon®gurationA True Cycleis acyclein the that
permitseverymessagén the cycleto occupydifferentchannelsin Section7, we provideamore
completedescriptiorof FalseResourceCyclesandpresenttechniqudor distinguishingoetween
FalseResourceCyclesandTrueCycles.

To illustrate the differencebetweenFalseResourceCyclesand True Cycles,Duato's exam-
ple[12] of anincoherentoutingalgorithmis presentedTheprocessorandchannelareshownin
Figurel. Theroutingalgorithmpermitsonly minimal routing, with the exceptionof channel
Channel canbeusedby amessagéestinedor onlynode . Clearly thisroutingalgorithmis
notcoherentsinceamessagéfom to canberoutedthrough usingchannel , however
amessagérom to cannotusechannel

The for thisroutingalgorithmhasa FalseResourceCycleanda TrueCycle. A message
whoseinput channelis canwait for or . If themessageavaitsfor , thereisaTrue
Cyclefrom  to thatuses . OtherwisetheTrueCycleisacyclefrom to thatuses

. Thereis a FalseResourceCycle thatinvolvestwo messagesA messagéhatoccupies
and  andwaitsfor andamessagéhatoccupies and  andwaitsfor . Obviously



this FalseResourceCycleexistsonly becausdothmessagesimultaneouslyccupy , whichis
impossible.

6 Necessaryand Suf®cientCondition

A messagés unableto proceedvhenall outputchannelthe messagés permittedto usearebusy
Thissituationcanberesolvedn oneof two differentways: (1) Themessageouldwaitfor aspeci®c
outputchannelto becomefree or (2) The messageouldwait until any permittedoutputchannel
becomedree. For case(1), the routingalgorithmcannotchooseto wait for anarbitrarychannel,
but mustchooseachannefor whichwaitingis permitted.Althoughit is possiblethatthemessage
hasmorethanonewaiting channeloncea waiting channels chosenthe messagenustwait for
thatspeci®channeto becomdree. Forcasq2), themessagalsohasthepossibilityof waitingon
asubsebf morethanoneoutputchannel.n fact,casg(2) includesanyroutingalgorithmthatdoes
notconformto casg1). Thatis, anyroutingalgorithmthatdoesnotselectaspeci®evaitingchannel
andwait for thatchannelntil it becomedree. We ®rstprovea necessargndsuf®cientcondition
for routingalgorithmsthatbelongto case(1), followed by a necessargndsuf®cientconditionfor
routingalgorithmsthatbelongto case(2).

Theorem 2 Aroutingalgorithm, , thatrequiresa messagéo wait for a speci®outputchannel
is deadlock-feeiff is wait-connecte@ndthe for hasno True Cycles.

Proof. Firstnotethat is wait-connectedy de®nition.By Theoreml, anacyclic isa
suf®cientconditionfor deadlockireedom. A FalseResourceCycle cannotresultin deadlock so
any FalseResourceCyclescanbeignored. Sincethereareno True Cycles,the routingalgorithm
is deadlock-free.

To provenecessityassumehata TrueCyclewith messagesxists.A deadlockcon®guration
canbe createdfrom this True Cycle. For each , allow message to occupychannel ,
someadditionalchannelsf necessaryandthenwait to acquirechannel  occupiedby message

. (Assumethat and arede®nedsbefore.)Similarly, message occupieschannel
andwaitsfor channel . Sincethisis a True Cycle, it is possibleto generatea setof messages
thatareableto occupythe appropriatechannel(sliandthenwait for the appropriatechannel. To
force  towait for theappropriatechanneljt is necessaryo guarante¢hateveryoutputchannel

coulduseat this nodeis busy Foranyoutputchannekvailableto  thatis alsoavailableto
the sourceassumehe sourcehasinjecteda messagéhatis occupyingthis channel.If is not
suf®x-closedhoweverit is possiblethatsomeof the outputchannelsavailableto  canbeused
only by messagearrivingontheinputchanneusedoy . Fortheseoutputchannelsassumehat
apreviousmessage, , usedthisinputchannebndwasforwardedononeof theoutputchannels.
In addition,thelengthof  isassumedo beshortenougithatit releasesheinputchannethat
useshowever islongenougthatit occupiesheoutputchannehtthisnode.By Assumptior?,

is notnecessarilyemovedrom thenetworkimmediatelysoit is possibleghat  occupieghis
outputchannefor ashortamountof time. Hence,t is alwayspossibleto force  to wait for
Clearly, eachmessagén the setis waiting for a channeloccupiedby anothemessagén the set
andnoneof the messagesanmakeprogress.Therefore a deadlockcon®guratiorwanalwaysbe
constructedrom a TrueCycle.



Forroutingalgorithmsthatpermita messagéo wait for any of the outputchannelgo become
free,anacyclic is not a necessargondition. Sincea blockedmessagenay havemultiple
waiting channelsmessagemaybeableto avoid channelghatform cyclesin the by using
an alternativechannelthatis not part of a cycle. Deadlockcanbe avoided,however only if at
leastone of the waiting channelss guaranteedo becomefree. For this reasonwe selectively
removeedgedrom the to resolveall True Cycles,aslong astheroutingalgorithmfor the
resultinggraph, , remainswvait-connectedWe nextprovethatif nosuch exists then
theroutingalgorithmis notdeadlock-freelf sucha doesexist,howeverthenthefollowing
theoremcanbe usedto provedeadlockreedom.

Theorem 3 A routingalgorithm, , that permitsa messagéeo wait for any outputchannelis
deadlock-feeiff is wait-connectedor somesubgraphof the , called , andthis
hasno True Cycles.

Proof. If is wait-connectedor the andthe hasno True Cycles,thentheresult
follows immediatelyfrom Theorem?2, with . Assumethe containsTrue
Cycles.Inthiscase, mustbewait-connectedor some without TrueCycles.

We®rstprovesuf®ciency Considerapotentialdeadloclcon®guratiofor  , involvingacycle
of messagels ). Thisrequireghateverymessage thecon®guratiors waitingfor channels
occupiedoy itself or anothemessage thecycle. Since  is wait-connectedor , atleast
oneof thewaiting channeldor eachmessagés in . Because hasno True Cycles,
anoutputchannelin eventuallybecomedree andsomemessagén the setis forwarded.
Thereis no guaranteehowever thatthe outputchannethe message, , eventuallyacquiress a
channein . (It is possiblethat  is forwardedalonga differentchannebeforean output
channein becomedree.)If  hasreachedts destinationthenthecyclehasbeernresolved.
Otherwisewhetheror not  acquiresa channein ,  canacquireanoutputchannein

atthenextnodebecause iswait-connectedor . Hence pneof themessagesan
alwaysberoutedandadeadlockcon®guratioannotoccutr

We now prove necessityoy showingthat the routing algorithmis not deadlock-freaf every
wait-connected hasTrue Cycles. Assumethateverywait-connected hasTrue Cy-
cles. Hence,it is possibleto generatea setof messagessachof which hasno waiting channel
guaranteedo becomeavailable. Furthermorethesemessageareall blockingeachother since
otherwisdt wouldbepossiblego guarante¢hatawaitingchannebecomegree. Thereforeawait-
connected without True Cyclesmustexistfor everydeadlock-freeoutingalgorithm.

By usingthe necessarandsuf®cientconditionjust proposedit is possibleto provethatthe
incoherentouting algorithmpreviouslydiscusseds deadlock-free The routingalgorithmis not
deadlock-freehowevey if a messagevaits for a speci®achannelto becomefree. Considertwo
messagesonefrom to andonefrom to . Assumethemessagérom to occupies

and andthemessagérom to occupies , ,and . If thissecondnessage
waitsfor  , thena deadlockcon®guratiomccurs. If this messagensteadwaits for , thena
deadlockcon®guratiomccurswhenthe ®rstmessageccupies  insteadof andthesecond
messag®ccupies insteadof . Sincetheroutingalgorithmdoesnot know which channels

In fact, if evenoneof thesemessages, , hasawaiting channethatbecomedree,theneitherall the messages
do or theremainingmessages theset(without ) form adeadlockcon®guration.
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havealreadybeenusedby amessag&henselectingawaitingchanneltheroutingalgorithmis not
deadlock-freef the messagevaitsfor a speci®channel.Ontheotherhand,if the messagevaits
forboth and , thenby Theorem3 theroutingalgorithmis deadlock-free Figure2 depicts

the for this routing algorithm. As discussegreviously thereare True Cyclesanda False
ResourceCyclein this channeblwaiting graph.

The hasTrueCycleshoweveiit is possibleo createa with no TrueCyclessince
theroutingalgorithmis deadlock-freeEdgesareremovedrom the to create using

thefollowing observations:

Sinceanymessag®vaitingfor isguaranteetbreach andboth and canbeused
only by messagewhosedestinations , nomessagées requiredowaitfor . Therefore,
theroutingalgorithmremainsvait-connectedbr evenif alledgeso  areremoved
from the

A messagthatarriveson ~ whileoccupying eventuallyacquires ,sincethemessage
occupying isdestinedor either or . If thedestinations ,thenthemessagéas
reachedts destinatiorand will becomdree. If thedestinations , thenthemessage
occupying iseitheroccupying orwaitingfor . Sinceanymessag&vaitingfor

eventuallyreaches eventuallypecomedree. Similarly, amessagéhatarriveson
while occupying  eventuallyacquires . Thereforethe edgefrom to andthe
edgefrom to canberemovedirom to createa new andtherouting

algorithmis still wait-connectedor this new

Figure3depicts afterthesawo modi®cationhavebeemmade.TherearenoTrueCycles
in . Theonly cyclein is a FalseResourceCycle from to andbackto
whichrequireghatbothmessagein thecycleoccupy . Since iswait-connectedor ,
deadlockreedontollowsimmediatelyfrom Theoren8. In thenextsectionwe presenaprocedure
for distinguishingoetweerfFalseResourceCyclesandTrue Cycles.
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Figure4: A FalseResourceCyclefor Minimal Routing

7 FalseResourceCycles

The is astaticgraph howeverthedependenciethatariseamongthechannelaredynamic.
FalseResourceCyclescapturethis notion of dynamicdependencieamongthe channels.When
two edgesn the require theuseof a commorchannel thenthesetwo dependenciesannot
occursimultaneouslyA cyclein the thatis formedfrom suchdependenciesannotoccurin
reality, andhence cannotleadto a deadlockcon®gurationFalseResourceCyclescanarisewith
minimal or nonminimalrouting. Duato's incoherentoutingalgorithmis anexampleof the latter.
We now presenaainexampleof a FalseResourceCyclefor minimalrouting.

7.1 Examplewith Minimal Routing

Theroutingalgorithmis presentedor thering (1D torus)shownin Figure4, whichalsodepicts
a FalseResourceCyclethatoccurswhenthe messageareroutedin the clockwisedirection. The
multiprocessoshownin Figure4 consistof tennodes|abeled through . Therearefourvirtual
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channelgper physicalchannel exceptfor the channelbetweemodes and , which has®ve
virtual channelsTherearesix messageactivein thenetwork,  through . In theupperleft-
handcornerof anode,S is usedto denotethis nodeasthesourceof message . Likewise,in the
upperright-handcornerof anode,D is usedto denotethis nodeasthe destinatiorof message
A messageappearsiboveeachvirtual channethatit currentlyoccupiesForexample, isusing
the®rstvirtual channebetween and

The routing algorithm permitsa messagéeo use if the destinationof the messagés an
even-numberedodeand if thedestinationis anodd-numberedode.A messagen or

stayson or , respectivelyuntil awrap-arouncchannels used. The messagé¢hen

switchedrom to . In addition,anymessageoutingfrom node to (or through)
node isallowedtouse . Afteramessageses ,themessageouteseitheron , if the
destinations anodd-numberedode,or on , If thedestinationis aneven-numberedode. It
is possiblego createacyclein the only if two messagearriveatnode andbothmessages
leave on . Clearly, both messagesannotoccupy atthe sametime, sothisis a False
Resourc&ycle. Thereareno TrueCyclesin the , sodeadlocKkreedonitollows immediately
from Theoren?.

7.2 Testingfor FalseResourceCycles

In orderto createa cycle,eachmessagén theset, , mustacquire before arrivesat
Thisis alwayspossiblewith aTrueCycle,sinceeachmessageccupiedifferentchannelsA False
ResourceCycle,howeverrequireghatatleasttwo messagem thecycleshareachannel A False
ResourceCycle canarisein two ways. Either a channelwithin the cycle is sharedor a channel
outsidethecycleis sharedoy at leasttwo messagem thecycle prior to enteringthecycle. If the
sharedchannels partof thecycle,theneachmessage, , thatuseshesharedcchannehasalready
acquired . HencetheFalseResourc&€yclewouldinsteadbeaTrueCycleif every  couldreach

withoutsharingachannel.Ontheotherhand if thesharedthannels usedoriorto thechannels
in thecycle,thenaFalseResource&Cycleresultsfrom theinability of  toacquire before
TheFalseResourc&€yclewouldinsteacdbeaTrueCycleif  couldreach withoutusingashared
channel.

The®rstpossibilityto considelis a FalseResource&ycleinvolving only thechannelghatform
thecycle. We needto considerchannelsat only thosenodesthatareusedby morethanonemes-
sagein thecycle. A messagé¢hat canform its partof the cycle without usingany nodeusedby
anothemmessagén the cycle cannotbe usinga sharedchannel.Hence,ignoreany messagéehat
canroutethroughnodesthatno othermessagén the cycle canuse. For the remainingmessages,
seef achannel-disjoinpathcanbefoundfor eachmessageThisis doneby arbitrarily choosinga
pathfor oneof theseremainingmessagesContinueselectingchannel-disjoinpathsfor the other
remainingmessagedf achannel-disjoinpathcanbefoundfor eachmessagehenthereisnoFalse
Resource&Cycleformedwith thechannelsisedin thecycle. Otherwise packtrack selectinga dif-
ferentchannel-disjoinpathfor the previousmessagelf all possiblepathshavebeenconsidered
andthereis still no channel-disjoinpathfor all messageshenthisis a FalseResourceCycle.

The secondpossibility to consideris a FalseResourceCycle createdonly whenat leasttwo
messagesharea channelthatis usedprior to the cycle. This possibilityis considerednly if a
channel-disjoinpathwithin thecycleexistsfor eachmessagen thecycle. Furthermorethissecond

13



possibilitycanoccuronly with routingalgorithmghatarenotsuf®x-closedIf aroutingalgorithmis
suf®x-closedthenany cycle canbeformedwithout usingchannelutsidethe cycle. For routing
algorithmsthatare not suf®x-closed®rstignoreany message, , thatcanroutefrom to
wherethesourceof message couldbeat . Next,ignoreanymessagéhatcouldrouteto using
nodesthatno othermessagén the cyclecanuse.Fortheremainingmessages;onsiderthe paths
thata messageouldtaketo reach . Proceedasin the previouscase selectingchannel-disjoint
pathsandbacktrackingasnecessaryf achannel-disjoinpathcanbefoundfor eachmessagehen
thisis a True Cycle. Otherwise this cycle may be a FalseResourceCycle. We do not havean
algorithmicmethodof determininghis.

A messagéhatusesasharecchannebutsidethecyclecanbeshortenougho releasehis chan-
nel afterit hasbeenusedandhold only the channelghatform its partof the cycle. Hence,even
thoughthe channels sharedoy morethanonemessagén the cycle,the channekouldbe shared
consecutivelyatherthansimultaneouslylf thecyclecanbeformedwhenthesharedchannelsare
usedconsecutivelyatherthansimultaneouslythenit is a True Cycle. Otherwisejt is a FalseRe-
sourceCycle.

8 Identifying

In this section,a formal designmethodologyfor reducingthe to is described.This
methodologyis needednly for routingalgorithmsthatdo notrequirea messagéo wait for a spe-
ci®coutputchannel Thedesignmethodologyequiregheidenti®catiorof all cyclesin the
Sincethe numberof cyclesin the couldbe exponentialn the numberof channels®nding
a requiresan exponentiatime algorithm. Othergenerattechniquedor proving deadlock
freedom[11, 14, 23] alsorequireexponentiatime in theworstcase.The algorithmfor reducing
the to hasthefollowing steps:

1. Createalist, , of all cyclesin the . Eachentryin containsthreesets: |, theset
of edgeghatform thecycle, |, thesetof edgesn thecyclethealgorithmhasattemptedo
remove,and , the setof edgeghatarecurrentlyremovedfrom the cycle. Initially,

for all cyclesin . Also keepanorderedist of True Cyclesthathavebeenresolved.
Thislist is usedfor backtracking.

2. Removaeall FalseResourceCyclesfrom . Thisis doneby examiningeachcyclein  using
themethoddescribedn Section7.2 or informally by inspectingthe . LabeltheTrue
Cycles andlet

3. Removean edgefrom aslong asthe routing algorithmremainswait-connected Any
edgethatcannotberemovedwith theroutingalgorithmstill wait-connecteds addedo

4. If everyedgein Is requiredfor the routing algorithmto remainwait-connectedthen
backtrackto the previousTrue Cycle. Before backtrackingreset for
Removethe appropriateedgein  from this previousTrue Cycle,butleavethis edgein
sinceit hasalreadybeentried.
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5. Otherwise, canberesolvedsoaddthisedgeto and . ChoosehenextTrueCycle
from with and doesnotcontainanyedgethatisin  for aresolvedTrue Cycle.
Set tothecorrespondingiumberfor thiscycle.

6. Repeasteps3 + 5 until all TrueCyclesin  havebeenresolvedor theroutingalgorithmhas

backtrackedo andthealgorithmhasalreadyattemptedo removeeveryedge . If all
TrueCyclesin havebeenresolvedthentheroutingalgorithmis deadlock-freend
consistsof the edgegshathavenot beenremoved. Otherwise no acyclic existsfor

thisroutingalgorithm,sotheroutingalgorithmis notdeadlock-free.

Example Reduction

Throughinspectiorof the , we haveproveddeadlockreedomfor theincoherentoutingal-
gorithmproposedy Duato. We now illustratethe formal methodologyproposedn Section8 by
provingdeadlockreedomfor the sameroutingalgorithm.

Initially, isthelist of all cycles:

Througheitherinspectioror theapplicationof theapproachdescribedn Section7.2,thecycle
is shownto be a FalseResourceCycle. Hence this cycleis removedfrom . All the
othercyclesareTrue Cycles.After labelingthecycles, is:

Set andremove  from . Since  isalsoawaitingchanneltheroutingalgorithm
is still wait-connected Likewise, set andremove  from andthenset and
remove from . Next, set andremove  from . Theroutingalgorithmis still
wait-connectedbecausd¢he messagé¢hatoccupies  canwaitfor . Finally, set and
remove from . Theroutingalgorithmis nolongerwait-connectedyecaus@ messagéhat
occupies cannotwait for or . Insteadyemove from . This preventsaamessage
on from waitingfor  , however therouting algorithmis still wait-connectedpecause
canwaitfor . Notethatthis is differentfrom theonedepictedn Figure3. All ®veTrue
Cycleshavebeerresolvedandtheroutingalgorithmis still wait-connectedsotheroutingalgorithm
is deadlock-free. containghefollowing information:
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9 Routing Examples

In orderto demonstratéhe usefulnes®f the necessarandsuf®cientcondition,a partially adap-
tive nonminimalroutingalgorithmfor -dimensionameshess proposed.Theroutingalgorithm
doesnotrequireanyvirtual channelanddoesnothaveanacyclicchannedependencgraph.Our
methodologys alsousedo showdeadlockreedontor afully adaptiveminimalhypercubeouting
algorithm. The necessarandsuf®cientconditionis thenusedto provethatanyrelaxationof the
restrictionamposedby theroutingalgorithmintroduceghe possibilityof deadlock.

9.1 PreviousRouting Algorithms

Torusandhypercubdopologiescanbecharacterizeds -ary -cubeswhere istheradixand

is thedimension.Forexamplean8D hypercubds a 2-ary8-cubeanda torusis al6-ary
2-cube.An -dimensionameshis similar to a torus,excepta meshdoesnot havewrap-around
channels.

Partially adaptiverouting algorithmsfor wormhole-routedypercubesandmeshedavebeen
proposedy manyauthord2, 4,10, 16, 18, 22,30]. BouraandDas[2] aswell asGlassandNi [16,
18] haveproposednethoddor producingpartially adaptiveroutingalgorithmsfor hypercubesnd
meshesThepartially adaptiveroutingalgorithmfor hypercubegroposedy Li [22] hastheaddi-
tional advantagef ensuringthatthe multiple pathsareedge-disjoinfor manysource-destination
pairs.All threealgorithmgequireonly asinglevirtualchanneperphysicalchannelin Sectiord.2,
we showhowto increasdgheadaptiveness ameshwithoutvirtual channeldy usingaroutingal-
gorithmthatpermitscyclesin thechannedependencygraph.

Thehypercubeoutingalgorithmproposedy DraperandGhosh10] usegwo virtual channels
for eachphysicalchannel Eachmessageoutesin dimensionorderalongthe ®rstsetof channels,
but may skip somedimensionsn which the messag@eedso route. The messagéhenroutesin
dimensiororderalongthesecondetof channelsThemessageannolongerskip dimensionsand
mustwait for the channeldo becomefree. The hypercubeouting algorithmproposedy Yang
andTsai [30] alsorequirestwo virtual channelger physicalchannel. A message®rstusesany
dimensionin which it needgo routein a positivedirection. Whenthe messag®nisheswith all
suchdimension®r ®ndghemall busy themessageepeatshis procesdor all negativedirections.
The messageéhenswitchesto the secondsetof virtual channelsaandroutes®rstin all remaining
positivedirectionsandthenin all remainingnegativedirections,waiting for busychannelsvhen
necessary

A fully adaptivehypercubeoutingalgorithmhasbeenproposedy severabuthorq11, 20,23,
29]. Thisroutingalgorithmrequirestwo virtual channelgerphysicalchannel. A messageoutes
in dimensionorderalongthe ®rstsetof virtual channelsEachmessagalsohasthe possibility of
routingin anydimensiornthatmovesthe messageloserto the destinatioralongthe secondsetof
virtual channels.

Besidegoutingalgorithmsproposedpeci®callyor hypercubesanyroutingalgorithmfor ar
bitrarydimensiommeshe®r tori canbeextendedo hypercubessincean -dimensionahypercube
is aspecialcaseof an -dimensionameshor torus. Only a few fully adaptiveroutingalgorithms
havebeendesignedor -dimensionameshandtorustopologieq1, 8, 21,24,27,28]. Whenre-
strictedto hypercubesthe routing algorithmsproposedy JesshopeMiller, and Yantchev[21],
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andby LinderandHarden[24] requiremorevirtual channelghantheroutingalgorithmproposed
by Duato[11]. Theroutingalgorithmproposedy Dally andAoki [8] is morerestrictivethanthe

routingalgorithmproposedy Duato. Theroutingalgorithmproposedy Berman etal. [1], when

restrictedo hypercubess equivalento theroutingalgorithmproposedy Duato. Only therout-

ing algorithmproposedy SchwieberandJayasimh$28], whenmodi®edor hypercubess more

adaptivethantheroutingalgorithmproposedy Duato.

Theroutingalgorithmproposedy Duato[11] useghe®rstsetof virtual channeldor nonadap-
tive routing andthe secondsetof virtual channeldor fully adaptiverouting. In Section9.3, we
showhow to increaseadaptivenesby usingthe ®rstsetof virtual channeldor partially adaptive
routing.

9.2 MeshRouting Algorithm

Wenow propose partiallyadaptivenonminimaloutingalgorithmfor mesheshatdoesnotcontain
anacyclicchanneldependencgraphanddoesnot requireanyvirtual channels(Fora 2D mesh,
thisroutingalgorithmis similarto north-lastproposedy GlassandNi [18, 19], althoughourrout-
ing algorithmpermitsmessaget makemore turns.) This newroutingalgorithm,calledthe
HighestPositiveLastroutingalgorithm,is de®nedelow

Let bethehighesdimensionin whichthemessagstill needgo routein thenegativedirection
to reachthe destination Thefollowing setof restrictionds appliedto thechannels:

A messageanuseany channeiin adimensionlowerthan , evenif the messageoesnot
needto routein thatdirection,sononminimalroutingis permitted.A messageanalsoroute
in thenegativedirectionof dimension .

A messagé¢hatneeddo routein only positivedirectionsmustusethe positivechannelsn
increasingdimensionorder althoughthe messagés permittedto misroutein the negative
directionof a higherdimensionf desired.

A messages allowedto makea turnfromthenegativadirectionto thepositivedirection
if themessageeeddo routein thepositivedirection. A messages permittedto makea
turnfromthepositivedirectionto thenegativedirectiononly whenthemessagaeeddoroute
in the negativedirectionof this dimensiomrandsomehigherdimension.

If all outputchannelsa messageanusearebusy the messagevaitsfor the channeliin the
negativedirectionof dimension . If themessag@eeddo routeonly in positivedirections,
thenthe messagevaits for the channeiin the positivedirectionof the lowestdimensionin

whichthemessag@eeddo route.

Note: Alternatively theroutingalgorithmcouldallowamessag& wait for anychannethatmoves
the messag¢éowardthe destination.In this case, consistf thewaiting channelgust de-
scribedanddeadlockreedomis provedusingTheorens3.
TheHighestPositiveLastroutingalgorithmhasaroutingrelationof theform
. Forexamplegconsideamessagéatneedso routeonly EastandNorth. Whenthemessagées
dueSouthof its destinationthe messagés permittedto routeSouthif theinputchannelasEast,
howeverthe messageannotrouteSouthif theinputchannelwasNorth. (If thisrestrictionis not
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imposedtheroutingalgorithmis not deadlock-free.)Therouting algorithmis not cohereneven
for minimal paths. For example,on an mesh,a messagérom to can
routethrough , howeveramessagéom to cannotroutethrough

Finally, theroutingalgorithmdoesnothaveanacyclicchannetependencgraph butdoeshavean
acyclicchannelwvaitinggraph.Forexampleamessag¢hatneeddo routein thenegativedirection
ofthe dimensiorcanusethechannelsnthe and dimensionsn anyorder butalwayswaits
for the channelin the negativedirectionof the dimension.Duato's proof techniquecannotbe
appliedto the HighestPositiveLastroutingalgorithm,becauséhe routingrelationis of the form

Theroutingalgorithmallows substantiallynore minimal pathsthanany previouslyproposed
meshrouting algorithmthatrequiresonly onechannel.Previouspartially adaptiverouting algo-
rithmshaverequiredanacyclicchannetlependencygraph.ForexampleGlassandNi [19] propose
thenegative-®rgbutingalgorithmfor -dimensionaimeshesThenegative-®rsbutingalgorithm
requiresnessagew routein all negativedirectionsandthenall positivedirections.Thenegative-
®rstroutingalgorithmalsopermitsnonminimalroutingon the negativechannel$eforeusingany
positivechannelsGlassandNi provethatanacyclicchanneldependencgraphprohibitsatleast

turnsfor an -dimensionaimesh.With negative-®rsgmessageannotuseanegative
channehfterusinga positivechannelsoeachof the positivechannelss prohibitedfrom using

the negativechanneln the other dimensions.The HighestPositiveLastroutingalgorithm
doesnotallow amessagéo usea channein alower dimensiorafterusingthe positivechannein
a higherdimensionwhich restricts turns,howevey the restrictionsmposedby the

HighestPositiveLastroutingalgorithmarenotabsolute A messageanusea positivechannebe-
foreachannein alowerdimensionvhenevethemessage@eeddo routein thenegativedirection
of somestill higherdimension.Thisis asigni®cantelaxationof theroutingrestrictionsespecially
onthepositivechanneln thelowerdimensionsAlthoughthe positivechanneln dimension can-
notbeusedbeforethepositiveor negativechanneln alowerdimensionthisrestrictionis removed
whenthemessagalsoneedgo routein thenegativedirectionof anydimensiorhigherthan . The
lowerthedimensionthe morelikely thisrestrictioncanberelaxed.

Theorem 4 TheHighestPositiveLastroutingalgorithmis deadlock-fee.

Proof. This proof usesthe necessarandsuf®cientconditionprovedin Theorem2. Any cyclein
the requiresatleasttwo dimensionssinceamessageoutingin thepositivedirectioncannot
wait for achanneln thenegativadirectionwithout®rstroutingin the negativedirectionof another
dimension.Considemnypotentialcyclein the involving thechannelsisedby themessages
thatform thecycle. It is possibleto partitionthis cycleinto two hyperplaned®y dividing thecycle
alongthe highestdimensionusedin the cycle. For the cycle to exist, somemessagenustusea
channein the positivedirectionof the highestdimensionin the cycleandthenwait for achannel
in anothedimensionn the positivehalf. In otherwords,somemessagenustcrossthepartitionin
the positivedirectionandthenwait for a channeln this half of the partitionfor the cycleto exist.
A messagés not permittedto usea channeln the positivedirectionandthenwait for a channel
in alower dimensionwithout®rstusinga channein thenegativedirectionof a higherdimension.
Sincethe messagédasalreadyusedthe positive directionof the highestdimensionin the cycle,
themessagéasnot usedthenegativechannein astill higherdimension.Thus,no messag@ the
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cyclecansatisfythisrequiremenandthe isacyclic. Deadlockreedontollowsimmediately
from Theoren?.

9.3 HypercubeRouting Algorithm

Thefollowing conventiongreusedn thissection.Channelareassumedb bebidirectionalvirtual
channels. isusedo denotevirtualchannel inthe directionof dimension. Forexample,

is virtual channelonein the negativedirectionof the third dimension. An asteriskin the
superscriptienotesll dimensionsThus, denoteshesecondsirtual channeln thenegative
directionof all dimensions.

Eachnodeof an -dimensionahypercubecanbe uniquelylabeledusingan bit string. The
sourceof amessagés denoted andthe destinations denoted

. A messageoutesfrom the sourceto the destinatiorby routingin dimen-
sionsin whichthecorrespondingit in thesourceadiffersfrom thatof thedestination.Themessage
routesin thepositivedirectionof dimension if and . Similarly, themessageoutesin
thenegativedirectionof dimension if and . With minimalrouting,amessageoutes
in eachdimensionat mostonceanda messageloesnotroutein dimension if .

We now proposeafully adaptiveminimalroutingalgorithmfor hypercubesAll previousfully
adaptiverouting algorithmsfor hypercubesequirenonadaptiveouting on the ®rstsetof virtual
channels.This newrouting algorithmpermitspartially adaptiverouting on the ®rstsetof virtual
channelsTheroutingalgorithm,calledthe Enhancedrully Adaptiveroutingalgorithm,is de®ned
by thefollowing steps:

Assigntwo bidirectionalvirtual channelgo eachdimension.

Allow amessagéo routealongthesecondvirtual channebktanytime.

Let bethelowestdimensionin which the messagsatill needso route. Thefollowing setof re-
strictionsis appliedto the ®rstsetof virtual channels:

A messagéhatneeddo routein thenegativadirectionof dimension canuseanyof the®rst
setof virtual channels.

A messagéhatneeddo routein thepositivedirectionof dimension mustuse
If all outputchannelsa messageanusearebusy the messagavaitsfor

Note: Alternatively this routing algorithmcould allow a messageo wait for any outputchannel
it is permittedto use. For this alternative, is restrictedto the ®rstvirtual channelin the
lowestdimensionn whichthemessageeeddo route. is thenequivalento the just
de®nedHencetheproofof deadlockreedoms unchangedgxcepthatTheorenBisusedo prove
deadlockreedom.

Thisroutingalgorithmis substantiallymoreadaptivethanany previouslyproposedully adap-
tive hypercubeoutingalgorithm. The Enhancedrully Adaptiveroutingalgorithmrestrictswhen
amessageanusethe®rstvirtual channeln thepositivedirectionafterusingthe®rstvirtual chan-
nelin ahigherdimension.A messageanusethe ®rstvirtual channeln a higherdimension®rst
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Figure5: Degreeof Adaptivenes$or HypercubeRoutingAlgorithms

whenevethemessageeedgo routein thenegativedirectionof thelowestdimensionn whichthe
messagstill needdo route. Thisis a signi®cantelaxationof the routingrestrictions ,especially
comparedvith usingdimension-orderoutingon the ®rstsetof virtual channels.

Toillustratetheincreasen adaptivenessye presenthedegreeof adaptivenessf Duato'srout-
ing algorithmandthe Enhancedrully Adaptiveroutingalgorithmin Figure5. Thedegreeof adap-
tivenesgs theratio of thenumberof pathspermittedby theroutingalgorithm,to thetotal number
of paths,averagedverall source-destinatiopairs[18]. For comparisonthe degreeof adaptive-
nessfor e-cube(nonadaptivalimension-orderjoutingis alsoshown. Surprisingly the degreeof
adaptivenests not zerofor nonadaptiveouting, becausaonadaptiveouting alwaysallowsone
of pathsandthedegreeof adaptivenes&ouldbezeroonly if therewereno permittedpaths.There
arerelativelyfew pathswhenthesourcdas nearthedestinationsoevenasinglepathcanrepresena
relativelylarge portionof the paths.Forexample nonadaptiveoutingcanusehalf the pathswhen
thedistancebetweerthe sourceanddestinations two hops.

Theorem5 TheEnhanced-ully Adaptiveroutingalgorithmis deadlock-fee.

Proof. This proof usesthe necessarandsuf®cientconditionprovedin Theorem?2. is wait-
connectedsinceamessagés alwayspermittedo wait for virtual channebnein thelowestdimen-
sionin which the messag@eeddo route. A messageanwait for only , Soanycyclein the
mustbe createdrom waiting dependenciesmongthe channelgalthough chan-
nelscouldbe usedto createthesedependencies)Sinceminimal routingis used,anycyclein the
requiresatleasttwo dimensiongndmustusebothdirectionsof eachdimensiorin thecycle.
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Let bethelowestdimensiorof apotentialcycle. A cyclein the requiresoneof two situa-
tions: eitheramessage, , waitsfor afterusing in ahigherdimensiorof thecycleor

uses or afterusing in ahigherdimensiorandthenwaitsfor in adifferent
higherdimension.(Since is thelowestdimensionin thecycle, = doesnotneedto routein any
dimensiorlowerthan afterusing in ahigherdimension.Otherwise  wouldbewaitingfor
achannein thislower dimensiorand would not bethe lowestdimensionin thecycle.) Clearly,
neithersituationcanoccug since  cannotuse in ahigherdimensionwhen needdoroute
in and isthelowestdimensionn which  needdo route. Thereforetheroutingalgorithm
is deadlock-free.

TheEnhancedrully Adaptiveroutingalgorithmis notcoherentForexampleconsidethe3D
hypercubealepictedn Figure6. A messagdom to canroutethrough usingthe®rstvirtual
channebndthenroutethrough , howeveramessagérom to cannotroutethrough us-
ing the®rstvirtual channel. Thus,the Enhancedrully Adaptiveroutingalgorithmis not coherent,
becausd is notpre®x-closedSincetheroutingalgorithmis notcoherentPuato's prooftechnique
cannotbeusedto proveTheoremg.

Theorem 6 Norestrictionamposednthe Enhanced-ully Adaptiveroutingalgorithmcanbere-
laxedwithoutpermittinga deadlockcon®guration.

Proof. Therearenorestriction®ntheuseof thesecondetof virtual channelssotherestrictionon
only the®rstsetof virtual channelsnustbeconsideredTheonly restrictiononthe®rstsetof virtual
channelss thata channein ahigherdimensiorcannotbeusedby amessagéhatneeddo routein
thepositivedirectionof thelowestdimensionn whichthemessageeeddo route. Withoutlossof
generalitylet bethelowestdimensiorandassumehatthechannelsedn ahigherdimensions
the®rstvirtual channein thepositivedirectionof dimension . Thereis nowanedgein the
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from to . The alreadyhasedgedrom to , from to ,
andfrom to . Theseedgedorm a TrueCycle. A messagavaitsfor only andthe
routingalgorithmis notdeadlock-freef Is notawaiting channel.Thus,from Theoren2, the
routingalgorithmis nolongerdeadlock-free.

10 Conclusion

In this paperwe presentanecessargndsuf®cientconditionfor deadlock-freadaptivevormhole
routingandthussolveanimportantopenproblem. Our resultis generalithe only restrictionim-

posedis the useof local informationfor routing. Althoughrouting could be basedon non-local
informationbeingusedby aroutet theoverheawf accumulatingandprocessinguchinformation
limits any practicaluseof suchroutingschemesOnly reasonablassumptionfiavebeenmade,
andhencethenecessargndsuf®cientconditionshouldbe broadlyapplicable For clarity of expo-

sition, we haveconsideredoutingrelationsof theform . Differentrouting
relationsmay requiremodestchangego the de®nitionsput the sameproof techniqueshouldbe
applicable.Forexampleroutingrelationssuchas , Wherethe sourcenode

ratherthantheinputchanneis usedfor routing,couldbeused.Deadlockreedomfor suchrouting
algorithmsstill depend®ntherelationshipamongwaiting channels.

By characterizingheproblemof provingdeadlockreedomin termsof channelaitinginstead
of channelisagetheproofsof deadlockreedombecomenaturalandstraightforward We consider
thisobservatiorandits consequencds betheprimarycontributionsof this paper Theusefulness
of our prooftechniquehasbeendemonstratedith a partially adaptivenonminimalrouting algo-
rithm for -dimensionameshes.This routing algorithmis moreadaptivethanany otherrouting
algorithmproposedor meshesvithout additionalchannelsThe prooftechniquedescribedn this
paperhasalsobeenusedto provedeadlockreedomfor afully adaptiveminimalroutingalgorithm
for hypercubesThisnewhypercubeoutingalgorithmis substantiallymoreadaptivehananypre-
viousfully adaptiveroutingalgorithmfor hypercubesThenecessarandsuf®cientconditioncan
alsobeusedto developadaptiveroutingalgorithmsfor thetorusandothertopologies.

We haveshownthattherestrictionson the Enhancedrully Adaptiveroutingalgorithmcannot
berelaxedwithoutcreatingadeadlockcon®gurationit is possiblealthoughunlikely, thatarouting
algorithmwith adifferentsetof restrictioncouldbedeadlock-fresvhile beinglessrestrictive. The
numberof restrictionscannotbereducedhowevey sincethereis only onerestrictionfor eachpair
of dimensions.

Thedegreef adaptivenesis muchhigherwith theEnhancedrully Adaptiveroutingalgorithm
thanwith any previousfully adaptiverouting algorithmfor hypercubes Althoughthe degreeof
adaptiveness animportanttheoreticaimeasureof the adaptivenesef routing algorithms,addi-
tionalcomparisonarerequiredto makea completeevaluatiorof the performancef routingalgo-
rithms. For example simulationswith a variety of messagéraf®cpatternsgespeciallytraf®cpat-
ternsderivedfrom realapplicationshouldprovideabetterindicationof theexpectegerformance
of variousroutingalgorithms.

A partialresulthasbeengivenfor distinguishingoetweerFalseResource&yclesandTrue Cy-
cles. Thistechniquecanbeappliedto anysuf®x-closedoutingalgorithm,whichrepresentall but
averyrestrictectlassof routingalgorithms.In practicetheidenti®catiorof FalseResourcé€ycles
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shouldnotrequireresortingto this formaltechnique A formalapproachs provided ,howeveyfor
casesvheretheirregularityof eithertheinterconnectiometworkor theroutingalgorithmprevent
astraightforwardanalysis.

The proof of Theorem3 requirestheidenti®catiorof . Thisis needednly for routing
algorithmsthatdo notrequirea messagéo wait for a speci®outputchannelln generaljt should
be straightforwardo determine for regulartopologiessuchas -ary -cubesandmeshes.
Mostexistingtopologiesareregularandthisregularityis usuallyincorporatednto theroutingalgo-
rithm. Howeveraformaldesigmmethodologyhasbeenprovidedfor thosecasesvhereit is dif®cult
to reducethe to . Thisautomateshetaskof provingdeadlockireedomandshould
be of usefor routingalgorithmdesigners.
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